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Abstract—This paper studies the error performance of freespace optical (FSO) systems, employing subcarrier intensity
modulation (SIM) with M-ary differential phase-shift keying
(MDPSK). Novel analytical expressions for the symbol error
probability (SEP) are derived, based on the Fourier series approach. The irradiance ﬂuctuations of the received optical signal
are modeled by considering both Gamma-Gamma atmospheric
turbulence and pointing errors. In addition, hardware imperfections of DPSK demodulator, as the phase noise of local oscillator
at the receiver, are taken into account. It is illustrated that
the phase noise signiﬁcantly degrades the system performance,
especially when the optical signal transmission is impaired by
weak atmospheric turbulence and weak pointing errors effect.
Furthermore, the phase noise results in an unrecoverable errorrate ﬂoor, which is an important limiting factor for SIM-DPSK
FSO systems.
Index Terms—Atmospheric turbulence, free-space optics
(FSO), Gamma-Gamma distribution, differential phase-shift keying (DPSK), phase noise, subcarrier intensity modulation (SIM),
symbol error probability (SEP).

I. I NTRODUCTION

B

ESIDES the main advantages, as high data rate, wide
bandwidth and license-free transmission, free-space optical (FSO) systems are also characterized by low-power and
low-cost transmission, as well as easy and simple installation. Intensity-modulation/direct detection (IM/DD) with onoff keying (OOK) is usually employed in commercial FSO
systems. However, in order to improve the system performance
subcarrier intensity modulation (SIM) was proposed, where the
radio-frequency (RF) subcarrier signal is ﬁrstly premodulated
by the data sequence bearing information, and then it is used
to modulate the intensity of the laser source [1]–[4].
Several well-known modulation techniques from the ﬁeld
of RF communications, were used to modulate a subcarrier
signal in FSO systems. The SIM based FSO system employing
quadrature amplitude modulation (QAM) were analysed in
[5]–[9], while SIM with M-ary phase-shift keying (MPSK)
was investigated in [4], [9]–[14]. Furthermore, practical wireless communication systems also employ differential phaseshift keying (DPSK), which does not require the carrier phase
estimation at the receiver. The performance of FSO systems
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with coherent detection and binary DPSK (BDPSK) was
analyzed in [3], [15]–[19], while the case of SIM-BDPSK was
investigated in [20]–[26]. Furthermore, in order to increase the
capacity (or the system throughput), an FSO system based on
SIM and higher-order DPSK modulation was also proposed
and analyzed in [12], [13], [27]. Speciﬁcally, an expression
in integral form for the bit error rate (BER) was presented in
[12], [13], while [27] compares the performance of different
modulation formats, including BDPSK and quaternary DPSK
(QDPSK), when space diversity is used at the reception.
The FSO system performance can be notably degraded due
to the hardware imperfections. For example, the effects of
the imperfect reference carrier signal phase recovery on error
performance of SIM-MPSK FSO systems were examined in
[28], considering weak atmospheric turbulence modeled by
log-normal distribution. The effect of noisy reference signal
extraction on error rate degradation of coherent BPSK FSO
system in strong turbulence conditions was examined in [29].
Although the DPSK receiver does not require a carrier phase
estimation, the hardware imperfections of the DPSK demodulator can seriously degrade the system performance. After
optical-to-electrical signal conversion in SIM-DPSK receiver,
it is necessary to down-convert the received DPSK signal.
In other words, a local oscillator, used in DPSK receiver for
down-conversion, generates signal, which is not ideal, in the
sense that phase of this signal is a random process ﬂuctuating
over time. These ﬂuctuations, which are in the same frequency
band with the useful signal, have the inﬂuence on the detection
process. This undesired phase is known as a phase noise [30],
[31].
Scanning the open literature, to the best of the authors’
knowledge, the effect of hardware imperfections as the phase
noise on the performance of the FSO system employing SIMMDPSK, has not been investigated so far. In this paper,
we derive novel analytical expressions for the symbol error
probability (SEP) of the SIM-MDPSK based FSO system,
when hardware imperfections are considered, using the Fourier
series method (FSM) [32]–[35]. The impact of hardware
imperfections is represented through the phase noise, which
is modeled by the Tikhonov distribution [36]–[38], and is
generated by the local oscillator of DPSK demodulator [30],
[31], [36], [39], [40]. The intensity ﬂuctuations of the received
optical signal are assumed to originate from the combined
effect of the Gamma-Gamma atmospheric turbulence and the
pointing errors [16], [41]–[45]. The derived SEP expression
is given in the convergent series form, whose upper bound
for the truncation error is estimated. Furthermore, the derived
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expressions are simpliﬁed, when the pointing errors effect
can be neglected. Finally, numerical results are presented and
validated through Monte Carlo simulations.
The rest of the paper is organized as follows. Section
II describes the system and channel model, while the error
analysis is provided in Section III. Numerical results with
discussion are presented in Section IV and some concluding
remarks are given in Section V.
II. S YSTEM AND CHANNEL MODEL
The block diagram of the SIM-MDPSK FSO system is
presented in Fig. 1. The information data are differently
encoded and PSK is applied in an RF domain [46, p. 333]. DC
bias is added to avoid clipping and distortion, and resulting
signal modulates the laser output, by using SIM. The radiated
optical power is given by
P (t) = Pt (1 + ms (t)) ,

(1)

where Pt represents the transmitted optical power and m
denotes the modulation index (0 < m ≤ 1). The optical
transmission via free space is inﬂuenced by atmospheric
turbulence and pointing errors. At the receiver, direct detection
is performed, DC bias is removed and an optical-to-electrical
conversion is applied via a PIN photodetector. The electrical
signal at the input of DPSK demodulator is expressed as
re (t) = IηPt ms (t) + n(t),

(2)

where I is a random variable (RV), which follows GammaGamma distribution and represents atmospheric turbulence and
pointing errors, η denotes an optical-to-electrical conversion
coefﬁcient and n(t) is an additive white Gaussian noise
(AWGN), with zero mean and variance, σn2 . Finally, the electrical signal, re (t), is recovered by the DPSK demodulator,
presented in Fig. 1, assuming that hardware imperfections
exist.
A. Modeling the combined effect of atmospheric turbulence
and pointing errors
The well-known Gamma-Gamma distribution is used for
describing the effect of atmospheric turbulence [41], while the
pointing errors effect is described by the distribution which
assumes the radial displacement of laser beam at receiver
experiences Rayleigh distribution, with the jitter variance σs2
[42, (11)].
Based on (2), the instantaneous SNR is deﬁned as
γ = I 2 η 2 Pt 2 m2 /(2σn2 ). The probability density function
(PDF) of γ is [5]


 
γ  ξ2 +1
ξ2
3,0
G1,3
fγ (γ) =
αβκ
, (3)
2
2Γ(α)Γ(β)γ
μ  ξ , α, β
where Gm,n
p,q (·) is the Meijer’s G-function [47, (9.301)], and μ
represents the average electrical SNR per symbol. The relation
between μ and the average electrical SNR per bit, μb , is
μ = μb log2 M . The average electrical SNR perbit is deﬁned
as μb = η 2 Pt 2 m2 κ2 A20 Il2 /(2σn2 ), with κ = ξ 2 (ξ 2 + 1) [5].
The atmospheric turbulence parameters are denoted by α and
β, while ξ and A0 represent the pointing errors parameters.

2

Assuming Gaussian plane wave propagation and zero
inner scale, the parameters α and β are deﬁned as
12/5
2
(1 + 1.11σR )−7/6 ] − 1)−1 and
α
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(exp [0.49σR
12/5
2
β = (exp [0.51σR
(1 + 0.69σR )−5/6 ]−1)−1 [1], [41], with
2
the Rytov variance σR = 1.23Cn2 k 7/6 L11/6 . The wave-number
is k = 2π/λ with the wavelength λ, L is the propagation
distance, and the refractive index is denoted by Cn2 .
The pointing error represents the misalignment between the
transmitter laser and the receiver photodetector. The parameter
ξ is deﬁned as the ratio between the equivalent beam radius
at the receiver, wLeq , and the pointing error (jitter) standard
deviation at the receiver as ξ = wLeq /(2σs ). The parameter,
L, w , as
wLeq , depends on thebeam radius
 2 at distance
√ √ L 
√
2
2
,
v
=
=
w
πerf
(v)
2v
exp
−v
πa
2wL
wL
L
eq
[42], where a is the radius of a circular detector aperture,
2
erf (·) is the error function [47, (8.250.1)], and A0 = [erf (v)] .
Next, the parameter wL is related with the beam radius at
the waist, w0 , and the radius of curvature, F0 , by wL =
12/5
w0 ((Θo + Λo )(1 + 1.63σR Λ1 ))1/2 , where Θo = 1 − L/F0 ,
2
Λo = 2L/(kw0 ), Λ1 = Λo /(Θ2o + Λ2o ) [44].
B. Phase noise
After signal conversion from optical-to-electrical domain,
classical signal detection is performed in electrical domain.
During the process of down-conversion, electrical signal is
multiplied by local oscillator output signal. The phase of
the local oscillator signal (also known as a phase noise)
is a random process ﬂuctuating over time. Frequently local
oscillator is embedded in frequency syntetyzator contained
phase locked loop (PLL). The phase noise generated by PLL is
well known to have a Tikhonov PDF [37, Ch. 2], [38]. Hence,
the phase noise, ϕ, of the local oscillator is assumed to be a
RV which follows Tikhonov PDF given by
fϕ (ϕ) =

exp (b cos (ϕ))
,
2πI0 (b)

|ϕ| ≤ π,

(4)

where In (·) is the nth order modiﬁed Bessel function of the
ﬁrst kind [47, (8.431)], b = 1/σϕ2 , and σϕ2 is the variance of
the phase noise.
Here, we use the Fourier series expansion of Tikhonov PDF,
because Fourier series form is tractable for integration that will
be necessary in mathematical derivations of SEP. We start with
the Fourier expansion [48, (9.6.34)]
e

b cos ϕ

∞

= I0 (b) + 2

In (b) cos(nϕ),

|ϕ| ≤ π,

(5)

n=1

for a ﬁxed b > 0.
Based on the expansion in (5), it is clear that Tikhonov PDF
given by (4), can be expressed in the Fourier series as
∞

fϕ (ϕ) =

1
+
cn cos(nϕ),
2π n=1

|ϕ| ≤ π,

(6)

where
cn =

In (b)
.
πI0 (b)

(7)
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Fig. 1. Block diagram of a SIM-MDPSK FSO system
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where ψk+1 and ψk are the composite phase of consecutive
received signals, bearing the information at the (k + 1)th and the k-th interval, respectively. The local oscillator
imperfections are represented through the phase noise ϕk+1
and ϕk at the (k + 1)-th and the k-th intervals, respectively.
Then, the decision variable of the differential detector is

10-4
10-5
10-6
10-7

λ = [(ψk+1 − ϕk+1 ) − (ψk − ϕk )] mod 2π

10-8

= [(ψk+1 − ψk ) − (ϕk+1 − ϕk )] mod 2π.

10-9
10-10

5

10

15

20

25

30

35

40

N
Fig. 2. Upper bound of truncation errors for σϕ = 10◦ (red), σϕ = 20◦
(blue), σϕ = 30◦ (green), and σϕ = 40◦ (brown) when N ≤ 40

Proposition 1: The series in (6) is convergent. For the
truncation error
∞

EN (ϕ; b) =

cn cos(nϕ),

|ϕ| ≤ π,

(8)

n=N +1

the following estimate
|EN (ϕ; b)| ≤ EN (0; b) ≤ BN
holds, where
BN ≡ BN (b) =

1
πI0 (b)


IN +1 (b) +

∞
N +1

(11)

(9)


Iν (b) dν . (10)

Proof: See Appendix A.
In Fig. 2, we present the bounds BN of the truncation errors
for N ≤ 40 and different values of σϕ . If we take a threshold
for the errors, e.g., ε = 10−8 (black line in Fig. 2), so that
BN < ε, we see that the corresponding number of terms
should be N = 35, 18, 13 and 10 for σϕ = 10o , 20o , 30o
and 40o , respectively.
III. E RROR PERFORMANCE
Since the decisions of the DPSK receiver are taken based
on the composite phase difference between signals received

(12)

The term, (ψk+1 − ψk ), represents the difference of the composite phases, while, (ϕk+1 − ϕk ), denotes the impact of the
phase noise.
On the contrary to the situation at the transmitter, where the
phase of RF carrier is constant, the composite phase of total
received signal is a RV. The PDF of the resulting phase, ψ,
of received signal in a signaling interval is presented in the
Fourier series form as [32]–[34]
∞

fψ (ψ) =

1
+
bn cos(nψ),
2π n=1

(13)

where bn represents the Fourier coefﬁcient for the FSO channel inﬂuenced by the Gamma-Gamma atmospheric turbulence
and pointing errors. In order to derive the Fourier coefﬁcient
for the considered scenario, the PDF of the received signal
composite phase is written as
∞

f ( ψ| γ)fγ (γ) dγ

fψ (ψ) =

(14)

0

where fγ (γ) is the PDF of the instantaneous SNR given in
(3). The conditional PDF is deﬁned through a Fourier series
form of the received signal composite phase due to additive
noise as [32]–[34]
∞

f ( ψ| γ) =

1
+
an (γ) cos(nψ),
2π n=1

(15)

where an (γ) denotes the Fourier coefﬁcient for AWGN channel deﬁned as [34]


Γ n2 +1 n
n
γ 2 exp(−γ)1 F1
+ 1; n + 1; γ , (16)
an (γ) =
n!π
2
where 1 F1 (·; ·; ·) is the conﬂuent hypergeometric function [47,
(9.21)].

1536-1276 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TWC.2017.2711004, IEEE
Transactions on Wireless Communications
PERFORMANCE OF SIM-MDPSK FSO SYSTEMS WITH HARDWARE IMPERFECTIONS, 2017

Proposition 2: After substituting (3), (15) and (16) into (14),
the PDF of the phase ψ is given as
∞

n2α+β−4 ξ 2
1
+
cos (nψ)
2π n=1 π 2 Γ (α) Γ (β)
 2 2 2

2

n
n ξ +2
6,1 α β κ  1− 2 , 1+ 2 , 2
× G3,6
.
2
β β+1
16μ  ξ2 , α2 , α+1
2 , 2, 2 ,0

fψ (ψ) =



 1− n , 1+ n , ξ2 +2
2
2
 2 2
 ξ , α , α+1 , β , β+1 , 0 .
2

2

2

2

(18)

When the considered scenario assumes the pointing errors
to be very small, it can be neglected (ξ → ∞). In this case,
the optical link suffers only from atmospheric turbulence, and
the Fourier coefﬁcient can be found by taking the limit of
(18) for ξ → ∞. After applying [49, (07.34.25.0007.01),
(07.34.25.0006.01) and (06.05.16.0002.01)], the Fourier coefﬁcient can be derived as

(19)

For further analysis, it is required to ﬁnd the PDF of the
decision variable λ, deﬁned in (12). Firstly, we will introduce
the following rule related to the PDFs presented in the Fourier
series form.
Proposition 3: If the variables x1 and x2 are RVs with the
PDFs given in the Fourier series form, with coefﬁcients z1n
and z2n , respectively, as
∞

1
+
z1n cos (nx) ,
fx1 (x) =
2π n=1

|x| ≤ π,

1
+
z2n cos (nx) ,
2π n=1

|x| ≤ π,

fx2 (x) =

−π/M

By substituting (22) into (23), the average SEP can be found
as
∞

Ps =1 −

|y| ≤ π.

In the presence of the phase noise, the decision variable λ is
deﬁned as in (12). The PDF of the variable, δ = ϕk+1 − ϕk ,
can be found by utilization of Proposition 3. Since the
Tikhonov PDF of the phase noise is given in the Fourier series
form by (6), the PDF of the variable δ is found as
∞

fδ (δ) =

1
+
πc2 cos(nδ),
2π n=1 n

fλ (λ) =

1
+
π 3 b2n c2n cos(nλ),
2π n=1

|λ| ≤ π.

Ps = 1 −

(26)

fλ (λ) dλ
−π/M
∞

If no hardware imperfections are assumed, the decision
variable λ is deﬁned in (11). Based on Proposition 3, after
replacing x1 and x2 with ψk+1 and ψk , respectively, and both
z1n and z2n with bn , the PDF of λ can be easily obtained as
|λ | ≤ π.

(25)

π/M

(21)

A. Error analysis without considering hardware imperfections

∞

|δ| ≤ π,

with the Fourier coefﬁcient cn previously deﬁned by (7).
Taking into consideration that the variables ψ and ϕ are statistically independent, based on (22) and (25), and Proposition
3, the PDF of λ is

=1−

1
+
πb2 cos(nλ ),
2π n=1 n

(24)

B. Error analysis in the presence of phase noise

Proof: The proof can be found in [36], [50], [51].

fλ (λ ) =

nπ
2πb2n
1
−
sin
.
M n=1 n
M

In [13], an expression for the average BER was derived in
integral form, assuming that the intensity ﬂuctuations of the
optical signal are modeled by the log-normal and GammaGamma distributions. In the region of high average electrical
SNR values, the bit error probability could be approximated by
BER ≈ Ps /log2 M [40, p. 271]. By using this approximation
and SEP in (24) with the Fourier coefﬁcient of (19), the
numerical results from [13, Fig. 2] can be obtained.

∞

1
+
πz1n z2n cos (ny) ,
2π n=1

(23)

When the Gamma-Gamma atmospheric turbulence, pointing
errors and phase noise are assumed, the average SEP of the
SIM-MDPSK FSO system can be written as

then, the PDF of y = [x1 − x2 ] mod 2π, is
fy (y) =

fλ (λ ) dλ .

∞

(20)

∞

π/M

Ps = 1 −

2

n2α+β−3
=
lim
b
=
bGG
n
n
ξ→∞
π 2 Γ (α) Γ (β)
 2 2

 1− n2 , 1+ n2
5,1 α β 
× G2,5
.
α α+1 β β+1
16μ  2 , 2 , 2 , 2 , 0

The detection is performed in the manner to ﬁnd the closest
possible transmitted phase compared with received composite
phase λ . The probability of wrong symbol detection is given
by

(17)

Proof: See Appendix B.
Based on (13) and (17), the Fourier coefﬁcient for FSO
channel inﬂuenced by Gamma-Gamma atmospheric turbulence
and pointing errors is determined as
n2α+β−4 ξ 2
bn = 2
π Γ (α) Γ (β)
 2 2 2
6,1 α β κ
× G3,6
16μ

4

(22)

1
−
M n=1

(27)
2π 3 b2n c2n
n

sin

nπ
,
M

where the Fourier coefﬁcients bn and cn are previously deﬁned
in (18) and (7), respectively.
Proposition 4: The series in (27) is convergent and the
following estimate


N

nπ 
2π 3 b2n c2n
1

SEP
+
sin
(28)
 Ps − 1 +
 ≤ EN

M
n
M 
n=1
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Fig. 3. Upper bound of truncation errors for σϕ = 10◦ (red), σϕ = 20◦
(blue), σϕ = 30◦ (green), and σϕ = 40◦ (brown) when N ≤ 25

holds, with the bound of truncation error


∞
2πb2N +1 IN +1 (b)2
Iν (b)2
SEP
+
dν .
EN =
I0 (b)2
N +1
ν
N +1

(29)

Proof: See Appendix C.
This truncation error is illustrated in Fig. 3. To achieve
the given truncation error, the higher number of terms in
summation is required if the standard deviation is lower. In
order to achieve truncation error less than 10−8 , for μ = 10 dB
the required number of terms in summation is N = 18, 10, 7
and 6, when σϕ = 10o , 20o , 30o and 40o , respectively. In
addition, the convergence rate decreases with increasing the
electrical SNR. In other words, the proposed series expression
converges better in low electrical SNR regime compared to
high electrical SNR regime.
As it will be shown in the next Section, the existence of the
phase noise results in the unrecoverable error-rate ﬂoor, which
is a meaningful limiting factor in SIM-DPSK based FSO
systems. This error-rate ﬂoor represents the constant value of
the average SEP, which occurs at the high average electrical
SNR. With a further increase in the transmitted optical power,
the improvement of the SEP performance will not be achieved.
Proposition 5: The unrecoverable error-rate ﬂoor can be
expressed as
Psf loor = 1 −

∞

nπ
2πc2n
1
−
sin
.
M n=1 n
M

(30)

Proof: See Appendix D.
It can be noticed that the SEP ﬂoor is independent on
the FSO channel state (atmospheric turbulence and pointing
errors). On the other hand, the value of the SEP ﬂoor depends
on the phase noise standard deviation and order of DPSK
modulation, as it will be presented in the next Section.
IV. N UMERICAL RESULTS AND DISCUSSION
Based on derived expressions for the average SEP, numerical results are obtained and validated by Monte Carlo

0

10

SIM-QDPSK
20

30

40

b [dB]
Fig. 4. SIM-QDPSK SEP versus average electrical SNR for different values
of the phase noise standard deviation in various atmospheric turbulence
conditions

simulations. Monte Carlo simulations have been performed
R
using MATLAB
software package. Since intensity ﬂuctuations originate from both atmospheric turbulence and pointing
errors, the resulting optical signal intensity, I, is obtained as a
product of two different RVs, i.e., I = Ia × Ip . The intensity
ﬂuctuations, Ia , due to atmospheric turbulence are modeled
by Gamma-Gamma distribution. The corresponding RV, Ia , is
generated as a product of two independent Gamma-distributed
RVs with shaping parameters α and β. Command for genR
erating Gamma-distributed RV is built-in into MATLAB
.
The RVs relating to the pointing errors, Ip , are generated
based on [42, (9)], employing built-in command for generating
Rayleigh RV. The Tikhonov-distributed samples of phase noise
are generated using the modiﬁed acceptance/rejection method,
explained in [52, p. 382]. Modulation and demodulation is
simulated based on [46, p. 333-335]. The average SEP values
are estimated using 107 transmitted symbols.
In order to obtain the numerical results, the atmospheric
turbulence strength is determined by the refractive index structure parameter as: Cn2 = 6 × 10−15 m−2/3 for weak, Cn2 =
2 × 10−14 m−2/3 for moderate and Cn2 = 5 × 10−14 m−2/3
for strong turbulence conditions. The impact of the phase noise
is speciﬁed by the phase noise standard deviation.
The average SEP dependence on the average electrical SNR
of the FSO system employing SIM-QDPSK is presented in
Fig. 4, assuming different atmospheric turbulence conditions
and phase noise standard deviation σϕ = 5o or σϕ = 15o .
Lower values of the phase noise standard deviation correspond
to the weaker phase noise and better system performance.
Furthermore, the impact of the atmospheric turbulence conditions is stronger when the value of σϕ is lower. On the
other hand, when the effect of phase noise is very strong,
the atmospheric turbulence conditions has minor inﬂuence
on the SEP performance. In addition, the existence of the
unrecoverable error-rate ﬂoor is noticed in Fig. 4, meaning that
the DPSK hardware imperfections presented through phase
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noise are an important limiting factor for SIM-DPSK systems.
This SEP ﬂoor appears at lower values of average electrical
SNR in weak atmospheric turbulence, as well as when the
value of σϕ is greater (stronger impact of the phase noise). The
SEP ﬂoor results based on (30) for σϕ = 5o are not visible in
Fig. 4 due to very low value. It can be concluded that the SEP
ﬂoor is not dependent on atmospheric turbulence conditions,
which is in agreement with mathematical derivation (see (41)
and (30)).
Fig. 5 presents the SIM-QDPSK SEP dependence on the
phase noise standard deviation for different values of the
normalized jitter standard deviation, in various atmospheric
turbulence conditions. It can be observed that lower values
of the normalized jitter standard deviation reﬂects in better
system performance. It means that the positioning of the FSO
apertures is better and the pointing errors effect is weaker.
Also, the pointing error effect is stronger in weak compared
to moderate and strong atmospheric turbulence. When the optical signal transmission suffers from very strong atmospheric
turbulence, the pointing errors effect has less impact on the
SEP performance.
In addition, the results for the FSO system when the
pointing errors effect is neglected, obtained by using (27)
and (19), are also presented. These results are in agreement
with those when σs /a = 1. Hence, very low values of the
normalized jitter standard deviation means that the pointing
errors effect is very weak and can be neglected.
When the DPSK demodulator hardware imperfections are
dominant, and the phase noise is quite strong, the value of
σϕ is large. In that case, the FSO channel state (atmospheric
turbulence and pointing errors) does not play a major role
in the SEP performance. When σϕ → 0, the impact of the
phase noise is very weak and can be neglected. For these
phase noise standard deviation values, the SEP takes constant
values, which are approximately the same as the SEP values
for the FSO system without phase noise. Also, atmospheric
turbulence and pointing errors have very strong impact on the
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Fig. 6. SIM-MDPSK SEP versus the phase noise standard deviation for
different values of the normalized jitter standard deviations
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Fig. 7. SIM-MDPSK SEP versus average electrical SNR of the FSO system
without hardware imperfections

SEP performance, when σϕ is low.
Fig. 6 represents the SIM-MDPSK SEP dependence on
the phase noise standard deviation. The impact of the phase
noise on SEP is stronger when higher order SIM-MDPSK is
employed. For example, for σs /a = 1, in the case of M = 2,
the SEP is independent on phase noise up to σϕ = 10o ,
while for M = 8, SEP drastically increases even starting
from σϕ = 2o . In addition, the weaker the pointing errors,
the stronger is the effect of phase noise on SEP. It can be
observed that the efect of DPSK order has minor inﬂuence on
the SEP performance when the impact of the phase noise is
very strong.
The SEP dependence on the average electrical SNR of
the FSO system without hardware imperfections is presented
in Fig. 7. The results are obtained based on (24) with the
Fourier coefﬁcient in (18), or in (19) when the pointing errors
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are neglected. Different DPSK formats are observed: SIM
employing BDPSK, QDPSK and 8DPSK. As it is expected,
FSO system based on SIM-DPSK with higher modulation
format has worse SEP performance, but the larger amount of
information can be transmitted. Also, consistent with previous
conclusions, greater value of the normalized jitter standard
deviations means worse system performance due to stronger
pointing errors. Agreement of the results based on (18) for
σs /a = 1 and (19) is noticed, meaning that very low jitter
standard deviation leads to weak pointing errors.
V. C ONCLUSION
We have derived novel analytical expressions for the average
SEP of FSO system employing SIM-MDPSK. The irradiance
ﬂuctuations at the received signal originate from the GammaGamma atmospheric turbulence and pointing errors. Based
on derived SEP expressions, numerical results have been
presented and conﬁrmed by Monte Carlo simulations.
From the illustrated results, we have found that the hardware
imperfections result in the signiﬁcant deterioration of the FSO
system performance. The phase noise is dominant system factor, which causes the SEP performance damaging, especially
when optical signal transmission is inﬂuenced by favorable
conditions (weak atmospheric turbulence and weak pointing
errors effect). Similarly, when the impact of the phase noise is
very strong, atmospheric turbulence and pointing errors effect
has minor effect on the system performance. Furthermore,
the SIM based FSO system with higher DPSK format is
more sensitive to the existence of the phase noise. Further,
the existence of the phase noise leads to the unrecoverable
SEP ﬂoor, being meaningful limiting factor for SIM-DPSK
systems. It is observed that the SEP ﬂoor is not dependent on
the FSO channel state, but it is highly dependent on the phase
noise standard deviation and the DPSK modulation order.
A PPENDIX A
P ROOF OF P ROPOSITION 1
The series in (6) is a uniformly convergent series, because
the numerical series with positive terms,
∞

In (b),

(31)

n=1

is convergent, which can be proved using the inequality [53]
ν
1+
Iν+1 (b) < Iν (b) (ν ≥ −1, b > 0).
(32)
b
Namely, the series (31) is convergent if for a ﬁxed m = b
( x denotes the smallest integer greater than or equal to x)
the series
we have

∞

n=m

In (b) <

In (b) converges. According to (32), for n > m

In−1 (b)
Im (b)
In−1 (b)
<
< · · · < n−m ,
1 + (n − 1)/b
2
2

so that
∞

∞

In (b) < Im (b)
n=m

1
= 2Im (b),
n−m
2
n=m

(33)

7
∞

In (b)
n=m
1 b
2 (e −I0 (b))

wherefrom we conclude that the series

and (31) are

convergent. The sum of (31) is S =
[54, p. 254].
According to Cauchy’s integral test (cf. [55, p. 120] or
[56, p. 159]), for the numerical series (31) we can give the
following estimates for the remainder term
∞

In (b) ≤ IN +1 (b) +
n=N +1

∞
N +1

Iν (b) dν,

(34)

where ν → Iν (a) is a decreasing positive continuous function
on (0, ∞) [53].
Thus, for the truncation error EN (ϕ; b) given by (8) we
∞
obtain |EN (ϕ; b)| ≤ EN (0; b) = (πI0 (b))−1 n=N +1 In (b),
i.e., (9), where BN is given by (10), because of (34).
A PPENDIX B
P ROOF OF P ROPOSITION 2
After substituting (3), (15) and (16) into (14), the PDF of
the phase ψ is re-written as


∞
Γ n2 + 1
ξ2
1
+
cos (nψ)
fψ (ψ) =
2π n=1
n!π
2 Γ (α) Γ (β)
∞

n
+ 1; n + 1; γ
2
0


 
γ  ξ2 +1
3,0
× G1,3
αβκ
dγ.
2
μ  ξ , α, β
×

n

γ 2 −1 exp (−γ) 1 F1

(35)

Based on [49, (07.20.26.0015.01)], the product of exponential
and conﬂuent hypergeometric function is presented in terms
of the Meijer’s G-function as
n
Γ (n+1) 1,1  1− n2
  G1,2 γ  0, −n .
+ 1; n + 1; γ =
exp (−γ)1 F1
2
Γ n2
(36)
After substituting (36) into (35) and applying [49,
(06.05.16.0002.01) and (06.05.03.0001.01)], the PDF of the
phase ψ is
∞

nξ 2
1
+
cos (nψ)
2π n=1 4π Γ (α) Γ (β)
∞
(37)


 
 n
n
γ  ξ2 +1
 1− 2
3,0
−1 1,1
2
× γ
G1,2 γ  0, −n G1,3 αβκ
dγ.
2
μ  ξ , α, β
fψ (ψ) =

0

The integral in (37) can be evaluated in closed-form by
using [49, (07.34.21.0013.01)], so the PDF of the phase ψ is
derived as
∞

n2α+β−4 ξ 2
1
+
cos (nψ)
2π n=1 π 2 Γ (α) Γ (β)
 2 2 2
 (38)
2
2

n
n ξ +2 ξ +2
7,1 α β κ  1− 2 , 1+ 2 , 2 , 2
× G4,7
.
2
2
β β+1
16μ  ξ2 , ξ 2+1 , α2 , α+1
2 , 2, 2 ,0

fψ (ψ) =

After the permutation of the parameters via [49,
(07.34.04.0003.01) and (07.34.04.0004.01)], and the transformation of the Meijer’s G-function by [49, (07.34.03.0002.01)],
the ﬁnal form of the PDF of the phase ψ is presented in (17).
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is derived by following
The term bμ→∞
n

A PPENDIX C
P ROOF OF P ROPOSITION 4

n2α+β−4 ξ 2
μ→∞ π 2 Γ (α) Γ (β)
 2 2 2

2

n
n ξ +2
6,1 α β κ  1− 2 , 1+ 2 , 2
× G3,6
2
16μ  ξ , α , α+1 , β , β+1 , 0

lim bn = lim

μ→∞

We observe the series in (27) given by
∞

S=

nπ
2π 3 b2n c2n
sin
,
n
M
n=1

(39)

2

for which we can prove its absolute convergence. As in
A PPENDIX A we use the inequalities (32) and (33) and
consider the series

∞

n=m

2π 3 b2n c2n /n, where m = b . Since

bn is a decreasing sequence, we can write
∞

2π 3 b2n c2n
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< 2π 3 b2m
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=

∞
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.
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Now, using (33) we conclude that
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2π 3 b2n c2n
<
n
3m
n=m



Im (b)
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×

2
< +∞.

Thus, the series (39) is absolutely convergent, and also convergent. For its truncation error we obtain the following estimate

 ∞
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n
M 
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Based on Cauchy’s criteria, as in A PPENDIX A, it follows
∞
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2

2

2

lim bn

2

(42)

is applying [49,

μ→∞

(07.34.06.0001.01)] to represent the Meijer’s G-function in
(42) in series form. Since z → 0, higher order terms in the
series representation of Meijer’s G-function can be neglected,
is determined as
and bμ→∞
n
μ→∞

∞

i.e.,

2

The ﬁrst step in ﬁnding

bμ→∞
= lim bn ≈
n
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After
utilizing
[49,
(06.05.03.0002.01)
(06.01.16.0006.01)], it is proved that holds

  
√
2x Γ x2 Γ x+1
2
= 2 π,
Γ (x)

and
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is derived as
so the ﬁnal form of bμ→∞
n
bμ→∞
=
n

1
.
π

(45)
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Electronics and Communications (AEÜ), vol. 68, no. 9, pp. 869-876, Sep.
2014.
[9] P. K. Sharma, A. Bansal, and P. Garg, ”Relay assisted bi-directional
communication in generalized turbulence fading,” J. Lightw. Technol.,
vol. 33, no. 1, pp. 133-139, Jan. 2015.
[10] P. K. Sharma, and P. Garg, ”Bi-directional decode-XOR-forward relaying over M-distributed free space optical links,” IEEE Photon. Technol.
Lett., vol. 26, no. 19, pp. 1916-1919, Oct. 2014.
[11] X. Song, M. Niu, and J. Cheng, ”Error rate of subcarrier intensity
modulations for wireless optical communications,” IEEE Commun. Lett.,
vol. 16, no. 4, pp. 540-543, Apr. 2012.
[12] X. Song, F. Yang, J. Cheng, and M.−S. Alouni, ”Subcarrier
MPSK/MDPSK modulated optical wireless communications in lognormal
turbulence,” in Proc. WCNC 2015, New Orleans, LA, pp. 41-45, March
912, 2015.
[13] X. Song, F. Yang, J. Cheng, and M.−S. Alouini, ”BER of subcarrier
MPSK and MDPSK systems in atmospheric turbulence,” J. Lightw.
Technol., vol. 33, no. 1, pp. 161–170, Jan. 2015.
[14] N. D. Chatzidiamantis, A. S. Lioumpas, G. K. Karagiannidis, and S.
Arnon, ”Adaptive subcarrier PSK intensity modulation in free space
optical systems,” IEEE Trans. Commun., vol. 59, no. 5, pp. 1368-1377,
May 2011.
[15] K. Kiasaleh, ”Performance of coherent DPSK free-space optical communication systems in K-distributed turbulence,” IEEE Trans. Commun.,
vol. 54, no. 4, pp. 604–607, Apr. 2006.
[16] H. G. Sandalidis, T. A. Tsiftsis, and G. K. Karagiannidis, ”Optical wireless communications with heterodyne detection over turbulence channels
with pointing errors,” J. Lightw. Technol., vol. 27, no. 20, pp. 4440–4445,
Oct. 2009.
[17] M. Niu, J. Cheng, J. F. Holzman, and L. McPhail, ”Performance analysis
of coherent free space optical communication systems with K-distributed
turbulence,” in Proc. ICC 2009, Dresden, pp. 1–5, Jun. 2009.
[18] M. Niu, X. Song, J. Cheng, and J. F. Holzman, ”Performance analysis of
coherent wireless optical communications with atmospheric turbulence,”
Opt. express, vol. 20, no. 6, pp. 6515–6520, Mar. 2012.
[19] H. Samimi and M. Uysal, ”Performance of coherent differential phaseshift keying free-space optical communication systems in M-distributed
turbulence,” IEEE/OSA J. Opt. Commun. Netw., vol. 5, no. 7, pp. 704–
710, Jul. 2013.
[20] K. Prabu, P. P. Bharati, and D. S. Kumar, ”Performance analysis
of DPSK-SIM based FSO system over strong atmospheric turbulence
channel,” in Proc. 2013 INDICON, Mumbai, pp. 1-4, Dec. 2013.
[21] K. Prabu and S. Kumar, ”BER analysis of DPSK-SIM over MIMO free
space optical links with misalignment,” Optik, vol. 125, no. 18, pp. 51765180, Sep. 2014.
[22] Z. Gao, H. Liu, R. Liao, and X. Ma, ”Performance of free-space optical
communication system using differential phase-shift keying subcarrierintensity modulated over the exponentiated Weibull channel,” Opt. Eng.,
vol. 54, no. 10, pp. 106109-1–106109-8, Oct. 2015.
[23] W. O. Popoola, Z. Ghassemlooy, and E. Leitgeb, ”BER and outage
probability of DPSK subcarrier intensity modulated free space optics in
fully developed speckle,” J. Commun., vol. 4, no. 8, pp. 546-554, Sep.
2009.
[24] W. O. Popoola, Z. Ghassemlooy, and E. Leitgeb, ”BER performance of
DPSK subcarrier modulated free space optics in fully developed speckle,”
in Proc. 2008. CNSDSP, Graz, pp. 273–277, Jul. 2008.
[25] W. O. Popoola, Z. Ghassemlooy, and E. Leitgeb, ”Free-space optical
communication in atmospheric turbulence using DPSK subcarrier modulation,” in Proc. ISCTA ’07 , 2007.
[26] M. R. Bhatnagar, ”Differential decoding of SIM DPSK over FSO MIMO
links,” IEEE Commun. Lett., vol. 17, no. 1, pp. 79–82, Jan. 2013.
[27] Z. Wang, W. D. Zhong, S. Fu and C. Lin, ”Performance comparison
of different modulation formats over free-space optical (FSO) turbulence
links with space diversity reception technique,” IEEE Photon. J., vol. 1,
no. 6, pp. 277–285, Dec. 2009.
[28] X. Song, F. Yang, J. Cheng, N. Al-Dhahir, and Z. Xu, ”Subcarrier phaseshift keying systems with phase errors in lognormal turbulence channels,”
J. Lightw. Technol., vol. 33, no. 9, pp. 1896–1904, May 2015.

9

[29] M. Niu, J. Cheng, and J. F. Holzman, ”Error rate analysis of M-ary
coherent free-space optical communication systems with K-distributed
turbulence,” IEEE Trans. Commun., vol. 59, no. 3, pp. 664–668, Mar.
2011.
[30] E. Rubiola, Phase noise and frequency stability on oscillators. Cambridge University Press, 2008.
[31] I. M. Kostic, Radio-technique devices and architectures Problems,
Solutions and Comments. Academic Mind, Belgrade, 2013. (in Serbian)
[32] I. Kostic, ”Average SEP for M-ary CPSK with noisy phase reference in
Nakagami fading and Gaussian noise,” Eur. Trans. Telecommun., vol. 18,
no. 2, pp. 109–113, Mar. 2007.
[33] C. H. Tan and T. T. Tjhung, ”On Fourier Series Expansion of the Phase
Density Function,” IEEE Trans. Commun., vol. COM-31, pp. 736-738,
May 1983.
[34] I. Kostic, ”Composite phase PDF in gamma shadowed Nakagami fading
channel,” Wireless Pers. Commun., vol. 41, no. 4, pp. 465–469, Jun. 2007.
[35] J. W. Matthews, ”On the Fourier coefﬁcients for the phase-shift keyed
phase density function,” IEEE Trans. Inform. Theory, vol. 21 337–338,
May 1975.
[36] G. Lukatela and I. Kostic, ”Analysis of a multilink system in the presence of noise, cochannel interference and some hardware imperfections,”
IEE Proc-F, vol. 132, no. 6, pp. 511–516, Oct. 1985.
[37] W. C. Lindsey and M. K. Simon, Telecommunication systems engineering. Prentice-Hall, 1973.
[38] A. J. Viterbi, Principles of Coherent Communication. McGraw-Hill:
New York, 1966.
[39] M. K. Simon and M.−S. Alouni, Digital Communication over Fading
Channels. 2nd ed., New York: John Wiley & Sons Inc., 2004.
[40] J. G. Proakis, Digital Communications. 4th ed., New York: McGrawHill, Inc., 2001.
[41] L. C. Andrews and R. N. Philips, Laser Beam Propagation Through
Random Media, 2nd ed., Bellingham, WA, USA: SPIE, 2005.
[42] A. A. Farid and S. Hranilovic, ”Outage capacity optimization for free
space optical links with pointing errors,” J. Lightw. Technol., vol. 25, no.
7, pp. 1702–1710, Jul. 2007.
[43] H. G. Sandalidis, ”Optimization models for misalignment fading mitigation in optical wireless links,” IEEE Commun. Lett., vol. 12, no. 5, pp.
395–397, May 2008.
[44] A. A. Farid and S. Hranilovic, ”Outage capacity for MISO intensitymodulated free-space optical links with misalignment,” IEEE/OSA J. Opt.
Commun. Netw., vol. 3, no. 10, pp. 780–789, Oct. 2011.
[45] S. Arnon, ”Effects of atmospheric turbulence and building sway on
optical wireless-communication systems,” Opt. Lett., vol. 28, no. 2,
pp. 129–131, Jan. 2003.
[46] G. Proakis, M. Salehi, and G. Bauch, Contemporary communication
R
. 3rd ed., Cengage learning, USA, 2013.
systems using MATLAB
[47] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and
Products. 6th ed., New York, USA: Academic, 2000.
[48] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions
with Formulas, Graphs and Mathematical Tables. National Bureau of
Standards Applied Mathematics Series, Vol. 55, US Government Printing
Ofﬁce, Washington, DC, 1964.
[49] The Wolfarm Functions Site, 2008. [Online] Available:
http:/functions.wolfarm.com.
[50] V. Prabhu, ”Error-rate considerations for digital phase-modulation systems,” IEEE Trans. Commun. Technol., vol. 17, no. 1, pp. 33–42, Feb.
1969.
[51] I. Kostic, ”Error rates of DCPSK signlas in hard-limited multilink
systems with cochannel interference and noise,” IEEE Trans. Commun.,
vol. 30, no. 1, pp. 222–230, Jan. 1982.
[52] M. C. Jeruchim, P. Balaban, and K. S. Shanmugan, Simulation of communication systems. 2nd ed., New York, USA: Kluwer Academic/Plenum
Publishers, 2000.
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