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Abstrac:-We study the performance of dual-hop wire- 
less communications systems with non-regenerative d a y s  over 
Nakagami-m fading channels. Deriving tight upper bounds for 
the end-to-end SNR, important performance criteria such as 
average end-to-end S N R  and ermr probability are studied. 
Numerical and computer simulations results are presented to 
verify the accuracy of the proposed mathematical analysis and 
to compare our results with previously published ones. 

1. INTRODUCTION 

Recently, research efforts have been concentrated on the 
investigation of multihop wireless communications systems, 
which seem to provide a potential for broader and more 
efficient coverage in traditional (bent pipe satellites and mi- 
crowave links) and modem (ad-hoc, cellular, "LAN and 
hybrid) wireless networks [l]-[4](and references therein). In 
such networks, several intermediate terminals operate as relays 
between the source and the destination. If the relays just 
amplify and re-transmit the information signal, they are called 
"non-regenerative", while when the relaying node decodes the 
signal and then transmits the detected version to the next node, 
it is called "regenerative" [5 ] .  In this way, the negative effects 
of the wireless channel impairments are mitigated. Scanning 
in the up-to-date open technical literature, the number of pub- 
lished works concerning the performance analysis of multihop 
wireless communications systems is relatively small. Hasna 
and Alouini, studied the outage and the error performance 
of dual-hop systems with regenerative and non-regenerative 
relays over Rayleigh [5], [6] and Nakagami-m [7] fading 
channels. Recently, in [SI, the same authors presented a useful 
and general analytical framework for the evaluation of the end- 
to-end outage probability of multihop wireless systems with 
non-regenerative relays over Nakagami-m fading channels. In 
[5]-[8], the analysis is based on an upper bound for the end-to- 
end signal-to-noise ratio (SNR) of the wireless system, which 
leads to lower bounds on the outage and the error performance. 

In this paper, the performance of dual-hop wireless commu- 
nications systems with non-regenerative relays, operating over 
independent but not necessarily identically distributed (i.d.) 
Nakagami-m fading channels is studied Using a well-known 

inequality between the arithmetic, geometric and harmonic 
mean of positive random variables (N), we present tight upper 
bounds for the end-to-end SNR, which can be efficiently used 
to evaluate in closed-forms the moments of the end-to-end 
SNR and the average ermr probability at low SNR. Numerical 
and computer simulations results depict the accuracy of the 
mathematical analysis, as well as the improvement of the pro- 
posed approach, compared to previously published formulas. 

The remainder of this paper is organized as follows. The 
next section presents the system and channel model under 
consideration. In Sections 111 and N, the statistics of the end- 
to-end SNR and the emr performance of the system are 
studied, respectively. Finally, some concluding remarks are 
offered in Section V. 

11. SYSTEM AND CHANNEL MODEL 
A dual-hop wireless communications system with a non- 

regenerative relay is considered, operating over independent 
but not necessarily i.d. Nakagami-m fading channels. Assume 
that terminal TI transmits a signal with an average power 
normalized to unity, the received signal at terminal Tz can 
be written as 

TT* = als + nl (1) 

where al is the fading amplitude of the channel between 
terminals TI and 7'2, modeled as a Nakagami-m N and n1 
is the additive white Gaussian noise (AWGN) with single- 
sided power spectral density @sd) NO. The signal TT, is then 
multiplied by the gain g of terminal T2 and re-transmitted to 
terminal T3, where the received signal can be written as 

TT, = g a z  (a1 s + 121) + nz (2) 

where az is the fading amplitude of the channel between T2 

and T3, and nz is the AWGN with single-sided psd No. Setting 
the gain to [9] 

(3) 
1 

g2 = - 
a: +No 

with aim to invert the fading effect of the first channel, while 
limiting the output power of the relay, if the fading amplitude 
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of the first hop is low, the overall SNR at the receiving end 
can be written as 

where E ( .) denotes expectation. Equation (9) can be written 
in closed-form as (see Appendix I) 

(5 )  
Tend 71 7 2  7 1 7 2  

While the fading envelope ai is a Nakagami-m N, ~i is a 
gamma distributed rv, with probability density function (pdf) 
given by [lo, eq. (2.21)l 

1 1 1  1 +-+-. _ = _  

where r (  .) is the Gamma function [ l l ,  eq. (8.310.1)], m, is 
the Nakagami-m parameter describing the fading seventy of 
the ith hop - and 7% is the average S N R  of the ith hop defined 
as 7, = a:/No. 

111. STATISTICS OF THE END-TO-END SNR 
In order to study the average end-to-end SNR of the 

dual-hop wireless system of interest, we bound the overall 
SNR, Tend. using a well-known inequality between arithmetic, 
geometric and harmonic mean of N positive NS. 

Defmirion: The arithmetic, geometric and hannonic mean of 
N positive NS, { x ~ } , ~ ~ ~ .  is 

respectively. 

of N positive TVS, {z,,},,~~~, satisfy the inequality 
Theorem 1: The arithmetic, geometric and harmonic mean 

(7) 
Proof: See [12]. 0 

Applying (7) (71 + Y Z  Z 2 f i )  to (4), results to an 

A ( N )  2 G (NI 2 ~ ( N )  . 

upper bound for the overall SNR given by 

The form of Yendl has the advantage of mathematical tractabil- 
ity over that in (4) in addition to being a tight upper bound 
for Tend. By definition, the nth moment of Yendl is 

where GT;: (x 1 CLl,...,% bl ,,,,,* qb is the Meijer's G-function [ l l ,  ch. 

9.31. Setting TI = 1 to (1 ), the average end-to-end SNR Tendl 
is derived as 

If the two links are identical, (i.e., T1 =T2 = T  and 
ml = m2 = m), (11) reduces to 

and for the Rayleigh fading case (12) is h t t e n  as 

It must be noted here, that (10) can be used to study several 
other quality measures, such as the kurtosis and the skewness, 
that characterize the distribution of Tendl and consequently the 
distribution of Yeend. Kurtosis is a measure of the peakedness 
of a distribution, namely, the higher the kurtosis the lower the  
concentration around its mode [13]. For high values of kurtosis 
the pdf is called leptokurtic and for low values platykurtic. 
Leptokurtic rvs have typically a spiky pdf with heavy tail. 
Skewness measures the deviation of the distribution from 
symmetry. If the distribution has a longer tail less than the 
maximum, the function has negative skewness. Otherwise, the 
skewness is positive. The kurtosis and the skewness are given 
by I141 

E ( (yendl - 
n =  2 - 3  (14) 

[E ((Yendl - ?endl)2)] 

and 

respectively. The term E ( ( Yendl - Tendl)k) is the k-central 
moment of Yendl and can be obtained as 



Using (7), the end-to-end SNR of the dual-hop system can he 
1.4 - ______._.... ...-. - upper hounded as ,___.___.... -.--.. 

_ _ _ _ _ _ _ _ _ - - - - - - - - *  

(19) 

The form of ~ ~ ~ d 2  has also the advantage of mathematical 
tractability over that in (4), in addition to he a upper hound 
for Tend. This will lead to a tight lower hound for the ASEP, 
especially at low SNRs. 

The moment generating function (mgf) of ^iendz, 

.._._._.__..________________.' Mend? (s) = E (exp ( -STe ,d2) )  is evaluated in closed- 

9(3) 1 
Tend 5 Tend2 = - = 3 (YlTZ)2/3 . 3 

Bound (8) _ _ _ _ _  
. . . . . . . . Bound(17) 

_,,_____.___.__....... .-...... ____.___...... -.. 

a 
-PI dB _,________._._____........ ..-.... - form solving the double integral 

4 
(20) 

0.2 
3 I 2 

m 
Fig. 1. Comparison of the avenge overall SNR versus the fading panmeter x f,, (71) f,, (72)  dYldT2 
m, for end-to-end SNR's given by (17) and (8). 

as (see Appendix 11) 

Using (12), Fig. 1 plots the average overall SNR versus the 

purposes, Fig. 1 also plots the average end-to-end SNR for the 
exact end-to-end SNR given by (4) and for the upper bound 

&zml+m2-3 

fading parameter m for several values of 7. For comparison M l r n d ~ ( S )  = +r (ml) r (m2) 

0 1  2 proposed in [71, i.e., 13'3 

(21) 
(17) 

71 72 
Ye* = - 

TI + 7 2  

both obtained via Monte Carlo simulations. The hound pro- 
posed in this paper gets more tight as m increases and 7 
decreases, while variations of m and as 7 have minor effea 
on the average overall SNR performance of (17). 

For identical Links (21) is written as 

a 2 2 m - 3  

(22) 

IV. AVERAGE SYMBOL ERROR PROBABILITY (ASEP) AT 
Low SNR and for the Rayleigh case (22) reduces to 

4 24s3? >;>o,:, In this section, deriving an efficient upper bound for the end- 

of dual-hop systems especially at low SNR. The basic idea 
MYend2(s)  = -G324 - to-end SNR, we present an approach for the error performance 2=2 4,s ( 36 1 no,+,$ ) ' (23) 

is that it -is always best to  reduce the transmitted power 
to the minimum level for the receiver's operation within its 
acceptable range. Reducing the transmitted power not only 
extends the battery life of the wireless device, hut also in- 
creases the capacity of the wireless network because the same 
channel can he reused more often to reduce the interference 
[I]. Moreover, it has been observed that in the foahcoming 
generations of mobile wireless systems, almost 40% of the 
users will experience receiver S N R  levels below 0 dJ3 while 
less than 10% display levels above lodB [W. Based on this 
observation and given the importance of energy-consumption 
and low power-transmission. we present an approach for the 
ASEP analysis at low SNR. 

Given the harmonic mean X ( 3 )  of the three quantities yl, 
îZ and y1-y~. ( 5 )  can he rewritten as 

Having the mgf of ?end2 in closed-form and using the mgf- 
based approach for the error analysis of digital communica- 
tions systems over fading channels [IO, ch. I], the ASEP can 
he evaluated directly for nonsoherent and differential binary 
signaling (e.g. NFSK and DPSK), since for all other cases, 
(e.g. M-AM, M-PSK, M-QAM, BFSK and M-DPSK), single 
integrals with finite limits have to he evaluated via numerical 
integration. - For example, the ASEP for DPSK is given by 

Using (22), Figs. 2 and 3 depict the errur performance of 
binary DPSK and PSK, respectively, for the dual-hop system 
of interest at low SNR. Curves for the exact error performance, 
obtained via Monte Carlo simulations, and for the error per- 
formance assuming end-to-end SNR given by (17). obtained 
using [7, eq. (29)], are also depicted for comparison reasons. 
It is evident that the hound proposed in this paper is more 
efficient at low SNR comparing to (17). 

p,, = 0 . 5 ~ , , , , ,  (1). 
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Fig. 2. Comparison of the ermr performance of binary DPSK, for end-mend 
SNRs given by (17) and (19). 

V. CONCLUSIONS 

In this paper, the performance of dual-hop wireless com- 
munications systems with non-regenerative relays and oper- 
ating over Nakagami-m fading channels was studied. More 
specifically, the average end-to-end SNR and error probability 
were studied deriving upper bounds for the end-to-end SNR 
of the system. Numerical and simulations results showed the 
accuracy of the proposed mathematical analysis, as well as the 
improvement achieved using the proposed approach, compared 
to previously published results. 

APPENDIX I 
DERIVATION OF (10) 

Substituting (6) into (9), the nth moment of "iend1 can be 
written as 

The integrand in the first integration in (I.l), i.e., the one on 
71. using [16, eq. (IO)], [16, eq. (II)] can be written in terms 
of the Meijer's G-function as 

Integrals of the form of (1.2) can evaluated in closed-form 
using [16, eq. (21)] as shown at the top of the next page 

Fig. 3. 
SNRs given by (17) and (19). 

Comparison of the ermr p e t f a m c e  of binary PSK, far end-Wend 

where 

u i u  b' = s i t - -  
2 '  

Y U 
U - U  e =  ~ d , - ~ c j + - + l  2 

j=1 j=1 

and 
h h f l  h + k - 1  

k '  A(k, h)  = - - k' k I . ' . '  

Using 0.3), the integral in (1.2) can be solved as 

The second integral in (1.1) can now be written as 

and using (1.3) yields 

Finally, combining (LI), (1.4) and (1.6) leads to the closed- 
form expression for E (7rndl) given by (10). 



APPENDIX I1 
DERIVATION OF (21) 

The mgf of Tend2 is given by 

x f,, (71) fm (72) drld72 

The first integration in (Ill), i.e., the one on yl, is of the form 

which can be written in terms of the Meijer's G-function as 

This integral can be solved using the formula in (1.3) as 
4 p - 1 / 2  1" - 

( 2 , p  r (ml) 
1 -  

01.4) 

'3'3 

Equation (11.1) can now be written as 

Using 0.3), the mgf of Yen& can be finally written as in (21). 
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