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Abstract—We present a novel low-complexity technique that
obtains the Physical-Layer Network Coding (PNC) equation
coefficient vectors for the two-way relay channel when Compute-
and-Forward is employed. The proposed method is based on pre-
computed look-up tables that are used for all channel realizations.
It is shown that the size of the look-up tables can be made small
by taking into account the statistics of the channel coefficients as
well as power and performance specifications. Moreover, a low-
complexity algorithm is developed for efficient real-time selection
of the equation coefficient vectors using the instantaneous channel
coefficients and the look-up tables. Although the method may at
times exclude some candidate vectors from the search space,
simulation results indicate that the effect on the achievable
computation rate at the relay is very small. Hence, significant
complexity reduction is achieved, while the computation rate
remains extremely close to the optimal value.

Index Terms—two-way relay channel, compute-and-forward,
PHY-layer network coding

I. INTRODUCTION

Network coding (NC) has been widely investigated as a

promising candidate for the uplink of wireless networks. The

concept behind NC is to combine different source messages

at the relays into a common network-coded message, which

is then forwarded to the desired destinations and is used to

extract the original messages [1], [2]. When linear network

coding (LNC) is employed, intermediate nodes send a linear

combination of their received messages [3]. A special case of

NC is Physical Layer (PHY-Layer) Network Coding (PNC),

which was introduced in [4] and makes use of the additive

nature of simultaneously arriving messages at the destination

through the wireless channel. Compute-and-Forward (CoF),

which was first introduced in [5], employs PNC at the relays

and utilizes the algebraic structure of lattice codes [6] in order

to decode a linear combination of the transmitted messages,

using the observed channel coefficients. The relay chooses

which integer linear combination of the messages will be
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decoded, with the aim to maximize the achievable rate at

which it can decode this combination without errors, referred

to as computation rate.

In CoF networks, the choice of the equation coefficients

– based on the maximization of the computation rate – has

no analytical solution, but is an optimization problem, as

described in [7]. Various works have proposed algorithmic

solutions to this problem, using LLL lattice reduction [7], geo-

metric programming [8] and a modified Fincke-Pohst method

[9], [10], among others. However, although it is sometimes

possible to reduce the number of candidate equation coefficient

vectors that are included in the search (as in [9], [10]), all these

methods are computationally demanding, since they should

perform an on-line optimization of the candidate vector sets.

In this work, we propose a novel low-complexity PNC

method for the two-way relay channel (TWRC) [11], [12],

which is based on the use of look-up tables. The efficiency

and novelty of the method is summarized in the following:

• The set of candidate equation coefficient vectors is dras-

tically reduced since it is proven that the elements of the

optimal vector are coprime.

• An algorithm that constructs the look-up tables offline is

proposed, using the statistics of the channel coefficients

and some desired power and accuracy specifications,

which further reduce the candidate set. Thus, there is no

need for complex online optimization of the PNC.

• A second algorithm that performs very low-complexity

search over the look-up tables during the operation of the

system is also proposed. For each channel realization, the

algorithm selects the equation coefficient vector from the

look-up tables, by performing simple comparisons using

the channel state information (CSI).

• Simulation results indicate that in comparison with the

exact solution of the optimization problem, the achievable

computation rate is extremely close to the optimal value,

while achieving very low complexity.

II. SYSTEM MODEL

We consider a standard TWRC with two sources, equipped

with one antenna each and denoted by S1 and S2 respectively,
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that exchange their messages through a CoF relay, denoted by

R. According to the CoF scheme in [5], each source attempts

to transmit an information vector wl ∈ F
k
p , l = 1, 2, where

k is the length of the vector and Fp is a finite field of p
elements, with p a prime number. Each source encodes the

length-k message wl to a length-n lattice codeword xl ∈ R
n,

satisfying a power constraint ‖xl‖2 ≤ nP .

Transmission is divided into two phases. In the first phase,

both sources transmit their codewords towards the relay, which

receives

yr = h1x1 + h2x2 + zr, (1)

where hl ∈ R
+, l = 1, 2, are the channel coefficients between

the source Sl and the relay R that are assumed constant

during the transmission of a codeword, and zr ∈ R
n is

the Additive White Gaussian Noise (AWGN) vector, which

follows the normal distribution N (0, In×n), where 0 is the

zero vector of length n and In×n is the unitary matrix of

size n. Thus, the Signal-to-Noise Ratio (SNR) is SNR = P .

Although the method can be extended to the case where the

channel coefficients also take negative values and follow other

distributions, due to space limitations in this work, in the

following we assume real non-negative channel coefficients

that represent the envelope of a complex Gaussian channel,

and are therefore Rayleigh distributed with probability density

function (pdf) given by1

fh(x) =
x
σ2 e

− x2

2σ2 , x ≥ 0. (2)

The relay attempts to decode a combination of the transmitted

messages, which is itself a message wr ∈ F
k
p ,

wr = q1w1 ⊕ q2w2, (3)

where q1, q2 ∈ Fp and ⊕ denotes addition over the field Fp.

This is achieved by decoding a lattice codeword

xr = [a1x1 + a2x2] modΛ, (4)

where a1, a2 ∈ Z with ql = [al] mod p and modΛ denotes

the modulo operation over the coarse lattice Λ of the lattice

code, so that xr also belong to the same codebook used by

the sources S1 and S2 [5], [6].

In the second transmission phase, the relay retransmits the

lattice codeword xr towards S1 and S2. The received signals

are respectively

yl = h̃lxr + zl, l = 1, 2, (5)

where h̃l is the channel coefficient from the relay to Sl and

zl ∈ R
n are AWGN vectors with N (0, In×n). Note that the

parameters h̃l can be the same with hl or different, and are

known to the respective Sl. The source Sl, l = 1, 2, decodes

the message wr and then its desired message, since it has

knowledge of the coefficients ql and of the message wl.

We denote the channel coefficient vector by h = [h1, h2]
T

and the equation coefficient vector by a = [a1, a2]
T ,

1Our method can be also applied to a complex system model after suitable
modification, by decomposing into a real system model as in [5].

where [·]T denotes transposition. The computation rate region

achieved by the relay for a given a was proven to be [5]

Rc (a) =
1

2
log+2

⎡
⎣(‖a‖2 − P

(
hTa

)2
1 + P‖h‖2

)−1
⎤
⎦ , (6)

where log+2 (·) = max (0, log2 (·)) and ‖ · ‖ denotes the

Euclidean norm. Accordingly, the transmission rate region

achieved by the source Sl, l = 1, 2, is

Rl (a) =

{ Rc (a) , al �= 0,
0, al = 0.

(7)

The relay searches for the best choice of the equation

coefficient vector a, in order to maximize the achievable rates.

When the criterion is the maximization of Rc (a), the problem

of finding the optimal a reduces to [7, Proposition 1]

ao = arg min
a∈Z2,a �=0

(
aTG(h)a

)
, (8)

where G(h) = I− P(hhT )
1+P‖h‖2 .

Remark 1: In [9, Lemma 3.1], the authors propose the use

of vectors without any zero elements. Indeed, when using

only non-zero elements, their results show that the achievable

transmission rates at the sources are increased for Gaussian

channels. However, the overall system performance improve-

ment depends on the statistics of the channel coefficients.

For some channel statistics, the case where the best vector

contains zero elements may be rare, so on average it may

be favorable if one source does not transmit for an adverse

channel realization, if the other can achieve a high data rate.

Thus, in this work we include non-zero vectors with zero

elements in the search for the optimal vector ao, but the

proposed method can be easily modified to reject vectors with

zero elements.

In [5, Lemma 1] it was also proven that

‖ao‖2 ≤ 1 + P‖h‖2. (9)

Thus, the size of the set of candidate vectors is finite.

III. OFFLINE CONSTRUCTION OF LOOK-UP TABLES

In this section we present an offline algorithm that is used

to construct a set of joint look-up tables, based on which the

relay will be able to choose a suboptimal equation coefficient

vector aso, without performing the optimization in (8) for each

channel instance. In the following we first present a method

which reduces the number of candidate coefficient vectors,

which consists of two steps:

• We present a theorem on the relation between the el-

ements of the optimal vector, where we prove that the

elements of the optimal equation coefficient vector are

coprime.

• We then formulate a criterion for further reduction of

the number of candidate equation coefficient vectors, by

leveraging knowledge of the channel statistics and using

power and accuracy specifications.
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A. Reduction of the Number of Candidate Vectors

The number of candidate equation coefficient vectors is

finite, due to (9). However, (9) is rather a loose upper bound

for the norm of ao. Thus, in the following, we further restrict

the set of equation coefficient vectors in which the optimal

vector that satisfies (8) is contained.

Theorem 1: The optimal equation coefficient vector for the

TWRC is either one of the vectors [1, 0]T , [0, 1]T , [1, 1]T , or

its elements are coprime numbers.

Proof: Any vector with non-negative integer elements,

except for [1, 0]T , [0, 1]T , [1, 1]T and the vectors with coprime

elements, can be written as a scaled version of these vectors.

Let a be one of the vectors [1, 0]T , [0, 1]T , [1, 1]T , or a vector

with coprime elements, and let ā = λa be a scaled version of

a, where λ ∈ Z
+, λ > 1, is the greatest common divisor of

the elements of ā. Then

āTGā = λ2
(
aTGa

)
> aTGa. (10)

Since ao minimizes the quantity in (8), ao cannot be equal to

ā, but may be equal to a. This concludes the proof.

All pairs of coprime numbers (m,n) with m > n can

be arranged in a pair of disjoint complete ternary trees,

starting from (2, 1) or (3, 1) for even-odd or odd-odd pairs,

respectively. The “children” of each vertex are generated as

(2m− n,m) , (2m+ n,m) , (m+ 2n, n) . (11)

This method is exhaustive and non-redundant with no invalid

members [13], [14]. Furthermore, each child’s norm is larger

than the norm of the parent, so Theorem 1 combined with (9)

and (11) can be used to form a finite set of candidate equation

coefficient vectors, for a specific channel realization.

The number of candidate equation coefficient vectors can be

reduced further by combining (9) with the statistical properties

of the channel and the maximum SNR of interest.

We first introduce the instantaneous received SNR vector at

the relay (corresponding to a specific h) as

g = [g1, g2]
T = [

√
Phmax,

√
Phmin]

T , (12)

where hmax = max(h1, h2) and hmin = min(h1, h2). Note

that the vectors h and ao tend to be collinear [5]. Thus, we

arrange the elements of g in descending order, so that the

coprime pairs produced by (11), for which m > n, can be

directly used as candidate coefficient vectors. Thus, if a =
[a1, a2]

T , a1 will be used as an equation coefficient for the

message of the source that corresponds to channel coefficient

hmax.

Let Pmax be the maximum SNR of interest. We define the

variable S(Pmax, b) using

Pr (‖g‖ ≤ S(Pmax, b)) = b, (13)

where Pr(·) denotes probability. The variable b denotes the

probability with which the norm of g for P = Pmax is

smaller than S(Pmax, b), e.g. 99% of all channel realizations.

For Rayleigh distributed channel coefficients, the expression

in (13) can be evaluated as follows. Note that

‖g‖2 = g21 + g22 = P
(
h2
1 + h2

2

)
, (14)

is a random variable; using (2), ‖g‖2 follows a scaled gamma

distribution with pdf given by

f‖g‖2(x) = 1
4P 2σ4xe

− x
2Pσ2 , x ≥ 0 (15)

and cumulative distribution function (cdf) given by

F‖g‖2(x) = γ
(
2,

x

2Pσ2

)
, (16)

where γ(·, ·) is the lower incomplete Gamma function [15].

Thus, S(Pmax, b) is computed by setting x = S2(Pmax, b)
and P = Pmax and solving the equation

γ

(
2,
S2(Pmax, b)

2Pmaxσ2

)
= b. (17)

The inverse of the lower incomplete Gamma function can be

found via numerical optimization [16].

The equation coefficient vectors can now be bounded by

(9), using S(Pmax, b). Since (9) holds for a specific channel

realization h and P‖h‖2 = ‖g‖2 ≤ S2(Pmax, b) with

probability b, using (11) all vectors a with coprime elements

are constructed, for which it holds that

‖a‖2 ≤ 1 + S2(Pmax, b). (18)

B. Offline Algorithm for the Construction of Look-Up Tables

However, even after using (18), the number of candidate

equation coefficient vectors is still large. In the following

we elaborate on how the look-up tables are constructed. The

construction of the tables is done in a way that not only enables

low-complexity search during the operation of the system, but

also reduces the number of candidate vectors even further.

The optimization in (8) tends to choose a vector a that is

almost collinear with h, but also has a norm that is as small

as possible. Indeed, expanding (8) and after some algebraic

manipulation, the problem is equivalent to

ao = arg min
a∈Z2,a �=0

(‖a‖2 + P
(‖a‖2‖h‖2 − (hTa)2

))
= arg min

a∈Z2,a �=0

(‖a‖2 + P‖a‖2‖h‖2 sin2 (∠(a,h))) , (19)

where ∠(·, ·) denotes the angle between two vectors. Hence,

for large P , the vectors that are selected will tend to be

collinear to h. On the other hand, for small values of P , a

vector with larger ∠(a,h) but smaller norm may be chosen

instead. Assume that h happens to be the same as some

candidate a, i.e., h = a. Then if there exists a value Pmin(a)
below which the solution of (8) is not a (because its norm

is too large compared to g) a will never be chosen when

P ≤ Pmin(a) whatever h may be, since the second term of

(19) will become nonzero when h and a are not collinear.

Hence, if ‖g‖2 is smaller than Pmin(a)‖a‖2, we know that

a cannot be a solution of (8) and can therefore be excluded
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from the search space. For all the a that safisfy Theorem 1

and (18) Pmin(a) is the solution of the following problem

minimize P
subject to argmin

x �=0

(
xTG (a)x

)
= a and

G (a) = I− P(aaT )
1+P‖a‖2 .

(20)

Thus, if

R(a) �
√
Pmin(a)‖a‖2 ≤ S(Pmax, b), (21)

then a will be considered as a candidate vector, else it is

discarded. Moreover, for a given g, a is a candidate vector

only when ‖g‖ > R(a).
Therefore, the R(a) can be used to partition the two-

dimensional space of (g1, g2) into rings. For each channel

instance, the search algorithm only considers the candidate

vectors that correspond to the largest ring such that ‖g‖ >
R(a). The proposed offline algorithm constructs a vector

r of length L, containing all values R(a) < S(Pmax, b)
with ascending order, and a corresponding matrix A, whose

columns are the candidate vectors that remain after applying

(21), sorted so that rj = R(A(j)), where A(j) is the j-th

column of A. Thus, vector r is used to partition the space

of g into rings, whereas the vectors in A are sorted in order

of appearance as candidate vectors, as ‖g‖ grows. Note that

r1 = 0.

As a final step in reducing the complexity of the search, we

return to (19) and observe that candidate vectors that form

a small angle with the channel are more likely to be the

optimal solution. Therefore, the search algorithm also makes

use of the angle of g by partitioning the search space into

sectors and choosing the candidate vector corresponding to the

sector determined by the angle of g. For the vectors in A, the

phase angle φ(A(j)) = ∠(A(j)) is computed. The algorithm

constructs the matrices Aj , j = 1, 2, . . . , L, each containing

the first j vectors of A, but in ascending order with respect

to φ(A(k)), k = 1, 2, . . . , j. Finally, for j ≥ 2, the algorithm

constructs the vectors θj , which contain the boundaries θjk that

form the sectors in each ring. θj1 = 0, while for k = 2, 3, . . . , j,

the boundaries θjk are computed by

θjk =
|Aj(k − 1)|φ(Aj(k − 1)) + |Aj(k)|φ(Aj(k))

|Aj(k − 1)|+ |Aj(k)| . (22)

The above choice for θjk reflects the fact that a vector with

smaller norm is more likely to be chosen as seen in (19),

compared to a vector with larger norm, when their phase

angles are not very different. Thus, the sectors within a ring

that correspond to vectors with large norm are narrower than

those corresponding to vectors with small norm.

The algorithm is summarized in Algorithm 1.

IV. SELECTION OF THE EQUATION COEFFICIENT VECTOR

The relay selects an equation coefficient vector aso, using

the look-up tables constructed by Algorithm 1. The selection

is performed based on the channel coefficients, and is achieved

by performing simple comparisons.

Algorithm 1 Offline construction of look-up tables

1: procedure CONSTRUCTION(S(Pmax, b))
2: Set, a1 ← [1, 0]T , a2 ← [1, 1]T , a3 ← [2, 1]T , a4 ←

[3, 1]T .
3: Create all vectors ai, i ≥ 5 for which ‖ai‖2 ≤ 1 +
S2(Pmax, b), using a3, a4 and (11). Let imax be the number
of the resulting vectors.

4: for i = 1 : imax do
5: Pmin(ai)← Solution of (20) for a = ai.

6: R (ai)←
√

Pmin(ai)‖ai‖2.
7: if R (ai) > S(Pmax, b) then
8: Discard ai.
9: end if

10: end for
11: Create vector r containing the values R(ai) for the non-

discarded vectors with ascending order.
12: L← length(r).
13: Create matrix A with L columns denoted by A(j), which

contains the non-discarded vectors, so that rj = R(A(j)), where
A(j) is the j-th column of A.

14: Compute the phase angles φ (A(j)) = arctan
(

A(2,j)
A(1,j)

)
,

where A(i, j) are the elements of A.
15: for j=1:L do
16: Create matrix Aj , which contains the first j columns

of A, permuted so that φ
(
Aj(k)

) ≤ φ
(
Aj(k + 1)

)
, ∀k =

1, 2, . . . j.
17: if j �= 1 then
18: Create vector θj of length j, whose elements are

computed according to Eq. (22).
19: end if
20: end for
21: return r, Aj for j = 1, 2, . . . L, and θj for j = 2, 3, . . . L.

22: end procedure

More specifically, the relay computes the norm and phase

angle of the vector g that can be found using the channel

state information (CSI) available at the relay. The phase angle

is given by

t = arctan

(
g2
g1

)
. (23)

The norm ‖g‖ is compared with the elements rj of vector

r, and the ring for which rj ≤ ‖g‖ < rj+1 is selected.

For this value of j, the phase angle of g is compared with

the boundaries in θj , and sector k is selected that satisfies

θjk ≤ t < θjk+1. The equation coefficient vector that is chosen

is Aj(k). Finally, the elements of Aj(k) may need to be

permuted based on whether hmax = h1 or hmax = h2.

Note that the complexity of a search in a sorted vector is

O(logL), where L is the size of the vector. Thus, since the

number of candidate equation coefficient vectors is at most L
(the size of r), it is clear that the computations performed at

the relay for the selection of an equation coefficient vector are

of very low complexity.

The selection Algorithm is summarized in Algorithm 2.

V. RESULTS AND DISCUSSION

In this section the proposed methodology for the selection

of the equation coefficients is applied to a specific case. The

channel coefficients follow a Rayleigh distribution with Ω =
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Algorithm 2 Selection algorithm for aso

1: procedure SELECTION(h,P ,r,Aj ,θj ,∀j)
2: Compute g using (12).
3: Compute t using (23).
4: Find j ∈ {1, 2, . . . , L} such that rj ≤ ‖g‖ < rj+1. When
‖g‖ ≥ rL, j = L.

5: if j = 1 then
6: Select A1.
7: else
8: Find k ∈ 1, 2, . . . , j such that θjk ≤ t < θjk+1. When

t ≥ θjj , k = j.

9: Select Aj(k).
10: end if
11: if h1 > h2 then
12: aso ← [Aj(1, k), Aj(2, k)]T .
13: else
14: aso ← [Aj(2, k), Aj(1, k)]T .
15: end if
16: return aso

17: end procedure

2σ2 = 1, the maximum SNR value of interest is Pmax = 30
dB and the percentage of interest for the channel realizations is

b = 99%. Using (17) for σ = 1√
2

, S(30 dB, 0.99) = 81.4761.

During the execution of the offline construction algorithm,

the number of candidate vectors is substantially reduced.

Specifically, although the remaining vectors are imax = 1590
after line 3 of Algorithm 1 is executed, after lines 4 − 10,

this number is drastically reduced to L = 21, which are

put into the matrix A, constructed in line 13. This means

that, for the selected maximum value of SNR and for the

99% of channel realizations, it suffices to search only among

21 vectors. Moreover, note that if ‖g‖ ≤ S(Pmax, b), the

optimal solution ao of (8) is contained in these 21 vectors.

Furthermore, for small values of the SNR, the number of

candidate vectors is smaller than L, since the relay searches

only among the vectors contained in the selected matrix Aj .

The set of look-up tables constructed by Algorithm 1 can

be graphically illustrated as a partition of the two-dimensional

space of g1, g2, as shown in Fig. 1. The space is partitioned

into rings and sectors, and each partition is mapped to a

specific equation coefficient vector. Only the angles in the

interval
[
0, π

4

]
rad need to be considered, since it always holds

that g1 > g2. Thus, for each specific channel realization, when

the vector g falls in a specific ring and sector, the relay directly

selects aso, executing Algorithm 2.

The equation coefficient vectors used in the look-up tables

for the specific case that is considered in this section are given

in Table I. Only the first i vectors are mapped in the i-th
ring. The mapping between rings and sectors and the equation

coefficient vectors is given in Table II. Each line corresponds

to a ring in Fig. 1, with ascending order of radius. In each

line, the indices of vectors are as given in Table I, appearing

in correspondence with each consequent sector, as illustrated

in Fig. 1, with ascending order of angle. It is easily seen that

the first and the last sector are always mapped to the vectors

a1 = [1, 0]T and a2 = [1, 1]T , respectively. This is expected

Fig. 1. Partition of the two-dimensional space of vector g into rings and
sectors, which are mapped to specific equation coefficient vectors.

TABLE I
CANDIDATE VECTORS

Number Vector Number Vector Number Vector

a1 [1, 0]T a8 [5, 1]T a15 [7, 3]T

a2 [1, 1]T a9 [5, 2]T a16 [6, 5]T

a3 [2, 1]T a10 [5, 3]T a17 [7, 4]T

a4 [3, 1]T a11 [6, 1]T a18 [8, 1]T

a5 [3, 2]T a12 [5, 4]T a19 [7, 5]T

a6 [4, 1]T a13 [7, 2]T a20 [8, 3]T

a7 [4, 3]T a14 [7, 1]T a21 [9, 2]T

since in first sector g2 	 0, whereas in the last sector g1 	 g2.

In Fig. 2, the results for the computation rate of the relay,

when the proposed procedure is performed, are compared to

the computation rate achieved when the optimization in (8) is

performed for each channel realization. It is evident that the

proposed method leads to a result that is very close to the

optimal computation rate. Specifically, the proposed method

achieves rates that are less than 0.3 dB below the optimal

rates, for the whole range of SNR values of interest.

Finally, the average number of candidate vectors that are

searched is presented in Table III for various SNR values,

as computed via simulation. Since the worst-case scenario

corresponds to a search among 21 vectors, when g falls in

a ring of smaller radius, the average search is among even

fewer vectors, as is clearly indicated. Furthermore, the search

is performed using simple comparisons and does not require

the solution of an optimization problem, which leads to very

low complexity.
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TABLE II
MAPPING BETWEEN SECTORS AND CANDIDATE VECTORS

Interval Index of vector corresponding to each sector
for ‖g‖ with ascending order of angle

(r1, r2) 1

(r2, r3) 1, 2

(r3, r4) 1, 3, 2

(r4, r5) 1, 4, 3, 2

(r5, r6) 1, 4, 3, 5, 2

(r6, r7) 1, 6, 4, 3, 5, 2

(r7, r8) 1, 6, 4, 3, 5, 7, 2

(r8, r9) 1, 8, 6, 4, 3, 5, 7, 2

(r9, r10) 1, 8, 6, 4, 9, 3, 5, 7, 2

(r10, r11) 1, 8, 6, 4, 9, 3, 10, 5, 7, 2

(r11, r12) 1, 11, 8, 6, 4, 9, 3, 10, 5, 7, 2

(r12, r13) 1, 11, 8, 6, 4, 9, 3, 10, 5, 7, 12, 2

(r13, r14) 1, 11, 8, 6, 13, 4, 9, 3, 10, 5, 7, 12, 2

(r14, r15) 1, 14, 11, 8, 6, 13, 4, 9, 3, 10, 5, 7, 12, 2

(r15, r16) 1, 14, 11, 8, 6, 13, 4, 9, 15, 3, 10, 5, 7, 12, 2

(r16, r17) 1, 14, 11, 8, 6, 13, 4, 9, 15, 3, 10, 5, 7, 12, 16, 2

(r17, r18) 1, 14, 11, 8, 6, 13, 4, 9, 15, 3, 17, 10, 5, 7, 12, 16, 2

(r18, r19) 1, 18, 14, 11, 8, 6, 13, 4, 9, 15, 3, 17, 10, 5, 7, 12, 16, 2

(r19, r20) 1, 18, 14, 11, 8, 6, 13, 4, 9, 15, 3, 17, 10, 5, 19, 7, 12, 16,

2

(r20, r21) 1, 18, 14, 11, 8, 6, 13, 4, 20, 9, 15, 3, 17, 10, 5, 19, 7, 12,

16, 2

(r21,∞) 1, 18, 14, 11, 8, 21, 6, 13, 4, 20, 9, 15, 3, 17, 10, 5, 19, 7,

12, 16, 2

Fig. 2. Optimal and low-complexity computation of rate Rc at the relay.

VI. CONCLUSIONS

In this paper, a low-complexity method was presented that

uses look-up tables to perform PHY-layer network coding in

two-way compute-and-forward relaying channels. An offline

TABLE III
AVERAGE NUMBER OF CANDIDATE VECTORS

SNR [dB] Average number SNR [dB] Average number
of candidate vectors of candidate vectors

0 1.3461 20 4.6150

5 1.8630 25 7.1785

10 2.3831 30 11.6160

15 3.1459

algorithm is used to construct the look-up tables, which

reduces the number of candidate equation coefficient vectors.

Moreover, a second low-complexity algorithm was presented

for the selection of the vector at the relay. The proposed

method achieves near optimal performance in terms of com-

putation rate with very low computational cost. The proposed

algorithms can be efficiently used in the uplink of future

wireless communication networks.

REFERENCES

[1] R. Ahlswede, N. Cai, S. R. Li, and R. W. Yeung, “Network information
flow,” IEEE Trans. Inf. Theory, vol. 46, no. 4, pp. 1204–1216, July 2000.

[2] M. Médard and A. Sprintson, Network coding: Fundamentals and
applications, Academic Press, 2011.

[3] T. Ho, R. Koetter, M. Medard, D. R. Karger, M. Effros, J. Shi, and B.
Leong, “A random linear network coding approach to multicast,” IEEE
Trans. Inf. Theory, vol. 52, no. 10, pp. 4413–4430, Oct. 2006.

[4] S. Zhang, S. Liew, and P. P. Lam, “Physical-layer network coding,” in
Proc. 2006 IEEE MobiComm, pp. 358–365.

[5] B. Nazer and M. Gastpar, “Compute-and-forward: Harnessing interfer-
ence through structured codes,” IEEE Trans. Inf. Theory, vol. 57, no.
10, pp. 6463–6486, Oct. 2011.

[6] U. Erez and R. Zamir, “Achieving 1
2
log (1 + SNR) on the AWGN

channel with lattice encoding and decoding,” IEEE Trans. Inf. Theory,
vol. 50, pp. 2293–2314, Oct. 2004.

[7] C. Feng, D. Silva, and F. R. Kschischang, “Design criteria for lattice
network coding,” in Proc. IEEE 45th Annual Conference on Information
Sciences and Systems (CISS), Baltimore, MD, USA, 2011.

[8] M. El Soussi, A. Zaidi, and L. Vandendorpe, “Resource Allocation for
Multiple Access Relay Channel with a Compute-and-Forward Relay,”
in Proc. International Symposium on Wireless Communication Systems
(ISWCS), Aachen, Germany, Nov. 2011.

[9] L. Wei and W. Chen, “Efficient compute-and-forward network codes
search for two-way relay channel,” IEEE Commun. Letters, vol. 16, no.
8, pp. 1204–1207, Aug. 2012.

[10] L. Wei and W. Chen, “Compute-and-forward network coding design over
multi-source multi-relay channels,” IEEE Trans. Wireless Commun., vol.
11, no. 9, pp. 3348–3357, Sep. 2012.

[11] T. Q. Duong, L.-N. Hoang and V. Nguyen Quoc Bao, “On the perfor-
mance of two-way amplify-and-forward relay networks,” IEICE Trans.
Commun, vol. E92-B, no. 12, pp. 3957–3959, Dec. 2009.

[12] T. Q. Duong, H. A. Suraweera, H.-J. Zepernick, and C. Yuen, “Beam-
forming in two-way fixed gain amplify-and-forward relay systems with
CCI,” in Proc. IEEE International Conference on Communications (ICC
2012), Ottawa, Canada, June 2012, pp. 3674–3679.

[13] R. Saunders and T. Randall, “The Family Tree of the Pythagorean
Triplets Revisited,” Mathematical Gazette, vol. 78, no. 482, pp. 190–
193, July 1994.

[14] D. Mitchell, “An Alternative Characterisation of All Primitive
Pythagorean Triples,” Mathematical Gazette, vol. 85, no. 503, pp. 273–
275, July 2001.

[15] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and
Products, 7th edition. Academic Press, 2007.

[16] M. Dohler and M. Arndt, “Inverse incomplete gamma function and its
application,”Electronics Letters, vol. 42, no. 1, pp. 35–6, Jan. 2006.

IEEE WCNC'14 Track 1 (PHY and Fundamentals)

363



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


