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Abstract—Heterogenous cellular networks can improve network capacity by co-deployment of macro and femto base stations
(BSs). The capacity improvement comes with a higher power
consumption. This paper proposes a method to minimize the
power consumption without compromising the quality-of-service
demand which is measured in terms of packet delay. First,
we derive a closed-form expression for the packet delay as a
function of macro and femto BS densities. Then, we determine
the BS densities that minimize the network power consumption
under a packet delay constraint. Evaluation results show that
heterogeneous networks always outperforms a homogeneous
network in terms of power-delay characteristics. With the optimal
BS densities for a given packet delay requirement, the minimum
power consumption of a heterogeneous network is always lower
than that of a homogeneous network.
Index Terms—Heterogeneous cellular network; power consumption; packet delay.

I. I NTRODUCTION
Heterogeneous cellular networks can improve network capacity by deploying overlapping base stations (BSs) in different tiers. In 3GPP [1] and LTE-Advanced [2], femto BSs
are deployed within an existing network of macro BSs. The
increased capacity is needed to support the rapidly growing
network traffic, given the proliferation of broadband mobile
applications and smart devices. However, a larger network
capacity may require a higher power consumption, and energy cost may constitute up to 50% of the total operational
expenditure of a telecom service provider in some countries
[3]. As such, it is important to control power consumption
while attaining a higher capacity.
In the literature, Y. Song et al. [4] have proposed a
MDP-based vertical handover scheme to minimize power
consumption by switching users between macro and femto
BSs depending on channel quality and user traffic profile. In
separate works, [5] and [6] have proposed different schemes
to dynamically activate and deactivate some radio transceivers
of a BS to conserve energy depending on the instantaneous
traffic load. These transceivers can be the relays or remote
radio heads within a heterogeneous network as defined in
LTE-Advanced. Furthermore, J. Kim et al. have proposed in
[7] a scheme to dynamically turn off some BSs when the
respective cells have low traffic load. This is to save energy,
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and the coverage of the turned-off cell is provided by uneven
expansion of neighbor cells. Compared to the aforementioned
works, this paper aims to minimize the power consumption
of a heterogeneous cellular network without compromising its
quality-of-service (QoS), which is given in terms of packet
delay. Specifically, we aim to reduce transmission power to
conserve energy although it is only a fraction of the overall
power consumption of a communication network.
By employing stochastic geometry, [8] has developed a
model for the downlink of a heterogeneous network. Based on
this model, [8] has further provided a closed-form expression
for the outage probability as a function of BS densities,
transmission powers and signal-to-interference ratio (SIR)
thresholds at different tiers. Building on the works in [8],
[9] has introduced association weight as a control parameter
in achieving optimal rate coverage. By adjusting the weights,
the amount of traffic being offloading to a particular tier of a
heterogeneous network can be influenced. Following [9], the
authors in [10] have also considered shadowing effects as the
signal propagation impairments in addition to path loss and
Rayleigh fading. This collection of works offer a good foundation in understanding the performance of a heterogeneous
network. However, they have not dealt with the important issue
of power consumption and energy efficiency. In a separate
effort, [11] has determined the optimal heterogeneous BS
densities that will minimize the power consumption subject
to a QoS requirement in terms of data rate over a downlink.
But the data rate does not take into account queueing delay
and a user may not transmit over the link all the times. In
this case, packet delay appears as a better QoS measure. With
M/G/1 queuing analysis, [12] has developed a power-delay
relationship for downlink transmission in heterogeneous networks. Importantly, [12] shows that there is trade-off between
power consumption and packet delay. However, similar to [11],
there is no simple closed-form expression for the power-delay
relationship in [12] making it difficult for use to minimize
power consumption.
In this paper, we derive a closed-form expression for the
packet delay as a function of heterogeneous BS densities.
Then, we propose a method to determine the BS densities
in order to minimize power consumption given a packet delay
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requirement. The rest of this paper is organized as follows. In
Section II, we present the system model. Section III provides
the detailed method in finding the optimal BS densities in
minimizing power consumption. We present and discuss some
numerical results in Section IV, before ending the paper with
concluding remarks in Section V.
II. S YSTEM M ODEL
We consider a two-tier heterogeneous cellular network,
where tier-1 is for macro BSs, and tier-2 is for femto BSs.
Let Pi be the transmission power of an i-th tier BS, with
i = {1, 2}. Reasonably, P1 > P2 such that the coverage
area for a macro BS is larger than that of a femto BS. The
transmission power Pi is fixed and no dynamic power control
is implemented. Similar to [8], [11] and [12], we assume
that the BSs in each tier are located in an Euclidean plane
according to an independent Poisson Point Process (PPP), with
ρi being the BS density of the i-th tier. We also assume that
users are randomly located in the same plane, according to a
PPP with density ρu .

transmission. Then, the probability of a successful packet
transmission is given as
π
.
(2)
Ps =
C(α)β 2/α
When a packet is not transmitted successfully, it is retransmitted. Let n be the number of re-transmission attempts
before a packet is delivered successfully. Then, when a user
is attached to an i-th tier BS, the average packet delay is
[
]
(n + 1)L
D̄i = E
,
(3)
Ri
where L is the packet size and Ri is the transmission rate from
an i-th tier BS. In order to achieve the desired transmission
success probability, the value of Ri should be determined
based on β as:
Ri =

Wi
log2 (1 + β),
Ni + 1

(4)

where Wi is the bandwidth available at an i-th tier BS, and
Ni is the number of users connected to an i-th tier BS. Here,
Wi /(Ni + 1) is the bandwidth per user, where the term “+1”
takes into account the share of bandwidth for the BS. Notice
that the number of users attached to an i-th tier BS can be
different from one BS to another. We assume random variable
Ni is independent from n. Applying (4) into (3),
E[(n + 1)(Ni + 1)]L
W log2 (1 + β)
(∞i
)
∞
∑
∑
E[Ni + 1]Ps L
n
n
=
(1 − Ps ) n +
(1 − Ps )
W
i log2 (1 + β)
n=0
n=0

D̄i =
Fig. 1. System model of a two-tier heterogeneous cellular network. Macro
and femto base stations form tier-1 and tier-2, respectively.

=
III. M INIMIZE P OWER C ONSUMPTION UNDER A PACKET
D ELAY C ONSTRAINT
Let γ(xi ) be the downlink SIR at a randomly located user
for the signal received from an i-th tier BS which is positioned
at point xi ∈ Xi , where Xi is the set of all locations of i-th
tier BSs. The user is connected to the i-th tier BS if γ(xi ) >
βi , where βi is the SIR threshold for acceptable QoS. Let
each user be connected to only one BS that has the maximum
SIR among all tiers, all the channels suffer from independent
Rayleigh fading, and SIR threshold βi > 1 for each i-th tier.
Then, according to [8], the probability of a user be connected
to any BS from any tier can be written as






∑2
2/α −2/α
 ∪

βi
π
i=1 ρi Pi
P
γ(xi ) > βi =
, (1)
∑
2/α
2


C(α)


i=1 ρi Pi
 xi ∈Xi ,

i={1,2}

where α > 2 is the path loss exponent, C(α) is a con2
stant determined as C(α) = 2πα csc( 2π
α ), and P{·} denotes
probability. Let β be the same SIR threshold adopted for all
tiers. Then, the outage probability can be determined as the
compliment of (1). Note that we assume successful packet
transmission if there is no outage event occurs during the

E[Ni + 1]L
.
Ps Wi log2 (1 + β)

(5)

Since users are distributed within a network following
PPP, finding the average number of users attached to an
i-th tier BS requires us to first find the area of the cell.
With PPP, the cell geometry in a heterogeneous network
follows a multiplicatively weighted Poisson Voronoi (MWPV)
tessellation [14]. MWPV tessellation is different from classical
Poisson Voronoi tessellation in the sense that distance of a
cell boundary from a BS is multiplied by a positive weight
which is determined by the BS type. In the literature, [11] has
adopted a simulation plus curve-fitting method to determine
the cell size distribution for a two-tier heterogeneous network.
This method is reasonable but a new set of simulations and
curve-fittings is needed whenever there is a change in system
parameters, resulting in no possible closed-form expression for
packet delay.
We have two observations on MWPV tessellation. First,
Ferenc et al. [13] have discovered an accurate and universal
distribution function for normalized cell sizes of a classical
Poisson Voronoi tessellation. The accuracy of the distribution
function has been verified against the findings in [14]. The
distribution function is dependent only on the Poisson point
density. Second, in forming the Poisson Voronoi tessellation
for a heterogeneous network, the cell radius of an i-th tier
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0.6

1/α

Similarly, a heterogeneous network is equivalent to a homogeneous network deployed with only femto BSs with an
equivalent femto BS density ρ̂2 determined as
( ) α2
P1
ρ̂2 =
ρ1 + ρ2 .
(7)
P2
In (7), the multiplicative factor (P1 /P2 )2/α takes into account
the fact that the size of each macro cell grows faster than a
single femto cell. Although developed separately, (7) is the
same as a similar expression in [11] and this serves as a good
verification.
Let Ai be a random variable representing the cell size of an
i-th tier BS. Then, following the two observations presented
above, the probability density function for Ai is given as
fAi (a) = d ρ̂i a5/2 e−(7/2)ρ̂i a ,
(8)
√
7
where constant d = 343
15
2π has been determined and verified
by [13]. In the literature, [9] has derived based on [13] a
different distribution function for cell sizes. In [9], cell size
distribution depends on the ratio of BS density over probability
of user associated with such a BS. Finding the ratio involves
further derivations leading to an expression (i.e., equation (11)
in [9]) that has different coefficients compared to (8). The
expression in [9] is more complicated because it is more
general, considering more than 2 tiers and capturing various
controllable parameters such as association weights. Also, [9]
considers a case where a selected BS has a larger area than
a typical one. Although (8) is limited to a two-tier network,
we continue to use it for its simplicity and intuitive derivation
based on equivalent density we introduced in (6) and (7).
Fig. 2(a) shows a sample of the cell size distributions
obtained using (8). It is reasonable that a femto cell has a
smaller size compared to a macro cell. Fig. 2 is presented for
the purpose of verification against similar distributions in [11]
and [12] that are obtained without the closed-form expression
of cell size distribution. With the cell size distribution, we can
now determined the probability mass function for number of
7/2
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Macro base station
Homogeneous network
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BS will grow at a speed proportional to Pi . Base on these
two observations, we will be able to adopt the existing cell
area distribution function from [13] as long as we can find
an equivalent homogeneous BS density for a heterogeneous
network.
We assume the area of a cell is proportional to the square of
its radius. Since P1 > P2 , the area of a macro cell will grow
(P1 /P2 )2/α times faster than that of a femto cell in forming a
Poisson Voronoi tessellation. As such, we need to combine as
many as (P1 /P2 )2/α femto cells to achieve the same cell area
grow rate of a macro cell. Therefore, in the presence of both
macro and femto BSs, a heterogeneous network is equivalent
to a homogeneous network deployed with only macro BSs
with an equivalent macro BS density ρ̂1 determined as
( )− α2
P1
ρ̂1 = ρ1 +
ρ2 .
(6)
P2
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Fig. 2. (a) is the probability density functions for cell size and (b) is the
probability mass function for number of attached users. Both are for ρu = 5.0,
ρ1 = 0.1, ρ2 = 0.27, P1 = 10 Watt and P2 = 1 Watt. For the homogeneous
network, ρ2 and P2 are zero.

users attached to an i-th tier BS as
∫ ∞
PNi (n) =
P {Ni = n|a}fAi (a)da
∫0 ∞
(ρu a)n −ρu a
=
e
fAi (a)da
n!
0
(
)(
)−(7/2+n)
7/2
ρnu d ρ̂i
7
7
=
Γ
+n
ρu + ρ̂i
. (9)
n!
2
2
Fig. 2(b) shows a sample of the probability mass function
for number of users in a cell. Compared to heterogeneous cells,
a homogeneous network has a wider spread of user numbers
consistent with its larger cell size. Despite a slight difference
in values, Fig. 2(b) has a same shape as the similar figure in
[12]. The difference in values is due the adoption of (8) in
this paper. This offers a good verification to our derivation.
For each of the i-th tier, we define a variable ri = ρu (ρu +
7
−1
ρ̂
. Here, ri does not have a physical meaning and it is
2 i)
introduced to simplify expression. Using ri and (9), we can
determine the average number of users in an i-th tier cell as
E[Ni ] =

∞
∑

nPNi (n)

n=0

[

]7/2 ∑
(
)
∞
2
n
7
= d (1 − ri )
Γ
+ n rin
7
n!
2
n=0
[
]7/2
√
2
105 πri
ρu
= d (1 − ri )
=
.
9/2
7
ρ̂i
16(1 − ri )

(10)

Equation (10) indicates that the average number of users
in a cell is simply the ratio of user density to equivalent BS
density. Increasing user density increases the number of user
in each cell. On the other hand, increasing BS density results
in fewer users being served by each BS.
Applying (10) to (5) gives the average packet delay in an
i-th tier cell as
D̄i =

(ρu + ρ̂i )L
.
Ps ρ̂i Wi log2 (1 + β)

(11)

A randomly selected user can be in either a tier-1 or tier-2
cell. The probability of a random user being in an i-th tier cell
depends on the fraction of total network area covered by all
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ρ1 E[A1 ]D̄1
ρ2 E[A2 ]D̄2
+
,
ρ1 E[A1 ] + ρ2 E[A2 ] ρ1 E[A1 ] + ρ2 E[A2 ]

(12)

where the average area of an i-th tier cell is determined using
(8) as
∫ ∞
∫ ∞
E[Ai ] =
afAi (a)da = d ρ̂i
a7/2 e−(7/2)ρ̂i a da
0

0

( ) ( )−9/2
1
9 d 7
= .
=Γ
2 ρ̂i 2
ρ̂i

(13)

Combining (11), (12) and (13), we have the following
closed-form expression for the average packet delay in a
heterogeneous network
(
ρ1 ρ̂2 (ρu + ρ̂1 )
Lβ 2/α C(α)
D̄ =
π(ρ1 ρ̂2 + ρ2 ρ̂1 ) log2 (1 + β)
W1 ρ̂1
)
ρ2 ρ̂1 (ρu + ρ̂2 )
+
.
(14)
W2 ρ̂2
Let network power consumption in terms of Watt per Km2
be determined as P = ρ1 P1 + ρ2 P2 . Then, we want to find a
set of BS densities that minimizes the power as
min {P = ρ1 P1 + ρ2 P2 }

ρ1 ,ρ2

s.t.

β = 1.0
β = 2.0
β = 3.0

2

D̄ =

closed-form expression. Similar to [12], our results show
that heterogeneous networks exhibit far better power-delay
characteristics compared to a homogeneous network with only
macro BSs. Specifically, heterogeneous network can achieve
a lower power consumption given a packet delay or a smaller
packet delay given a power consumption.
Comparing Fig. 3(a) and (b), we see that a higher user
density leads to a higher packet delay. This is because of
a larger number of users attached to a BS resulting in a
smaller share of bandwidth for each user. Comparing Fig. 3(a)
and (c), we notice that a higher SIR threshold (β) leads to
a lower packet delay. Although a higher β can result in a
higher outage probability, this negative effect is less significant
than an increased spectral efficiency attained by a larger β.
This implies β may be an optimization parameter that we can
exploit to minimum network power consumption.
Minimum power consumption (watt per km )

i-th BSs. Therefore, the network wide average packet delay D̄
is given as

D̄ ≤ D∗
ρ1 C1 + ρ2 C2 ≤ C ∗

0

10

0

ρ1 ≥ ρ∗1 ,
where D∗ is the packet delay requirement, and ρ∗1 is the lower
limit in macro cell density. Also, C1 and C2 are the costs for
each tier-1 and tier-2 BS, respectively. The cost constraint C ∗
is determined as
(
)
ρu Lβ 2/α C(α)
∗
C =
C1 .
(15)
D∗ πW1 log2 (1 + β) − Lβ 2/α C(α)
Here, C ∗ is given by the cost to operate a homogeneous macro
cell network in achieving the same packet delay requirement.
As such, we requires the heterogeneous network to be more
cost effective than a macro-only network while achieving a
minimum power consumption. We have solved the formulated
optimization problem using Matlab’s optimization toolbox
which is capable of dealing with non-linear constraints.
IV. N UMERICAL R ESULTS
We present and discuss numerical results in this section.
These results are collected with the following parameter settings unless specified otherwise: α = 4, β = 1.0, ρu = 100,
P1 = 10 Watt, P2 = 1 Watt, L = 800 symbols, W1 = 10
MHz, W2 = 20 MHz, ρ∗1 = 0.04, C1 = 10 and C2 = 5.
Fig. 3 shows the power-delay characteristics for heterogeneous networks. In these figures, ρ1 = 0.1 and ρ2 is varied
to achieve different power consumption levels. We present
these results to show their consistency with the results in
[12]. This is a verification of reasonability of the derived

Fig. 4.
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Fig. 4 shows the minimum power consumption for a heterogeneous network given a packet delay requirement. Comparing
Fig. 3 and Fig. 4, the attained minimum power consumption
is always lower than that of an arbitrary setting of a same
heterogeneous network. For example, for average packet delay
of 10 ms, the minimum power consumption is 1.3 Watt per
Km2 while it is about 2.2 Watt per Km2 in Fig. 3(b). By
achieving the minimum power consumption, heterogeneous
network can achieve a power saving of more than 50%
compared to a homogeneous network with only macro BSs.
For example, given a packet delay requirement of 60 ms
with β = 1.0, the power consumptions are 0.6 and 2.1 Watt
per Km2 for heterogeneous network and homogeneous macro
network, respectively. The percentage of power saving is lower
with a larger packet delay requirement. This is because the
homogeneous BS density in such a less stringent condition is
already low leading to a limited room for improvement. At
a large delay requirement, power consumption of a heterogeneous network approaches that of a homogeneous network
with only femto cells. This is because at such a setting, the
macro BS density is very low compared to the femto BS
density, after greedily deploying femto BSs that consume only
a tenth of the power.
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Fig. 3. Power consumption and packet delay characteristics for heterogeneous and homogeneous networks. For heterogeneous networks, ρ1 = 0.1 and ρ2
is the variable used to control the power consumption. For homogeneous networks, ρ2 and P2 are both zero.
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V. C ONCLUSION
We have developed a closed-form expressions for packet
delay in a heterogeneous network. We have formulated an
optimization problem to determine the macro and femto BS
densities that minimize power consumption given a packet
delay requirement and a cost constraint. We have solved
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