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Abstract-In this paper, several performance analysis metrics 
for the cyclic prefix-based single-carrier (CP-SC) opportunistic 
cooperative diversity systems are presented. After the statistical 
evaluation of the end-to-end signal-to-noise-ratio of a two-hop 
relaying transmission, we derive tight upper bounds for the max
imum achievable average rate and lower bounds for the outage 
probability in closed form. Further, asymptotic analysis on the 
outage probability reveals that the diversity gain is determined 
by both the number of relay nodes in the system and the number 
of channel taps being supported by the CP length. Simulation 
results verify the derived closed-form analytical expressions and 
also the diversity gains. Asymptotic performance is also verified 
via Monte Carlo simulations. 

I. INTRODUCTION 

Orthogonal frequency division multiplexing (OFDM) has 
been so popular in several wireless systems [1], [2]. However, 
it has several inherent problems such as large peak-to-average 
ratio, large power-backing off, and the need of linear amplifiers 
having large dynamic range [3]. To deal with these problems, 
the cyclic prefix-based single-carrier (CP-SC) transmission [4] 
has started to be adopted in the wireless systems such as the 
mm Wave Wireless Personal Area Networks (WPAN) targeting 
in-flight entertainment distribution and the wireless version 
of the High-Definition Multimedia Interface (HDMI), gaming 
interfaces, and high-speed backhaul and content distribution 
services [5], [6]. 

Relay networks become more attractive in the LTE
Advanced [7] and WiMAX [2] standard development. There 
are few approaches using CP-SC in the relay transmission 
[8], [9]. In [8], [9], the diversity gain is analyzed for the 
block coded SC system. In the relaying transmission, there 
are several relay protocols such as amplify-and-forward (AF), 
decode-and-forward (DF), and coded cooperation using two 
hops or several hops [10]. 

In this paper, opportunistic relaying can be implemented in 
a CP-SC cooperative diversity system (CDS) either with the 
appropriate selection cooperation algorithm where the "best" 
relay node is selected in the destination terminal [11], [12] 
or in a distributed manner among relays via opportunistic 
relaying [13]. We first define the equivalent instantaneous end
to-end signal-to-noise ratio (SNR) of a two hop transmission 
in a CP-SC CDS using the properties of circulant channel 
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matrices. Due to the mathematical complexity of the derived 
SNR, we use a very well known upper bound [14] and then 
we investigate its statical behavior. Based on this upper bound 
for the end-to-end SNR, we are able to derive tight upper 
bounds for the maximum achievable average rate and tight 
lower bounds for the outage probability in closed form. To 
find the diversity gain of the CP-SC CDS with opportunistic 
relaying, the outage probability is also analyzed in practical 
high SNR regions. 

From asymptotic performance analysis, it is mathematically 
proved and shown in the presented graphs that the diversity 
gain is determined by both the number of relay nodes in 
the system and the number of multipath signals. That is, 
the multiuser diversity gain and the multipath diversity gain 
simultaneously determine the whole diversity gain of the 
presented CP-SC CDS with "best" relay selection. 

Notation: The superscripts *, T, H stand for complex con
jugate, transposition, and conjugate transposition, respectively. 
E { .} denotes statistical expectation; IN is the N x N identity 
matrix; 0 stands for an all zeros matrix of appropriate dimen
sions; Ilxll denotes the norm of the vector x, i.e., Ilxll = xH x; 
N (f-l, 0'2) denotes Gaussian distribution of random variable 
with mean f-l and variance 0'2; and the (i,j)-th element of the 
matrix A is denoted by (A)i,j' 

II. SYSTEM AND CHANNEL MODEL 

The proposed relaying system has one single source node 
(S), which communicates with the destination node (D) via K 
AF relay nodes. The i-th relay node is denoted by Ri. The 
CP-SC is used as a transmission technique, whereas a two
hop opportunistic relaying without a direct path between the 
source and the destination node is used as a relay protocol 
in two time slots. When the "best" relay node is selected 
via opportunistic relaying [13], the source node sends out its 
transmission symbol block d(2n) to the "best" relay node. In 
the second time slotl, the "best" relay amplifies and forwards 
its data from the source. One transmission block forms N 
symbols, that is, d(2n) = [d1(2n), .. ,dN(2n)jT, of which its 

1 Without loss of generality, we assume that the data-sharing phase is 
implemented in even transmission intervals whereas the relaying phase in 
odd transmission intervals. 



k-th symbol element is denoted by dk (n) having property of 
E{dk(n)dk' (m)*} = Es8(k-k')8(n-m), where 8(·) denotes 
the discrete-time Dirac delta function and Es = 1. A CP of 
Ng symbols is appended to the front of the transmission block 
to prevent inter-block-symbol interference (IBSI). 

An instantaneous channel between the source and 
the i-th relay is characterized by a channel vector 
consisting of a set of channel impulse responses 
hS-Ri (2n)�[hg-Ri(2n), .. , h�-�H2n)V with Nf being the 
channel order. The received victor signal at the relay node 
Ri after the CP has been eliminated becomes 

yS-Ri(2n) = #SH�-;Ri(2n)d(2n) + zS-Ri(2n), (1) 

where Ps is the average signal power transmitted by the 
source node and H�-;Ri(2n) E CNxN is a time variant cir
culant matrix with (H�-;Ri(2n)hl = h�j!'/>N(2n), where 
<'>N denotes modulo-N operation. In (1), it is assumed that 
ZS-Ri (2n) rv CN(O, (j;"IN) with one-sided power spectral 
density No. After applying a relay gain matrix giIN at relay 
Ri, the received vector signal at the destination node becomes 

yRi-D(2n + 1) = gi#SHti�-D(2n + 1)H�-;Ri(2n)d(2n) 
+giHti�-D(2n + 1)zS-Ri(2n) + zRi-D(2n + 1). (2) 

In the sequel, we use the following properties of the circulant 
matrix related operations. 

• PI : Let H�-;Ri E CNxN and Hti;-D E CNxN be 
exactly known circulant matrices, then (H�-;Ri)H and 
H�-;RiHti;-D become circulant matrices [15]. 

• P2: The orthogonal eigendecomposition of H�-;Ri is 
given by 

HS-Ri = WH AS-RiW (3) C'l.r , 

where W E CNxN is the discrete Fourier transform 
(DFT) and the diagonal matrix A S-Ri contains the DFT 
of the first row of H�-;Ri [16], i.e., 

Nf-I 
A�-Ri = L hf-Rie-j27rnl/N,n=0".N-1. (4) 

1= 0 
• P3: With d(2n) which has the statistical property of 

E{lld(2n)112} = IN, we have 

E{IIH�-;Rid(2n)112} = trace ((H�-;Ri)H H�-;Ri) 
N-I 
'"' 5..S-Ri L m , 
m=O 

(5) 

where 5..�-Ri � L:��:� hf-Ri (hf,-Ri)* e-j27rm(l-l')/N. 
P4 W· h '1 bl HS-R d HR-D . . . 

b • : It aVal a e cir ' an ci; ,It IS gIven y 

E{IIH�-;RiHti�-Dd(2n)112} 
tr ((HRi-D)H(HS-Ri)H HS-Ri HRi-D) ace ctr ctr ctr ctr 
N-I 
'"' 5..S-Ri 5..Ri-D � m m , 
m=O 

(6) 

where 5..;;,: -D� L:��:� hFi -D (h�i -D)* e-j27rm(l-I')/N. 
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III. INSTANTANEOUS END-TO-END SNR 

The equivalent instantaneous end-to-end SNR between the 
source and the destination node via the i-th relay node is given 
by [17] 

kE{llgiHti�-D(2n + 1)zS-Ri(2n) + zRi-D(2n + 1)112}' 
(7) 

Using P3 and P4, (7) can be expressed alternatively 

Psg7 "N-I 5..S-Ri5..Ri-D N L....m=O m m "Ii = g; "N-I5..Ri-D(j2 + (j2' 
N L....m=O m n n 

(8) 

The i-th relay gain is obtained from [18]; this gain aims at 
limiting the "best" relay's output power, 

gi = 
P 1.. "N-I 5..S-Ri + (j2' SN L....m=O m n 

(9) 

By substituting (9) into (8), yields 

"Ii = 
Ps Pr 1 "N-I \R--D\S-R--::2�- L..; _ /\ 1, /\ '£ 
an an N m-O m m . (10) (E...1.. "N-I 5..S-Ri + Pr 1.. "N-I 5..Ri-D + 1) a� N L....m=O m a� N L....m=O m 

A. Distribution of the Upper Bound of the Average End-to

EndSNR 

If the elements of hS-Ri (2n) and hRi -D (2n + 1) are 
independent and identically distributed (i.i.d.) processes, then 
the average end-to-end signal power and the average end
to-end noise power over channel vectors h S -Ri (2n) and 
hRi-D(2n + 1) are given by, respectively, 

6. Ps Pr E {� �I 
5..Ri-D5..S-Ri } (j2 (j2 N L m m n n m=O 

"IS-Ri"lRi-D, 
6. Ps E {� �I 

5..S-Ri } (j2 N L m n m=O 

+ Pr E {� �I 
5.. Ri -D } + 1 (j2 N L m n m=O 

= "IS-Ri + "IRi-D + 1, 

(11) 

(12) 

where "IS-Ri�PS L:���I Ihf-Ri (2n)12 /(j� and 

"IRi-D�Pr L:;::0-llhFi-D(2n + 1)12 /(j�. Using (11) 
and (12), the average end-to-end SNR i'i becomes a random 
variable (RV) w.r.t. "IS-Ri and "IRi-D when the channel 
impulse responses are Li.d. RVs, that is, 

_ 6. Si "IS-Ri"lRi-D 
"Ii = Ni 

= "IS-Ri + "IRi-D + l' (13) 



Theorem 1: The average end-to-end SNR, ;Yi, is upper 
bounded by 

Ri-D S-Ri "I "I 
< min (S-Ri Ri-D) bRi-D + "IRi-D +1) - "I ,"I 

PT . (-S-Ri -Ri-D) _ up -2 2 mm "I , "I - a"li , 
an 

(14) 

where it is assumed the total transmission power PT is 
equally allocated to the source and the selected relay i.e., 

P _ n _ Pr � Pr -S-Ri� ",Nf-I lhS-Ri (2 )12 
s - Fr - 2' a-2a2, "I - uk=O k n , 

and ;yRi-D� 2:;::0-1 1 hFi'.::.D (2n + 1 )12. When the channel 
impulse responses are distributed as i.i.d. complex Gaussian 
RVs with zero mean and unit variance CN(O,l), that is, 
h�-Ri(2n) I"V CN(O, l) and h�i-D(2n + 1) I"V CN(O,l), 
for k = 0, .. , Nf -1, then the probability density function 
(PDF) and the cumulative distribution function (CDF) of "Irp 
are, respectively, given by 

where u(x) denotes the unit step function. 
Proof We can readily show that ;yS-Ri and ;yRi-D have 

chi-squared distributions with 2N f degrees of freedom, of 
which their PDFs are given by 

gain much insight on the derived diversity gains. Without loss 
of generality, we will only focus on the case of the same 
number of channel impulse responses in the relaying system. 
However, it can be generalized easily extended to the case of 
the different number of channel impulse responses. 

IV. PERFORMANCE ANALYSIS OF THE CP-SC CDS WITH 

OPPORTUNISTIC RELAYING 

In this section, we will analyze the performance of the CP
SC CDS with "best" relay selection. The closed-expressions 
for the average throughput, and the outage probability will be 
derived based on (14). 

A. Average Throughput 

Since each relay node experiences a different channel char
acteristics in the time variant environment, we can improve 
the achievable rate of the CP-SC cooperative diversity by 
opportunistic relaying. 

In a CP-SC CDS system, the maximum achievable average 
rate is given by 

(21) 

h f::, { UP UP} · d 
. 

bl 
. 

h w ere "Imax=amax "II ,··,"IK IS a ran om vana e WIt 
f,maJx), which is computed as follows: 

1 
;yRi-D = ;yS-Ri =;y I"V 

h(x) = xNrle-xu(x). (17) (Nf - I)! f,max(x) 
The corresponding CDF is given by 

Nf-I 
Ry(x)�Pr(;Y::;x)=l-e-x L �xl. 

1=0 
(18) 

Using (17), (18), and [19, eqs. (6-56) and (6-58)], we obtain 

• 
Note that in the derivation of (14), we obtain gi taking 

into account the statistical properties of the channels [20], 
[21]. Theorem 1 is useful in computing the PDF and the 
CDF for a"lrp• In deriving (20), all channel elements are 
assumed to be independent of the relay and transmission time 
indices. Note also that we can also use the harmonic mean 
[22]. However, the outage probability expression would be 
much complicated and thus we were not able to derive exact 
closed-form expressions both for the average rate and the 
average symbol error rate of the CP-SC CDS with "best" relay 
selection. Therefore, we use upper bounds which lead us to 
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Based on the derived f ,maJ x), Theorem 2 provides the 
maximum achievable rate of the CP-SC CDS with selection 
cooperation. 

Theorem 2: The maximum average achievable rate can be 
evaluated in terms of Meijer G-function as 

Proof By using the multinomial theorem in (22) and after 



simpler algebraic manipulations, we obtain 

2 K  K-l (K - 1) k 
!,maxCx) = aNf(N -I)! L k (-1) f k=O 

" (2k + I)! 1 m-l -b(k)x 
2k+l ( ) 

� h!l2!. .. lNf! n�-l (t!at)lt+l 
x e , 

l,,l2, ... ,lNf t-O 
(24) 

where b( k)�2(k:1), m�Nf + (L:!'O-
ltlt+l) and the non

negative integers [h, h, ... , IN! ] are such that L:!'llt = 
2k + 1. 

By substituting (24) into (21) we have 

K K-l (K - 1) k 
RN!,K = In(2)aNf(Nf _ I)! E k (-1) 

2k+l ((2k + I)! ) 1 (25) L h!h!. .. lNf! nN!-l (t!at)lt+l l,,12, ... ,INf t-O 

100 In(I + x) xm-1e-b(k)xdx. 

In order to solve the integral in (25), we express the In(·) and 
the exponential terms of the integrand in terms of the Meijer 
G-function according to [23, eq. (11)]. Then, (25) can be easily 
derived by using [23, eq. (21)]. • 

B. Outage Probability 

The end-to-end outage probability at the output of the des
tination node with maximum output SNR, Pout, is defined as 
/,max falls below a given threshold, /'th. Under this condition, 
the outage probability can be written as 

6. Pout (')'th)=Pr bmax :::::: /,th] = F,max (')'th). (26) 

Using (20), (26) can be written as 

10ir=======��----�-------:------� -+- Emp . � 3 
9 . -+-Emp . • RS :3 
8 . ........ Emp .• Rg,3 

-+- R2,3 with 1m" 
¥ 7 . -+- Rs,3 with 1m" ....... . . . . . . . . 
� � Rg,3 with Ymax e? 6 � L,..�"""'::�"""=::c..J 
Ql ro a:: 
Ql 5 '" [Il 
Ql 
� 4 

5 15 20 

Fig. 1. Maximum average rate at K = 3 and Nf = {2, 5, 9}. 

By using [27, Eqs. (8.352.2) and (8.354.2)] for the incom
r[N -1 'Yth 1 plete gamma function cf.[r�)! yields2 

r [Nf, 1lj: ] 
[ 2

] 
K 

Pout(')'th) = 1 - ( (Nf _ I)! ) 
= [1-

((Nf-I)!-(1lj:(!�((1+0(1lj:)))
2

]�o) 
(Nf -I)! 

By selecting only the first order terms in (30), (28) can be 
easily obtained. • 
From Proposition 5, it is obvious that the outage diversity gain 
is KNf. 

V. SIMULATION RESULTS 

In the simulations, we have used N = 512 for the symbol 
(27) block size and the quadrature phase-shift keying (QPSK) 

modulation for data symbols with PT = 1. 

from which we can find that Nf and K are important parame
ters that determine Pout (/'th) compared to previous approaches 
[22], [24]-[26]. In general, Pout(')'th) approaches to one as 
either Nf or K increases. 

C. Outage Probability at High Average SNR 

Proposition 1: In the high SNR regime (i.e. for sufficiently 
high a such that /'th/a --+ 0), (27) is given by 

( 2 ) K 
(/'th) K N! Pout(')'th) � Nf! � . 

Proof The CDF of (27) can be rewritten as 

(28) 

P=,(1<h) � 
[1 - (e-'l" I :h) 

'
] 
K 

(29) 
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A. Effect of Number of Channel Lengths 

Fig. 1 shows the maximum achievable rate with a differ
ent channel length specified by N f. Three relay nodes are 
employed in the system, that is, K = 3. This plot indicates 
that the better maximum achievable rate can be obtained as 
Nf increases. A bigger multipath diversity gain influences on 
this rate improvement. The ensemble average for (21) is also 
curved in this plot. Theoretically obtained rate using /,max 
is also plotted as a comparison. It is also shown that the 
derived closed-form expression in (23) is correct. Compared to 
previous approaches [22], [24]-[26], Fig. 1 suggests that Nf 
also plays an important role in determining the average rate. 
It is evident from Fig. 1 that the proposed approaches have 

2 I(x) = O(g(x)) means there exists a non-negative constant T such that . r f(x) < I.e., Imx-+oo g(x) _ T. 



2 '" a:: 

10 ir=======��
----�--------'-------

� -+- Emp, RS,2 
9· _Emp., R'O,2 
8. __ RS,2 

- - - R'O,2 
• Thea., Rs,2 

" 5 
0> [Il " 
� 4 

1 L-______ � ________ _L ________ _L ______ � o 5 10 15 20 
E,tNo (dB] 

Fig. 2. Maximum average rate at Nf = 5 and K = {2, 1O}. 

better average rates than the harmonic mean-based approaches 
[22] since we use the upper bound "(�P defined in (14). 

B. Effect of Number of Relay Nodes 

Fig. 2 is the corresponding plot with a different number of 
relay nodes in the system. As in Fig. 1, the more number of 
relay nodes K, the better maximum achievable rate can be 
achieved, which shows that a better multiuser diversity gain 
can be achieved. 

C. Outage Probabilities 

Fig. 3 shows the outage probability Poutbth) as a function 
of (K, Nf). To obtain Poutbth) = (x, 0 < (X < 1, a bigger 
threshold "(th is required as either N f or K increases. To find 
the asymptotic outage probability diversity gain as a function 
of "(th/ (x, we use (28), which shows that the asymptotic outage 
probability diversity gain is determined by the number of 
relays K and the channel length N f in the system. To verify 
this diversity gain, we use "(th = {0.0313, 0.1563, 0.3125} 
in the simulations. From several curves plotted in a log
log scale in Fig. 4, we find the outage probability diver
sity gain that is independent of "(th. For instance, bth = 

0.0313, K = 3, Nf = 3) has the same diversity Cd = 9 
as bth = 0.3125, K = 9, Nf = 1), while we have diversity 
gain Cd = 12 from bth = 0.1563, K = 4, Nf = 3) and 
("(th = 0.3125, K = 6, Nf = 2). From these results, the 
better outage probability diversity gain at a fixed channel 
length can be obtained by installing more relay nodes in the 
system, which corresponds to the results of the conventional 
approaches [28], [29]. 

VI. CONCLUSIONS 

In this paper, we have derived in closed form tight bounds 
for the maximum average achievable rate and the outage prob
ability of the CP-based SC opportunistic cooperative diversity 
systems . The simulation results verified the derived closed
form expressions. Moreover, the outage diversity gain has also 
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Fig. 3. Outage probability at various number of relays and channel lengths. 
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Fig. 4. Asymptotic outage probability showing diversity gain at various 
number of relays and channel lengths. 

been derived. Monte-Carlo simulations verified that the outage 
diversity gain is determined by the number of the relay nodes 
and the length of the channel taps, simultaneously. 
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