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Abstract—This work is devoted to the error rate and energy-
efficiency analysis of regenerative cooperative networks in the
presence of multipath fading and spatial correlation. To this
end, exact analytic expressions are firstly derived for the symbol-
error-rate of M−ary quadrature amplitude modulation in a dual-
hop decode-and-forward relay system under spatially correlated
Nakagami−m fading channels and maximum ratio combining
at the destination. The derived expressions are subsequently
employed in quantifying the energy consumption of the con-
sidered system, incorporating both transmit energy and the
energy consumed by the transceiver circuits. The overall energy
consumption is also minimized for certain quality-of-service
requirements and it is shown that depending on the degree of
spatial correlation, severity of fading, transmission distance, and
relay location, a substantial overall energy reduction is sought
when compared to conventional direct transmission.

I. INTRODUCTION

Emerging communication systems are anticipated to provide

high-speed data transmission, efficient wireless access, high

quality of service (QoS) and satisfactory network coverage

with reduced processing time and widespread use of smart

phones and other mobile devices. However, the currently

witnessed scarcity of the two core fundamental resources,

power and bandwidth, constitutes a significant challenge to

satisfy these demands while it is known that wireless channel

impairments such as multipath fading, shadowing and interfer-

ence degrade information signals during wireless propagation.

Also, most energy constrained devices are typically powered

by small batteries where replacement is a rather difficult and

costly procedure [1]–[3]. Thus, finding a robust strategy for

energy efficient transmission and minimized energy consump-

tion per successfully communicated information bit is essential

in effective design and deployment of wireless systems.

Based on this, cooperative communications have been pro-

posed as an alternative solution that improves coverage and

performance under severe fading effects [4], [5]. A distinct

feature of cooperative communications is that wireless agents

share resources, instead of competing for them. In this context,

various resource allocation algorithms and techniques have

been proposed for improving the energy efficiency of resource

constrained wireless networks. Specifically, the authors in [6]

analyzed energy-efficient direct transmission adopting higher-

level modulation for short distances, where circuit power is

more dominant than transmission power. The authors in [7]

addressed the optimal power allocation and throughput trans-

mission strategy for minimizing the total energy consumption

required to transmit a given number of bits. Finally, the authors

in [8] analyzed realistic scenarios in the context of energy

efficient infrastructure-to-vehicle communications.

It is also widely known that fading phenomena constitute

a crucial factor of performance degradation [11]–[16] and

the references therein. Based on this, numerous investigations

addressed the effect of different types of fading conditions

on the performance of cooperative communications, see.

e.g. [9], [10] and the reference therein. However, the vast

majority of these analyses assume statistically independent

communication paths, which is a simplistic assumption as

in realistic cooperative scenarios the wireless paths may be

spatially correlated. Motivated by this, we firstly derive exact

analytic expressions for the symbol-error-rate (SER) of a two-

hop decode-and-forward (DF) relay system under spatially

correlated Nakagami−m fading channels for M−ary quadra-

ture amplitude Modulation (M−QAM) using maximum-ratio-

combining (MRC). Secondly, we exploit these expressions to

provide a comprehensive analysis of energy-efficiency that

leads to meaningful insights on the energy consumption per

information bit. This demonstrates that a single relay regen-

erative cooperative network can be a meaningful solution

to several low-energy, low-complexity and low-cost wireless

applications. Thus, the offered results are anticipated to be

particularly useful in future analyses and designs.

II. SYSTEM AND CHANNEL MODEL

We consider a two-hop DF, half-duplex (HD) cooperative

system that consists of a source node (S), a relay node (R)
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and a destination node (D). In phase I, the source broadcasts

the signal to both destination and relay nodes; thus, the

corresponding received signals can be represented as

yS,D =

√

PS

PLS,D

hS,Dx+ nS,D (1)

and

yS,R =

√

PS

PLS,R

hS,Rx+ nS,R (2)

respectively, where PS is the transmit power, x is the trans-

mitted symbol with normalized unit energy in the first trans-

mission phase and PLS,D and PLS,R denote the path loss

components in the S-D and S-R paths, respectively. Also, hS,D

and hS,R are the complex fading coefficients of the S-D and S-

R wireless links, respectively, whereas nS,D and nS,R are the

corresponding AWGN terms. If the signal is correctly decoded

at the relay, it is forwarded to the destination during phase II

with power P̄R = PR. Otherwise, the relay does not transmit

and remains idle with P̄R = 0. Based on this, the signal at the

destination during phase II can be represented as follows:

yR,D =

√

P̄R

PLR,D

hR,Dx+ nR,D (3)

where P̄R is the transmit power of the relay, PLR,D is

the path loss of the R-D path and hR,D and nR,D denote

the corresponding channel coefficients and the AWGN term,

respectively. Finally, the destination combines the direct and

relayed signals using MRC reception.

III. SER FOR M−QAM MODULATION IN NAKAGAMI−m
FADING WITH SPATIAL CORRELATION

The end-to-end SER for the case of spatially correlated S-D

and R-D paths using MRC reception can be determined with

the aid of the MGF method and can be expressed according

to (4), at the top of the next page [20], [21]. There, mc =
mS,D = mR,D, denote the corresponding fading parameters,

Ωi,j is the channel variance, gQAM = 3/2(M − 1) and

FQAM [v(θ)] =
4C

π

∫ π/2

0

v(θ) dθ − 4C2

π

∫ π/4

0

v(θ) dθ (5)

where C = (1− 1/
√
M ) and ρ is the correlation coefficient.

A. Exact SER for the Direct Transmission

In this subsection, we derive a closed-form expression for

the average SER of direct transmission scheme for M−QAM

constellations, which is particularly useful for the subsequent

error and energy-efficiency analysis of the considered system.

Theorem 1. For PS , PLS,D
,ΩS,D, N0, gQAM ∈ R

+, M/2 ∈
N and mS,D ≥ 1

2 , the symbol error rate of an M−QAM di-

rect transmission scheme over Nakagami−m fading channels

can be expressed as follows:

SER
D

D =
2(
√
M − 1)√

πMP−1
LS,D

K−mS,D

{

Γ
(

mS,D + 1
2

)

Γ(m+ 1)

×2F1

(

mS,D,
1

2
,mS,D + 1, PLS,D

K

)

+
(
√
M − 1)

2−
1
2

√
π

×F1

(

1

2
,
1

2
−mS,D,mS,D,

3

2
,
1

2
,
PLS,DK

2

)}

(6)

where 2F1(.) and F1(.) denote the Gauss hypergeometric

function and the Appell hypergeometric function of the first

kind, respectively whereas

K =
mS,DN0PLS,D

mS,DN0PLS,D + PSΩS,DgQAM
. (7)

Proof. The proof is provided in Appendix A.

B. Exact SER for the Cooperative-Transmission

The derivation of a closed-form expression for the average

SER of the considered scenario is subject to analytic evaluation

of the following indefinite trigonometric integral.

Lemma 1. For a, b,m ∈ R
+ and 2m− 1

2 ∈ N, the following

closed-form expression is valid,

J (a, b,m) =

∫

1
(

1 + a
sin2(θ)

+ b
sin4(θ)

)m dθ

= −
2m− 1

2
∑

l=0

(

2m− 1
2

l

)

(−1)l
cos1+2l(θ)

(1 + 2l)

×
(

2 sin2(θ) +D
)m (

2 sin2(θ) + E
)m

(2 +D)
m
(2 + E)m

×
F1

(

l + 1
2 ,m,m, l + 3

2 ,
2 cos2(θ)
2+D , 2 cos2(θ)

2+E

)

(

sin4(θ) + a sin2(θ) + b
)m

(8)

where
{D
E
}

= a
{−
+

}

√

a2 − 4b. (9)

Proof. The proof is provided in Appendix B.

The solution in Lemma 1 is generic and can be also useful in

future analyses in natural sciences and engineering including

applications relating to emerging wireless communications. To

this end, it is used in the proof of the following theorem.

Theorem 2. For {PS , PR, PLS,D , PLS,R , PLR,D ,ΩS,D,ΩS,R,
ΩR,D, N0} ∈ R

+, M/2 ∈ N, mS,D ≥ 1
2 , mS,R ≥ 1

2 ,

mR,D ≥ 1
2 , mS,D, 2mc − 1

2 ∈ N and 0 ≤ ρ < 1, the

SER of M−QAM based DF relaying over spatially correlated

Nakagami−m fading channels can be expressed as follows

SER
C

D =







2Γ(mc +
1
2 ) 2F1

(

mc,
1
2 ,mc + 1, 1

1+a1

)

√
πmc!M(

√
M − 1)−1 (1 + a1)mc

+
2
√
2F1

(

1
2 ,

1
2 −mc,mc,

3
2 ,

1
2 ,

1
2+2a1

)

πM (
√
M − 1)−2 (1 + a1)mc






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SER
C

D = FQAM







1
(

1 +
(PS /PLS,D

) ΩS,D gQAM

N0mc sin2 θ

)mc






FQAM







1
(

1 +
(PS/ PLS,R

) ΩS,R gQAM

N0mS,R sin2 θ

)mS,R







+ FQAM







1
(

1 +
[(PSΩS,D/ PLS,D

)+(PRΩR,D/ PLR,D
)] gQAM

N0mc sin2 θ
+

(1−ρ)PSPRΩS,DΩR,Dg2
QAM

N2
0PLS,D

PLR,D
m2

c sin4 θ

)mc







×











1− FQAM







1
(

1 +
(PS/ PLS,R

) ΩS,R gQAM

N0mS,R sin2 θ

)mS,R

















(4)

×







2Γ(mS,R + 1
2 ) 2F1

(

mS,R,
1
2 ,mS,R + 1, 1

1+b1

)

√
πmS,R!M(

√
M − 1)−1 (1 + b1)mS,R

+
2
√
2F1

(

1
2 ,

1
2 −mS,R,mS,R,

3
2 ,

1
2 ,

1
2+2b1

)

πM (
√
M − 1)−2 (1 + b1)mS,R







+

{

1− 2Γ(mS,R + 1
2 )(

√
M − 1)√

πmS,R!M

×
2F1

(

mS,R,
1
2 ,mS,R + 1, 1

1+b1

)

(1 + b1)mS,R

−
2
√
2F1

(

1
2 ,

1
2 −mS,R,mS,R,

3
2 ,

1
2 ,

1
2+2b1

)

πM (
√
M − 1)−2 (1 + b1)mS,R







×







2mc− 1
2

∑

l=0

(

2mc − 1
2

l

)

(−1)l4(
√
M − 1)22mc−l− 1

2

[1 + 2(a1 + c1)4a1d1]mc

× F1

(

l + 1
2 ,mc,mc, l +

3
2 , 2A, 2B

)

Mπ(1 + 2l)[(1− 2A)(1− 2B)]−mc

+

2mc− 1
2

∑

l=0

(

2mc − 1
2

l

)

(−1)l4(
√
M − 1)

πM(1 + 2l)(a1d1)mc

×F1

(

l + 1
2 ,mc,mc, l +

3
2 ,A,B

)

(1−A)−mc(1− B)−mc

}

(10)

where

a1 =
PSΩS,DgQAM

(PLS,DmS,DN0)
(11)

b1 =
PSΩS,RgQAM

(PLS,RN0mS,R)
, (12)

c1 =
PRΩR,DgQAM

(PLR,D
N0mR,D)

, (13)

d1 =
(1− ρ)PRΩR,DgQAM

(PLR,DN0mR,D)
(14)

and

{A
B
}

=
1

2 + a1 + c1
{−
+

}
√

(a1 + c1)2 − 4a1d1
. (15)

Proof. The first, second, and fourth terms in (4) can be

expressed in closed-form with the aid of Theorem 1. The third

term has the same algebraic representation as (8). As a result,

a closed-form expression can be deduced by determining the

following specific cases in (5)

J
(

a, b,m, 0,
{

π/2
π/4

})

=

∫

{

π/2

π/4

}

0

1
(

1 + a
sin2(θ)

+ b
sin4(θ)

)m dθ.

(16)

To this effect and after some algebraic manipulations and

substituting in (4) yields (10), which completes the proof.

To the best of the authors’ knowledge, the offered results

have not been reported previously in the open literature.

IV. POWER CONSUMPTION MODEL AND ENERGY

OPTIMIZATION ANALYSIS

A. Power Consumption Model

In this subsection, we quantify the total energy consumption

required to transmit L information bits from the source to the

destination. We assume that the transceiver circuitry operates

on multi-mode basis i.e. i) when there is a signal to transmit,

the circuits are in active mode; ii) when there is no signal to

transmit, the circuits operate on a sleep mode; iii) the circuits

are in transient mode during the switching process from sleep

mode to active mode. To this effect, by denoting the duration

of the sleep, transient and active modes as Tsp, Ttr and Ton,

respectively, the total energy required to transmit and receive

L information bits can be expressed as [6]

E = PonTon + PspTsp + PtrTtr (17)

where Pon, Psp and Ptr denote the power consumption values

during the active, sleep and transient duration, respectively.

The active mode power comprises the transmit power Pt,

power consumption of the RF amplifier αPt and the transmit-

ter and receiver circuit powers of PCTx and PCRx , namely,

Pon = (1 + α)Pt + PCTx + PCRx (18)

where α = ξ
η − 1, with η denoting the drain efficiency of

the amplifier where for the case of square uncoded M−QAM,

ξ = 3
√
M−1√
M+1

, [17]. Also, Ton = LTs

b = L
bB , where b = log2 M
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is the constellation size and Ts is the symbol duration which

relates to the bandwidth B as Ts ≈ 1
B [18]. It is noted that in

realistic circuit designs Psp ≃ 0, while the power consumption

during the transient mode refers to the power consumption of

the frequency synthesizers. Hence, it follows that Ptr = 2PLO.

B. Energy Optimization Analysis

In this subsection, we analyze the total energy required

to transmit information efficiently from the source to the

destination for direct and cooperative transmissions.

1) Direct Transmission: Using (17) and (18) and recalling

that Psp ≃ 0 and Ptr = 2PLO, the average energy consump-

tion per information bit in the direct mode can be given by

E
D

T =
((1 + α)PS + PCTx + PCRx)Ton + 2PLOTtr

L
(19)

where PS denotes the source transmit power. Based on (19)

and for fixed circuit powers with the maximum transmission

power and target bit error rate, p∗, as constraints, the corre-

sponding energy optimization problem can be represented as

min
PS

E
D

T

subject to: PS ≤ Pmaxt, PS ≥ 0

BER
D

D = p∗.

(20)

Deriving the minimum average energy required in the direct

transmission, requires prior computation of the corresponding

BER. This is realized with the aid of (6) and the follow-

ing useful approximations F1

(

1
2 ;

1
2 −m,m, 3

2 ;
1
2 ,

1
2+2a1

)

≃
F1

(

1
2 ;

1
2 −m,m, 3

2 ;
1
2 , 0

)

and 2F1

(

m, 1
2 ;m+ 1; 1

1+a1

)

≃ 1.

To this effect, the following accurate closed-form BER ap-

proximation for M−QAM constellations is deduced

BER
D

D ≃ 2 (
√
M − 1)Γ(m+ 1

2 )√
πMm!(1 + a1)m log2 M

+
4F1(

1
2 ;

1
2 −m,m, 3

2 ;
1
2 , 0)√

2π(1 + a1)m log2 M

(

1− 1√
M

)2

.

(21)

Importantly, the Appell function in (21) can be expressed in

terms of the Gauss hypergeometric function, namely

F1

(

1

2
;
1

2
−m,m,

3

2
;
1

2
, 0

)

= 2F1

(

1

2
,
1

2
−m;

3

2
,
1

2

)

(22)

and thus, the BER expression in (21) becomes

BER
D

D ≃ 2 (
√
M − 1)Γ(m+ 1

2 )√
πMm!(1 + a1)m log2 M

+
4 2F1

(

1
2 ,

1
2 −m; 3

2 ,
1
2

)

√
2π(1 + a1)m log2 M

(

1− 1√
M

)2

. (23)

It is evident that (23) is a function of the modulation

order, the severity of multipath fading and a1. Therefore,

by substituting the targeted QoS p∗ in (23), recalling that

a1 = (PS ΩS,D gQAM )/(N0PLS,D ) and carrying out some

algebraic manipulations, it follows that

PS ≃ mN0PLS,D

ΩS,DgQAM

[

(

C

p∗

)1/m

− 1

]

(24)

where

C =
4(
√
M − 1)

M log2 M

[

2F1

(

1
2 ,

1
2 −m; 3

2 ;
1
2

)

√
2 π(

√
M − 1)−1

+
Γ(m+ 1

2 )

2
√
πmΓ(m)

]

.

(25)

2) Cooperative Transmission: In this case the total average

power consumption is given by

PC
T =

{

PCTx + (1 + α)PS + 2PCRx ,with Pr = 1

PCTx + (1 + α)PR + PCRx ,with Pr = 1− SERS,R

(26)

where PR is the relay transmit power. Using (26) the average

power consumption in the cooperative transmission mode is

P
C

T = PCTx + (1 + α)PS + 2PCRx

+(PCTx + (1 + α)PR + PCRx)
(

1− SERS,R

)

.
(27)

Based on this, the corresponding total average energy con-

sumption per information bit can be expressed as

E
C

T =
P

C

T Ton + 2PLOTtr

L
. (28)

Evidently, the energy minimization problem with the two

optimization variables, PS and PR, can be formulated as

min
PS ,PR

E
C

T (PS , PR)

subject to: (PS + PR) ≤ Pmaxt, PS ≥ 0, PR ≥ 0

BER
C

D(PS , PR) = p∗.
(29)

For the above optimization problem, the optimal powers at

the source and relay nodes that minimize the total energy

consumption under the given constrains can be evaluated

with the aid of numerical optimization techniques such as

MATLAB optimization tool box and its fimicon function.

V. NUMERICAL RESULTS AND ANALYSIS

This section analyzes the average total energy consumption

of the radio access system assuming that the S-D and R-D

paths are spatially correlated with ΩS,D = ΩS,R = ΩR,D =
0dB. The path-loss (PL) effects in the system are modeled by

the realistic model of PLi,j [dB] = 148 + 40 log10(di,j [km]),
which is also used in device-to-device type communications.

Also, the distance relationship satisfies dS,D = dS,R + dR,D.

The summary of the system parameters used in the analysis

is given in Table I where N0, PLO, Ttr and η are given in [6]

whereas the circuit powers are listed in [19].

Fig. 1, illustrates the total energy consumption per infor-

mation bit as a function of source-to-destination distance, for

4−QAM with fading parameter of m = 1.25, destination

target BER of 10−2 and zero correlation under the maximum
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TABLE I
SYSTEM PARAMETERS

N0 = -174dBm/Hz Nf = 9dB

B = 1MHz L = 2kbits

PCTx = 98mW PCRx = 112mW

PLO = 50mW Pmaxt = 1500mW

η = 0.35 Ttr = 5µs.
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Fig. 1. Energy consumption per information bit versus source-destination
distance for relay in different locations over uncorrelated Nakagami−1.25 at
target BER of 10−2 for 4−QAM Modulation.
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Fig. 2. Energy consumption per information bit versus source-destination
distance for relay located in the middle over correlated Nakagami−1.25 at
target BER of 10−3 for 4−QAM Modulation.

transmit power constraint when the relay is located in different

locations with f = dS,R/dS,D, for the case of optimal power

allocation. It is observed that distance thresholds separate the

regions where DT performs better than CT and vice-versa.

Furthermore, it is shown that when the relay is located in

the middle, i.e. (f = 0.5), renders the best energy efficiency

among all relay locations. However, it is shown that at

relatively small distances (e.g., 0 ≤ dS,D ≤ 100m), the

exact location of the relay does not affect substantially the

performance of the cooperative system as it appears to remain

almost the same in all considered scenarios.

Fig. 2 depicts the total energy consumption per information

bit required for CT and DT as a function of S-D distance over

Nakagami−1.25 fading environment at target BER of 10−3.

The relay is placed in the middle and the power is allocated

optimally to the source and relay to guarantee minimum en-

ergy per information bit. It is observed that at a relatively short

distance (e.g., 0 ≤ dS,D ≤ 80m) the DT scheme outperforms

CT, while the system benefits substantially from CT beyond

this range. Also, under the given QoS and maximum transmis-

sion power constraints, the DT reaches a maximum distance

of 160m whereas the cooperative system extends beyond this

limit even under high spatial correlation conditions. At this

threshold transmission distance, the energy savings by CT,

defined as 1 − E
C
/E

D
, are 78.6%, 82.2% and 83.5% for

ρ = 0.9, ρ = 0.5 and ρ = 0, respectively.

VI. CONCLUSIONS

This work addressed the energy-efficiency analysis and opti-

mization of both direct and regenerative cooperative transmis-

sions in Nakagami−m fading conditions. Novel closed-form

expressions were, firstly, derived for the symbol-error rate for

M−QAM modulation, which were subsequently employed in

formulating the constrained energy analysis and optimization

problems under certain bit-error-rate target and maximum

transmit power constraints. The corresponding results indicate

that depending on the severity of multipath fading, correlation

between the source-destination and relay-destination paths and

the location of the relay node, the direct transmission is

more energy-efficient than cooperative transmission only for

rather short transmission distances and until a certain threshold

value. Beyond this distance threshold, the system benefits

substantially, as expected, from the cooperation.

APPENDIX

A. Proof of Theorem 1

The average SER for the direct transmission is given by

SER
D

D = FQAM

[

(

1 +
(PS/ PLS,D ) ΩS,D gQAM

N0 mS,D sin2(θ)

)−mS,D
]

.

(30)

Evidently, a closed-form expression for (30) is subject to

analytic evaluation of the following two integrals

I
(

a,m; 0,
π

2

)

=

∫ π/2

0

(

1 +
a

sin2(θ)

)−m

dθ (31)

and

I
(

a,m; 0,
π

4

)

=

∫ π/4

0

(

1 +
a

sin2(θ)

)−m

dθ. (32)

By re-writing the indefinite form of the above integrals as

I(a,m) =

∫

sin2m(θ)
(

sin2(θ) + a
)m dθ (33)

and setting u = cos2(θ), one obtains

I(a,m) = −
∫

(1− u)m− 1
2

2
√
u(1− u+ a)m

du. (34)
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The above integral can be expressed in closed-form in terms of

the Appell hypergeometric function of the first kind, namely

I(a,m) =
− cos(θ)

(1 + a)m
F1

(

1

2
,
1

2
−m,m,

3

2
, cos2(θ),

cos2(θ)

1 + a

)

.

(35)

Using (35) and the properties of the F1(.) function yields

I
(

a,m, 0,
π

2

)

=

√
πΓ

(

m+ 1
2

)

2F1

(

1
2 ,m,m+ 1, 1

1+a

)

2(1 + a)mΓ(m+ 1)
.

(36)

In the same context, it immediately follows that

I
(

a,m, 0,
π

4

)

=

√
πΓ

(

m+ 1
2

)

2F1

(

1
2 ,m,m+ 1, 1

1+a

)

2(1 + a)mΓ(m+ 1)

−
F1

(

1
2 ,

1
2 −m,m, 3

2 ,
1
2 ,

1
2(1+a)

)

√
2(1 + a)m

.

(37)

Therefore, by performing the necessary change of variables in

(36) and (37) and substituting in (30) yields (6).

B. Proof of Lemma 1

The J (a, b,m) integral can be re-written as follows

J (a, b,m) =

∫

sin4m(θ)

(sin4(θ) + a sin2(θ) + b)m
dθ. (38)

By setting u = cos2(θ) it follows that,

J (a, b,m) = −1

2

∫

(1− u)2mdu√
u
√
1− u [(1− u)2 + a(1− u) + b]m

.

(39)

Using the binomial theorem in [22, eq. (1.111)] yields

J (a, b,m) =

−
2m− 1

2
∑

l=0

(

2m− 1
2

l

)

(−1)l

2

∫

ul− 1
2 du

[1− u(a+ 2) + u2 + a+ b]m
.

(40)

The above integral can be expressed in terms of the Appell

function of the first kind and upon performing the necessary

counter-substitution and algebraic manipulations yields (8).
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