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Abstract— We present exact closed-form expressions for formulae for the outage probability, the channel average
the statistics o_f the sum (_)f_non-identical _squared Na_kagami spectral efficiency (SE) and the average symbol error
m random variables and it is shown that it can be written as ;.o apijity (ASEP) for several coherent, non-coherent,
awel_ghted sum of Erlang distributions. Thg analy_S|s inclues bi d il | dulati . i btained
both independent and correlated cases with distinct averag inary and muftilevel modulation signallings are obtaine
powers and integer-order fading parameters. The proposed After this short introduction, in Section II, novel closed-
formulation significantly improves previously published re- form expressions for the PDF and the CDF of the sum of
sults which are in the form of infinite sums or higher order squared Nakagamiz RVs are obtained. In Section IIl, the
derivatives. The obtained formulae can be applied on the {hegretical results of Section Il are applied to derive ukef
performance analysis of maximal-ratio combining diversiy expressions for performance metrics of MRC diversity
receivers operating over Nakagamim fading channels. ) " . .

receivers, operating over Nakagami-fading channels.
|. INTRODUCTION Finally, in Section V, useful concluding remarks are

Performance analysis of digital wireless communicgrovided.
tions systems usually deals with complicated and cumber-
some statistical tasks. One of them arises in the study of SQUARED NAKAGAMI -m RVS
diversity combining receivers operating over Nakagami- I . - .
m fading channels [1], where the statistics of the sum of -6t 1X¢},_, be L Nakagamim distributed RVs, with
squared Nakagami: random variables (RVs) (or equiva-~ OF 9iven by [1]
lently the sum of Gamma RVs) are required. Well-known 2g2mel exp ( z?

)!

applications in the field of mobile radio systems where! X (&M 1) = n (me — 1 ﬁ) Ule) (@
(z) is the well-known unit step function defined

such sums could be useful are maximal-ratio Combi”i'WhereU

(MRC) and post-detection equal-gain combining (EGCEIS U(z>0) = 1 and zero otherwisem, denotes the

or in the evaluation of the outage probability in Ce"u'af\lakagar?lim fading parameter, here considered as a pos-
systems with co-channel interference (see [2]-[8] ar?ﬁ\/e integer parameter ang, — E<X2>/T)”Lz, with £ (-)
references therein)2 The most general approach relategienoting expectation. Moreover, theé squared valug gf

to the distribution of the sum of Gamma R\_/s_h_as be_epé — X2, follows the Erlang distributichwith PDF given
presented by Moschopoulos in [9], where an infinite seri

representation for the probability density function (PDF)
of the sum of independent Gamma RVs, with non-identical ¢, (y: 1, ) = m[yi exp <£> Uly) (2)
parameters, has been proposed. Aloeiral. in [8], have ny*t (me —1)! e

extended the result of [9], for the case of arbitrariland the CDF can be expressed as [10]

correlated Gamma RVs and studied the performance of T (me, y/m0)

MRC and post-detection EGC receivers, as well as the Fy (y;me,me) =1 — %1, (3)
cochannel interference in cellular mobile radio systems. ) (me —1)! _
However, to the best of the authors’ knowledge, there af& Using [11, eq. (8.3502.2)] the CDF can be re-written
not available in the open technical literature any simpfs

closed-form expressions for both PDF and cumulative y me g v\
distribution function (CDF) of the sum of squared non- £¥ (¥ me,0) =1 —exp (_%) Z m (n_z) - 4
identically distributed Nakagamiz RVs. Consequently, p=1

there have not been presented any closed-form expressiéngndependent RVs

for the performance metrics of the above mentioned Theorem 1 (PDF of sum of squared Nakagami-m RVS):
diversity receivers. Let {Y;};_, be a set of RVs which follow the PDF

In this paper, novel closed-form expressions for thgefined in (2). Then, the PDF of the sum
PDF and the CDF of the sum of non-identical squared I
Nakagamim RVs, with integer-order fading parameters, Z; = Zy’i (5)
are derived. Our results include both the statistical inde- i1
pendent and correlated cases. Furthermore, in order to re- _ _ _ _
veal the importance of the proposed statistical formutatio INote that, (1) is an alternative form of the classical Nakaige. PDF

. [1], in the case where the fading parametey is a positive integer.

we study the performance df-branch MRC receivers,

) . ) ) 2The Erlang distribution is a special case of the well-knowarr®na
in the presence of Nakagami-multipath fading. Exact distribution for integer values afu,.

Il. CLOSED-FORM STATISTICS FOR THESUM OF

mifl
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( 1 1 >l1mim1+U(1i)
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Li=klo=k Ip_a=k et T
(lo—2 +mp_14u(—1-5 — k —1)! 1 Fole-2=mio1u(-1-9) )
(mL 14U(L—1—4) — 1)! (lL 2 — k) ( n; 77L—1+U(L—1—z‘))
l + Mg 14 U(s1—i) = lst1 — 1)~ 1 1 bap1=ls=ms 140G 41-9)
]‘;‘[1 (Mst11vest1-1) — 1) (Is — ls41)! <E - "75+1+U(s+1i)> ]
is a nested finite weighted sum of Erlang PDFs, given by  transpose and the elemer§/; . }." are indepen-

L m;

fz, (2 ZZ“L (2 k, {mq}q 1’{77q}q 10 {lq } ) )
i=1 k=1 iv)
x fy(z;k,mi)
(6)
where the parameté&;, (i, ko Amgbey Anabyy  {laYest V)
is given in (7) (see at top of this page) wifh;, defined
A L
asRy = Zi:l m;.
Proof: See [12, Appendix] ]
Note, that form, = 1 (i.e., Rayleigh fading), it can be
easily verified that (6) is reduced to a well-known result
in the literature [13, eq. (10)].
Corollary 1 (CDF of sum of sguared Nakagami-m RVs):
The CDF ofZy, is given by
L m;
Fyz, (2 ZZHL(Zk{mq}q 1’{77q}q 17{Z} )
=1 k=1
x By (z; k,n;).
_ )
Proof: The CDF of Z; can be easily obtained by
integrating (6) from O toz, interchanging the order of
summations and integration. m Vi)

To the best of the authors’ knowledge, (6) and (8) are
novel. Both expressions can be easily evaluated due to

dent and identically distributed zero mean Gaussian
RVs with variance® <W,%k> =1ne/2,

Let W is a vectorDr x 1 order, defined a8V =
[WI Wi WH T, whereDy = SN | 2m;, with
covariance matrix given bjCyy = E (W WT),

The correlation among the elements ¥f is con-
structed such that

771/2 ifi=j&k=1
sy, Fi#j&k=1

EW;, W) = =1,2,...,
2 min{mi,mj}

0, otherwise

It can be shown that the relationship between the
covariance ofY; andY; and the correlation of the
elements ofW is given by

E{(Yi —min;) (Y; —mynj))
var(Y;) var(Y;)

mm{m“mj} 9
Zj’

PY:Y; =
9)
mq;m;

Let {\;} be the set of. distinct eigenvalues o€y,
where each)\, has algebraic multiplicity.,, such
that Y% | y; = Dr.

the fact that are sums of simple elementary functions Theorem 2: (PDF of the sum of squared correlated
(i.e., powers and exponentials). Moreover, (6) is simplétakagami-m RVs): If

compared to the PDF expression presented in [2, eq. (10)],
which is apparently not in closed-form since it includes
higher order derivatives as functions of the parameter
Note also, that with the use of [2, eq. (10)] is difficult, if

not impossible, to study other statistical metrics such #en it holds that

CDF.
B. Correlated RVs

L
75 = ZXE (10)
=1
L
DI’ (11)

In order to obtain the sum of correlated squaredherel; is the/th Erlang distributed RV with parameters
Nakagamim RVs, the following assumptions, made alsgn, = we/2,m = 4X¢/pe and the notation £ means
in [14]-[16], are taken into account and repeated here fasquality in distribution”.
the reader’s convenience: Proof: See [14], where the Karhunen-Loeve expan-
i) Without loss of generality, it can be assumed thaion is used to de-correlate arbitrarily correlated, non-
statistical parameters, are is increasing order, i.e.,identical, Gamma distributed RVs, with integer-orders for
mp <mg < ---<my, me's. m
i) Let{X,} be arbitrarily correlated Nakagami-RVs Lemma 1: (CDF of the sum of squared correlated
with marginal PDFs given by (1), Nakagami-m RVS): The CDF of the sum of arbitrarily
iii) Let W, be2my, x 1 dimensional vectors defined ascorrelated squared Nakagami-RVs, can be found in
Wy = [We1Wego-- 'WZ,ng]T, where (-)" denotes closed-form usingCorollary 1 together withTheorem 2.



m;

5=t 8 (ot (2 ) () £ (5o

1 k= w=1
m; 1 m; 7\ 5. v
xexp(_—z) — 2% <w,w;w+1,w+1;_—z>+<ﬁ> (w—1)! 1n<l)+2—c
i w i m; m; — h
(15)
I1l. PERFORMANCE OFMRC RECEIVERS By substituting (6) in the above integral and using [11,

. i . . . .. eg. (4.358/1)], in case of independent fading, the average
We consider ar.-branch diversity receiver operating mcglannel SE can be written in closed-form as in (15) (see at

a flat fading environment. The baseband received sig : i ,
at thefth, ¢ = 1,2, .... L, diversity branch is r%op of this page), wheré is the Euler’s constant [11, Sec.

(9.73)], 2F> (+,-5+,-;+) is a generalized hypergeometric
Co =5 Xy exp(760) +ng (12) series [11, eq. (9.14/1)] ar(cfujll) is the binomial coeffi-
_ . . cient defined ag*~!) = (k — 1)!/[(w — 1)! (k — w)!]. In
where s is the transmitted symbol, with energy. = case of correlative fading, the average SE can be obtained

E (|s|*), X is the Nakagamin distributed fading enve- ysing (15) and substituting.; with 2, /2 and¥, with A; /2.
lope, 7 = v/—1, ng is the additive white Gaussian noise,

with a single-sided power spectral densityy and 6, is C. ASEP
the random phase due to Doppler shift and oscillators The most straightforward approach to obtain the ASEP,
frequency mismatch. The phageis uniformly distributed 5 s to average the conditional symbol error probability,

over the range[0,27) and the noise components arep_(+), over the PDF of the combiner output SNR [10],
assumed to be statistically independent of the signal angd

uncorrelated with each other. The channel is considered — >
slowly time varying and thus, the phase can be easily Pise :/0 Poe(v) f2.(v) dv. (16)
estimated.

. It is well known, that for several signaling constellatipns
The instantaneous SNR per symbpl = X? E. /N, '
per symbo i Bs/No P,.() can be written as follows:

in the /th input branch follows a two parameter Er- *¢ _ _ _ _

lang distributionfy, (ve; me,7,/me), with m, and¥, = i) For binary _phase_shlft keying (BPSK), bl_nary fre-
E(X?) E;/N, being the corresponding Nakagami- quency shift keying (BFSK) and for high val-
fading parameter and the average input SNR per sym- ues of average input SNR for Gaussian mini-
bol, respectively. The performance analysis of the MRC ~ mum shift keying (GMSK]}, M-ary-differentially
receivers, in which the instantaneous SNR per symbol at  €ncoded phase shift keying(-DEPSK), quadrature

the output is given by the well-known expressign= phase shift keying (QPSK)/-ary-phase shift key-
S>F ,7i, can be tackled using the analysis presented in  ing (M-PSK), M-ary-frequency shift keying /-
Section |1, both for independent and correlative fading. FSK), squarel/-ary-quadrature amplitude modula-
tion (M-QAM), and M -ary-differential PSK {/-
A. Outage Probability DPSK) in the form of P, (y) = Aerfc (v/B7),

The outage probability in noise-limited systent, ., where erf¢:) is the complementary error function
is defined as the probability that the instantaneous MRC.. Lll’ g?f (82,{5??] PSK (DBPSK ar
output SNR falls below a given outage threshelgl, This li) For differential binary ( ) and/-ary-

probability can be easily obtained by replacingith ~, non-coherent frequency shift keying/tNFSK), in
in (8) as the form of Py (y) = A exp(—B 7).

The particular values off and B depend on the consid-
Four (ven) = Faz,. (un) (13) eredpmodulation scheme and surr?marized in [12, Table
with 7, = ﬁq/mq, for the independent case, or usind]. Into the following, P,. is obtained in closed-form
Lemma 1 for the correlative case. Furthermore, our apexpressions for each one of the above two cases.
proach can be efficiently applied to evaluate the outageBy substituting (6) in (16), it can be easily recog-
probability in cellular systems, when co-channel interfenized that for coherent binary andl/-ary modulation

ence is considered. schemes, such as i) BPSK and BFSK and ii) for
high values of average input SNR for GMSK\/-
B. Average SE DEPSK, QPSK,M-PSK, M-FSK, M-QAM and M-

The Shannon channel capacity provides an upper boddGSK. the evaluation of integrals of the forfi =
of maximum transmission rate in a given Gaussian envfy 2! erfc QM) exp (—x/n;) dz with n; = 7;/m;,
ronment [17]. The average SE, in Shannon'’s sense, defingdequired. The above integral can be evaluated via [11,
as the normalized, by the transmitted signal’'s bandwidtag. (6.455-1)], by noting thatrfc (-) can be expressed as
average channel capacity is given by an incomplete Gamma function with the using of [18, eq.

o0
_ 3pp . . ) .
S, = / 10g2(1 +7) fz, (y) dy. (14) B is determined by the bandwidth of the premodulation Ganssia

0 filter.
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Fig. 1. Outage probability versus inverse, normalized ® akierage Fig. 2. Average SE versus first branch average SNR/fet 3, with

SNR of the first input branch, outage threshold, for= 3, with an

. . an exponentially decaying PDP amd; = =1and =2.
exponentially decaying PDP anél; = mg = 1 andms = 2. P Y ying 1= e ms

T T T T T T
(06.06.03.0004.01)]. Therefore, the ASEP can be derived: ° ?;0'5 ]
in closed-form as - 10" ol _
2 — p=03
. L mi ~ L i N
Pse :AZ EL <i7ka{mq}§=17{%} ){Zq}§;12> :.g t\\ N
i=1 k=1 q=1 ~ NN
2k — DN [mi\" 1w g 10 -
ey (7)o (e griegn) 2 =
17 = N
where Iy (-, ;-5 -) is the Gauss hypergeometric function g 10 -

[11, eq. (9.100)]. £ N
The ASEP for non-coherent modulation schemes, such \\
as NBFSK and DBPSK, can be extracted by substituting \ \
(6) in (16) and using [11, eq. (3.381/4)], yielding 10° — ; : 1'0 : 1'5 2'0 s

First Branch Average SNR, 7, (dB)

L m;

Pee=A ZZEL

i=1 k=1

Tq

my Fig. 3. ASEP of 16-QAM versus first branch average SNR,[fot 3,

with an exponentially decaying PDP ang; = m2 = 1 andmg = 2.

<z‘,k, {mq}qL:1 7{ };1 ’ {lq}qL_f)

(18) the input channel$p,, ., = pl"~7, with p = 0.3 and0.7.
Note, that the correlation matrix of this model corresponds

For correlative fading, the ASEP can be obtained using the scenario of multichannel reception from equispaced
(17) and (18) after substituting; with 1;/2 and7¥, with  diversity antennas, since the correlation between thes pair
Ai/2. of combined signals decays as the spacing between the
antennas increases [3].

In Fig. 1, the outage probability?,.;, is plotted as
a function of the inverse, normalized, %®,, outage

Based on the analysis presented in the previous secti¢ireshold, i.e.7y; /v:». The obtained results clearly show
some representative numerical examples for the outaget the outage performance degrades with an increase
probability, the average SE and the ASEP, are presentsfdthe fading correlation and/or the decaying factor. In
in Figs. 1, 2 and 3, respectively. In these numerical resultsig. 2, the average SES., is plotted as a function of
it is considered an MRC receiver with = 3 antennae, the average SNR of the first input braneh, It can be
operating in a Nakagamiz multipath fading environment,
with fading parametersn; = my 1 and ms = 2,

IV. NUMERICAL RESULTS

4Whenp — 1, it is easily verified that the covariance matiy is

having an exponentially decaying power delay profil@Ot a positive definite matrix (i.e., some eigenvalues ategreater than
(PDP) 7, = 7, exp[—d (¢ — 1)] with power decaying
factorsd = 0.5 and1, and exponential correlation amondiifferent distributions can not be completely correlaté@][

zero or complex). Therefore, it is impossible to study cdsesvalues
of p near tol. This is true due to the fact that two Nakagami RVs with



observed that, the higher the valuesfnd g, the less

(5]

Q. T. Zhang, “Exact analysis of postdetection combiniogDPSK

the maximum errorless transmission rate which can be and NFSK systems over arbitrarily correlated Nakagami ohks;

achieved. In Fig. 3, the ASEP of 16-QANP,., is plotted

(6]

as a function of the average SNR of the first input branch.
The obtained performance evaluation results show that trl%

error performance improves with the decrease,ofrhile

as expected the diversity gain decreases with increasing

values of§.

V. CONCLUSIONS

(8]

9

We derived novel closed-form expressions for the PDF
and the CDF of the sum of squared, non-identical, indﬁ-o]

pendent or correlated NakagamiRVs in case of integer-

order Nakagamin fading parameters, which improve[ll]

previously published results. It was shown that the

)

expressions can be written as a weighted sum of Erlang
distributions. Based on the statistical formulae obtajned

MRC receivers were studied and important performan@@’]
metrics, such as outage probability, average SE and ASEP,

were expressed in closed form.
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