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Abstract—We propose an adaptive transmission technique for
free space optical (FSO) systems, operating in atmospheric turbu-
lence and employing subcarrier phase shift keying (S-PSK) inten-
sity modulation. Exploiting the constant envelope characteristics
of S-PSK, the proposed technique offers efficient utilization of
the FSO channel capacity by adapting the modulation order of S-
PSK, according to the instantaneous state of turbulence induced
fading and a pre-defined bit error rate (BER) requirement. Novel
expressions for the spectral efficiency and average BER of the
proposed adaptive FSO system are presented and performance
investigations under various turbulence conditions, turbulence
models, and target BER requirements are carried out. Numerical
results indicate that significant spectral efficiency gains are
offered without increasing the transmitted average optical power
or sacrificing BER requirements, especially in moderate-to-strong
turbulence conditions. Furthermore, the proposed variable rate
transmission technique is applied to multiple input multiple
output (MIMO) FSO systems, providing additional improvement
in the achieved spectral efficiency as the number of the transmit
and/or receive apertures increases.

Index Terms—Adaptive modulation, atmospheric turbulence,
free-space optical communications, multiple input multiple out-
put (MIMO), subcarrier PSK intensity modulation, variable rate.

I. INTRODUCTION

FREE space optical (FSO) communication is a wireless
technology, which has recently attracted considerable

interest within the research community, since it can be ad-
vantageous for a variety of applications [1]–[3]. However,
despite its significant advantages, the widespread deployment
of FSO systems is limited by their high vulnerability to
adverse atmospheric conditions [4]. Even in a clear sky, due
to inhomogeneities in temperature and pressure changes, the
refractive index of the atmosphere varies stochastically and
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results in atmospheric turbulence. This causes rapid fluctua-
tions at the intensity of the received optical signal, known as
turbulence-induced fading, that severely affects the reliability
and/or communication rate provided by the FSO link.

Over the last years, several fading mitigation techniques
have been proposed for deployment in FSO links to combat
the degrading effects of atmospheric turbulence. Error control
coding (ECC) in conjunction with interleaving has been in-
vestigated in [5] and [6]. Although this technique is known
in the radio frequency (RF) literature to provide an effective
time-diversity solution to rapidly-varying fading channels,
its practical use in FSO links is limited due to the large-
size interleavers1 required to achieve the promising coding
gains theoretically available. Maximum likelihood sequence
detection (MLSD), which has been proposed in [7], efficiently
exploits the channel’s temporal characteristics; however it
suffers from extreme computational complexity and therefore
in practice, only suboptimal MLSD solutions can be employed
[8]–[10]. Of particular interest is the application of spatial
diversity to FSO systems, i.e., transmission and/or reception
through multiple apertures, since significant performance gains
are offered by taking advantage of the additional degrees of
freedom in the spatial dimension [11], [12]. Nevertheless,
increasing the number of apertures, increases the cost and the
overall physical size of the FSO systems.

Another promising solution is the employment of adaptive
transmission, a well known technique employed in RF systems
[13], [14]. By varying basic transmission parameters according
to the channel’s fading intensity, adaptive transmission takes
advantage of the time varying nature of turbulence, allowing
higher data rates to be transmitted under favorable turbulence
conditions. Thus, the spectral efficiency of the FSO link can be
improved without wasting additional optical power or sacrific-
ing performance requirements. The concept of adaptive trans-
mission was first introduced in the context of FSO systems in
[15], where an adaptive scheme that varied the period of the
transmitted binary pulse position modulated (BPPM) symbol
was studied. Since then, various adaptive FSO systems have
been proposed. In [16], a variable rate FSO system employing
adaptive Turbo-based coding schemes in conjunction with
on-off keying modulation was investigated, while in [17] an
adaptive power scheme was suggested for reducing the average
power consumption in constant rate optical satellite-to-earth

1For the signalling rates of interest (typically of the the order of Gbps),
FSO channels exhibit slow fading, since the correlation time of turbulence is
of the order of 10−3 to 10−2 seconds.
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links. Recently, in [18], an adaptive transmission scheme that
varied both the power and the modulation order of a FSO
system with pulse amplitude modulation (PAM), has been
studied.

In this work, we propose an adaptive modulation scheme
for FSO systems operating in turbulence, using an alternative
type of modulation; subcarrier phase shift keying intensity
modulation (S-PSK). S-PSK refers to the transmission of PSK
modulated RF signals, after being properly biased2, through
intensity modulation direct detection (IM/DD) optical systems
and its employment can be advantageous, since:

∙ in the presence of turbulence, it offers increased demod-
ulation performance compared to PAM signalling [19]–
[21],

∙ due to its constant envelope characteristic, both the aver-
age and peak optical power are constant in every symbol
transmitted, and,

∙ it allows RF signals to be directly transmitted through
FSO links providing protocol transparency in heteroge-
neous wireless networks [22]–[24].

Taking into consideration that the bias signal required by
S-PSK in order to satisfy the non-negativity requirement is
independent of the modulation order, we present a novel
variable rate transmission strategy that is implemented through
the modification of the modulation order of S-PSK, according
to the instantaneous turbulence induced fading and a pre-
defined value of Bit Error Rate (BER). The performance of the
proposed variable rate transmission scheme is investigated, in
terms of spectral efficiency and BER, under different degrees
of turbulence strength and for different fading models, and is
further compared to non-adaptive modulation and the upper
channel capacity bound provided by [25]. Moreover, an appli-
cation to multiple input multiple output (MIMO) FSO systems
employing equal gain combining (EGC) at the receiver is
provided and the performance of the presented transmission
policy is evaluated for various MIMO deployments.

The remainder of the paper is organized as follows. In
Section II, the non-adaptive S-PSK FSO system model is
described and its performance in the presence of turbulence
induced fading is investigated. In section III, the adaptive S-
PSK strategy is presented, deriving expressions for its spectral
efficiency and BER performance, and an application to MIMO
FSO systems is further provided. Section IV discusses some
numerical results and useful concluding remarks are drawn in
section V.

II. NON-ADAPTIVE SUBCARRIER PSK INTENSITY

MODULATION

We consider an IM/DD FSO system which uses a subcarrier
signal for the modulation of the optical carrier’s intensity
and operates over the atmospheric turbulence induced fading
channel.

A. System Model

1) Received Signal Model: At the transmitter end, we
assume that the RF subcarrier signal is modulated by the data

2Since optical intensity must satisfy the non-negativity constraint, a proper
DC bias must be added to the RF electrical signal in order to prevent clipping
and distortion in the optical domain.

sequence using PSK. Moreover a proper DC bias is added in
order to ensure that the transmitted waveform always satisfies
the non-negativity input constraint. Hence, the transmitted
optical power can be expressed as

𝑃𝑡 (𝑡) = 𝑃 [1 + 𝜇𝑠 (𝑡)] (1)

where 𝑃 is the average transmitted optical power and 𝜇 is
the modulation index (0 < 𝜇 < 1) which ensures that the
laser operates in its linear region and avoids over-modulation
induced clipping. Further, 𝑠 (𝑡) is the output of the electrical
PSK modulator which can be written as

𝑠 (𝑡) =
∑

𝑘

𝑔 (𝑡− 𝑘𝑇 ) cos (2𝜋𝑓𝑐𝑡+ 𝜙𝑘) (2)

where 𝑓𝑐 is the frequency of the RF subcarrier signal, 𝑇
is the symbol’s period, 𝑔 (𝑡) is the shaping pulse, 𝜙𝑘 ∈[
0, ..., (𝑀 − 1) 𝜋

𝑀

]
is the phase of the 𝑘th transmitted symbol

and 𝑀 is the modulation order.
At the receiver’s end, the optical power which is incident on

the photodetector is converted into an electrical signal through
direct detection. We assume operation in the high signal-
to-noise ratio (SNR) regime where the shot noise caused
by ambient light is dominant and therefore Gaussian noise
model is used as a good approximation of the Poisson photon
counting detection model [7].

After removing the DC bias and demodulating through an
electrical PSK demodulator [21], the sampled electrical signal
obtained at the output of the receiver, during the 𝑘th symbol
interval, is expressed as

𝑟 [𝑘] = 𝜇𝜂

√
𝐸𝑔

2
𝑃𝐼 [𝑘] 𝑠 [𝑘] + 𝑛 [𝑘] (3)

where 𝜂 corresponds to the receiver’s optical-to-electrical
efficiency, 𝑠 [𝑘] = cos𝜙𝑘 − 𝑗 sin𝜙𝑘 , 𝐸𝑔 is the energy of the
shaping pulse and 𝑛 [𝑘] is the zero mean circularly symmetric
complex Gaussian noise component with 𝔼 {𝑛 [𝑘]𝑛∗ [𝑘]} =
2𝜎2𝑛 = 𝑁𝑜 and 𝔼 {⋅} denoting statistical expectation. Further-
more, 𝐼 [𝑘] represents the turbulence-induced fading coeffi-
cient during the 𝑘th symbol interval.

Atmospheric turbulence results in a very slowly-varying
fading in FSO systems. For the signalling rates of interest
ranging from hundreds to thousands of Mbps [26], the fading
coefficient can be considered constant over hundred of thou-
sand or millions of consecutive symbols, since the coherence
time of the channel is about 1-100ms [27]. Hence, it is
assumed that turbulence induced fading remains constant over
a block of 𝐾 symbols (block fading channel), and therefore
we drop the time index 𝑘, i.e.

𝐼 = 𝐼 [𝑘] , 𝑘 = 1, ...𝐾 (4)

It should be noted that in the analysis that follows, it is further
assumed that the information message is long enough to reveal
the long-term ergodic properties of the turbulence process.

The instantaneous electrical SNR is defined as

𝛾 =
𝜇2𝜂2𝑃 2𝐸𝑠𝐼

2

𝑁𝑜
(5)

while the average electrical SNR is given by

𝛾 =
𝜇2𝜂2𝑃 2𝐸𝑠

𝑁𝑜
(6)
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with 𝐸𝑠 =
𝐸𝑔

2 .
2) Atmospheric Turbulence Models: Atmospheric turbu-

lence is a major performance-degrading factor in FSO systems,
which leads to intensity variations of the received optical
signals. For its statistical description, various statistical models
have been proposed in the literature [1], depending on the
turbulence strength. The scintillation index, defined as [1]

𝜎2𝐼 ≜
𝔼
{
𝐼2
}

(𝔼 {𝐼})2 − 1 (7)

is a measure of the turbulence strength. Lower values of
scintillation index lead to less intensity variations, while
higher values result in more severe turbulence-induced fading.
Moreover, without loss of generality, it is assumed that the
mean of the intensity variations is normalized, i.e. 𝔼 {𝐼} = 1.

In weak turbulence conditions
(
𝜎2𝐼 < 0.5

)
, the most widely

accepted fading model is the lognormal (LN) one. In this
case, the logarithm of the intensity variations is normally
distributed, according to [11], [27]

𝐼 = exp (2𝑥) (8)

where 𝑥 is a normally distributed random variable with mean
𝑚𝑥 and variance 𝜎2𝑥, i.e., its probability density function
(PDF) is 𝑓𝑥 (𝑥) = 𝒩 (

𝑚𝑥, 𝜎
2
𝑥

)
. Hence, 𝐼 follows a lognormal

distribution with PDF provided by

𝑓𝐼 (𝐼) =
1

2𝐼

1√
2𝜋𝜎2𝑥

exp

(
− (ln 𝐼 − 2𝑚𝑥)

2

8𝜎2𝑥

)
(9)

with 𝑚𝑥 = −𝜎2𝑥, since 𝔼 {𝐼} = 1. The scintillation index is
calculated according to 𝜎2𝐼 = exp

(
4𝜎2𝑥
)− 1.

In moderate to strong turbulence conditions, the recently
proposed Gamma-Gamma (GG) model can be used for the sta-
tistical description of turbulence-induced fading. According to
this model, intensity fluctuations are considered to be derived
from the product of small-scale and large-scale fluctuations,
both statistically defined by the Gamma distribution. Hence,
in this case, the PDF of the intensity variations is given by
[1], [28]

𝑓𝐼 (𝐼) =
2 (𝛼𝛽)

𝛼+𝛽
2

Γ (𝛼) Γ (𝛽)
𝐼

𝛼+𝛽−2
2 𝐾𝑎−𝛽

(
2
√
𝛼𝛽𝐼

)
(10)

where Γ (⋅) is the gamma function [29, Eq. (8.310)], 𝐾𝜈 (⋅)
is the 𝜈th order modified Bessel function of the second kind
[29, Eq. (8.432/9)], and 𝛼 and 𝛽 are the parameters which
are related with effective atmospheric conditions [1]. The
scintillation index is calculated according to 𝜎2𝐼 = 𝛼−1+𝛽−1+
(𝛼𝛽)

−1.

B. BER Performance

The BER performance of the non-adaptive S-PSK FSO
system depends on the statistics of the atmospheric turbulence
and the modulation order. Specifically, the conditioned on the
fading coefficient, 𝐼 , BER is given by [21], [30]

𝑃𝑏 (𝑀, 𝐼) = 𝐴𝑄
(
𝐼
√
2𝛾𝐵

)
(11)

where 𝐴 = 1 and 𝐵 = 1 when 𝑀 = 2, 𝐴 = 2
log2 𝑀 and 𝐵 =

sin 𝜋
𝑀 when 𝑀 > 2. Further 𝑄 (⋅) is the Gaussian Q-function

defined as 𝑄 (𝑥) = 1√
2𝜋

∫∞
𝑥
𝑒−

𝑡2

2 𝑑𝑡. Hence, the average BER
will be obtained by averaging (11) over the turbulence PDF,
i.e.,

𝑃𝑏 (𝑀) =

∫ ∞

0

𝑃𝑏 (𝑀, 𝐼) 𝑓𝐼 (𝐼) 𝑑𝐼. (12)

Corollary 1: The average BER of the non-adaptive S-PSK
FSO system in LN turbulence induced fading can be numeri-
cally computed by

𝑃𝑏 (𝑀) ≈ 𝐴√
𝜋

𝑘∑
𝑖=1

𝑤𝑖𝑄
(√

2𝛾𝐵 exp
(
2
√
2𝜎𝑥𝑧𝑖 − 2𝜎2𝑥

))
(13)

where 𝑘 is the order of approximation, 𝑧𝑖, 𝑖 = 1, ..., 𝑘, are
the zeros of the 𝑘th order Hermite polynomial, 𝐻𝑘 (𝑧), and
𝑤𝑖 =

2𝑘−1𝑘!
√

𝜋

𝑘2[𝐻𝑘−1(𝑤𝑖)]
2 , 𝑖 = 1, ..., 𝑘, are the weight factors for the

𝑘th order approximation.
Proof: Using (8) and (9), (12) can be equivalently written

as

𝑃𝑏 (𝑀) =
𝐴√
2𝜋𝜎2𝑥

×
∫ ∞

−∞
exp

(
−
(
𝑥+ 𝜎2𝑥

)
2𝜎2𝑥

)
𝑄
(√

2𝛾𝐵 exp (2𝑥)
)
𝑑𝑥 (14)

By applying the transformation 𝑦 =
𝑥+𝜎2

𝑥√
2𝜎2

𝑥

and using the

Gauss-Hermite quadrature formula [31, Eq. (25.4.46)], (14)
can be numerically calculated by (13).

Corollary 2: The average BER of the non-adaptive S-PSK
FSO system in GG turbulence induced fading is analytically
evaluated by

𝑃𝑏 (𝑀) =
2𝛼+𝛽−3𝐴

Γ (𝛼) Γ (𝛽) 𝜋
3
2

𝐺4,2
2,5

[
(𝛼𝛽)2

16𝛾𝐵2

∣∣∣∣
1
2
, 1

𝛼
2
, 𝛼+1

2
, 𝛽
2
, 𝛽+1

2
, 0

]

(15)
where 𝐺𝑚,𝑛

𝑝,𝑞 [⋅] is the Meijer’s 𝐺-function [29, Vol. 3, Eq.
(9.301)].

Proof: Using (10) and an alternative representation of
the 𝑄-function, 𝑄 (𝑥) = 1

2erfc
(

𝑥√
2

)
where erfc (⋅) is the

complementary error function, (12) can be equivalently written
as

𝑃𝑏 (𝑀) =
(𝛼𝛽)

𝛼+𝛽
2 𝐴

Γ (𝛼) Γ (𝛽)

×
∫ ∞

0

𝐼
𝛼+𝛽

2
−1𝐾𝛼−𝛽

(
2
√

𝛼𝛽𝐼
)
erfc (

√
𝛾𝐵𝐼) 𝑑𝐼 (16)

By expressing the integrands of (16) in terms of Meijer’s G-
functions, according to [32, Vol. 3, Eq. (8.4.14/2)] and [32,
Vol. 3, Eq. (8.4.23/1)], and using [32, Vol. 3, Eq. (2.24.1/1)]
along with [32, Vol. 3, Eq. (8.2.2/14)], the closed-form solu-
tion of (15) is yielded.

C. High-SNR Channel Capacity Upper Bound

Using the trigonometric moment space method, an upper
bound for the capacity of optical intensity channels when
multiple subcarrier modulation is employed, has been derived
in [25]. By applying these results to the FSO system under
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consideration (one subcarrier), the conditioned on the fading
coefficient, 𝐼 , channel capacity can be upper bounded by

𝐶𝑢𝑝 (𝐼) =
𝑊

2

[
log2 𝜋 + log2

(
𝜇2𝜂2𝑃 2𝐸𝑔𝐼

2

𝜋𝑒𝑁𝑜

)
+ 𝑜 (𝜎𝑛)

]
(17)

where 𝑊 denotes the electrical bandwidth and 𝑜 (𝜎𝑛) rep-
resents the capacity residue which vanishes exponentially as
𝜎𝑛 → 0. Hence at high values of electrical SNR, (17) can be
approximated by

𝐶∞
𝑢𝑝 (𝐼) =

𝑊

2
log2

(
𝛾𝐼2

𝑒

)
. (18)

The unconditional high-SNR channel capacity upper bound,
which will be used as a benchmark in the analysis that follows,
is obtained by averaging (18) over the fading distribution, i.e.,

𝐶∞
𝑢𝑝 =

𝑊

2

∫ ∞

0

log2

(
𝛾𝐼2

𝑒

)
𝑓𝐼 (𝐼) 𝑑𝐼. (19)

Corollary 3: The high-SNR channel capacity upper bound
in LN turbulence induced fading is given by

𝐶∞
𝑢𝑝 =

𝑊

2

[
log2

(𝛾
𝑒

)
− 4𝜎2𝑥

ln 2

]
. (20)

Proof: A detailed proof is provided in Appendix.
Corollary 4: The high-SNR channel capacity upper bound

in GG turbulence induced fading is given by

𝐶∞
𝑢𝑝 =

𝑊

2
log2

(𝛾
𝑒

)
+
𝑊

ln 2
[𝜓 (𝛼)− 𝜓 (𝛽)]−𝑊 log2 (𝛼𝛽)

(21)
where 𝜓 (⋅) is the Euler’s digamma function [29, Eq.
(8.360.1)].

Proof: Using (10), (21) can be written as

𝐶∞
𝑢𝑝 =

𝑊

2
log2

(𝛾
𝑒

)
+

2 (𝛼𝛽)
𝛼+𝛽

2 𝑊

Γ (𝛼) Γ (𝛽)

×
∫ ∞

0

𝐼
𝛼+𝛽−2

2 log2 𝐼𝐾𝑎−𝛽

(
2
√
𝛼𝛽𝐼

)
𝑑𝐼 (22)

which, after some basic algebraic manipulations and using [32,
Vol. 2, Eq. (2.16.20.1)], is reduced to (21).

III. ADAPTIVE MODULATION STRATEGY

In this section we introduce an adaptive modulation strategy
that improves the spectral efficiency of S-PSK FSO systems,
without increasing the transmitted average optical power or
sacrificing the performance requirements.

A. Mode of Operation

By inserting pilot symbols at the beginning of a block of
symbols3, the receiver accurately estimates the instantaneous
channel’s fading state, 𝐼 , which is experienced by the re-
maining symbols of the block. Based on this estimation, a
decision device at the receiver selects the modulation order to
be used for transmitting the non-pilot symbols of the block,
configures the electrical demodulator accordingly and informs

3Taking into consideration the length of a transmitting block of symbols,
the insertion of pilot symbols will not cause significant overhead.

the adaptive PSK transmitter about that decision via a reliable
RF feed back path.

The objective of the above described transmission technique
is to maximize the number of bits transmitted per symbol in-
terval, by using the largest possible modulation order under the
target BER requirement 𝑃𝑜. Hence the problem is formulated
as

max
𝑀

log2𝑀

s.t. 𝑃𝑏 (𝑀, 𝐼) ≤ 𝑃𝑜

(23)

In practice, the modulation order will be selected from 𝑁
available ones, i.e. {𝑀1,𝑀2, ...,𝑀𝑁}, depending on the val-
ues of 𝐼 and 𝑃𝑜. Specifically, the range of the values of the
fading term is divided in (𝑁 + 1) regions and each region is
associated with the modulation order, 𝑀𝑗 , according to the
rule

𝑀 =𝑀𝑗 = 2𝑗 if 𝐼𝑗 ≤ 𝐼 < 𝐼𝑗+1, 𝑗 = 1, ...𝑁 (24)

The region boundaries {𝐼𝑗} are set to the required values of
turbulence-induced fading required to achieve the target 𝑃𝑜.
Hence, according to (11), {𝐼𝑗} are calculated as

𝐼1 =

√
1

2𝛾
𝑄−1 (𝑃𝑜) , (25)

𝐼𝑗 =
1

sin 𝜋
𝑀𝑗

√
1

2𝛾
𝑄−1

(
log2𝑀𝑗

2
𝑃𝑜

)
, 𝑗 = 2, ...𝑁 (26)

and
𝐼𝑁+1 = 𝑅, (27)

where 𝑅 → ∞ and 𝑄−1 (⋅) denotes the inverse 𝑄-function,
which is a standard built-in function in most of the well-known
mathematical software packages. It should be noted that in the
case of 𝐼 < 𝐼1, the transmission is stopped.

B. Performance Evaluation

1) Achievable Spectral Efficiency: The achievable spectral
efficiency is defined as the data rate transmitted in a given
bandwidth, and for the communication system under consid-
eration is given by4

𝑆 =
𝐶

𝑊
=
𝑛̄

2
(28)

with 𝐶 representing the data rate used for transmission,
measured in bit/s, and 𝑛̄ the average number of transmitted
bits. The average number of transmitted bits in the adaptive
S-PSK scheme is obtained by

𝑛̄ =
𝑁∑

𝑗=1

𝑢𝑗 log2𝑀𝑗 (29)

where

𝑢𝑗 = Pr {𝐼𝑗 ≤ 𝐼 < 𝐼𝑗+1}

=

∫ 𝐼𝑗+1

𝐼𝑗

𝑓𝐼 (𝐼) 𝑑𝐼 = 𝐹𝐼 (𝐼𝑗+1)− 𝐹𝐼 (𝐼𝑗) (30)

4Note that since the subcarrier PSK modulation requires twice the band-
width than PAM signalling, the average number of bits transmitted in a
symbol’s interval will be divided by two.
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and 𝐹𝐼 (⋅) is the cumulative density function (CDF) of the
turbulence induced fading. Hence, taking into consideration
(24) and (30), (28) can be equivalently written as

𝑆 =

∑𝑁
𝑗=1 𝑗 [𝐹𝐼 (𝐼𝑗+1)− 𝐹𝐼 (𝐼𝑗)]

2
(31)

which is reduced to

𝑆 =
𝑁 −∑𝑁

𝑗=1 𝐹𝐼 (𝐼𝑗)

2
(32)

since 𝐹𝐼 (𝐼𝑁+1) → 1, according to (27).
Corollary 5: The spectral efficiency of the adaptive S-PSK

FSO system in LN turbulence induced fading is obtained by

𝑆 =

∑𝑁
𝑗=1𝑄 (𝑥𝑗)

2
(33)

where 𝑥𝑗 =
ln(𝐼𝑗)+2𝜎2

𝑥

2𝜎𝑥
.

Proof: We first recall that the CDF of the LN fading
distribution is given by

𝐹𝐼 (𝐼𝑡ℎ) = 1−𝑄
(
ln (𝐼𝑡ℎ) + 2𝜎2𝑥

2𝜎𝑥

)
. (34)

Thus, (32) will be written as

𝑆 =
𝑁 −∑𝑁

𝑗=1 [1−𝑄 (𝑥𝑗)]

2
(35)

with 𝑥𝑗 =
ln(𝐼𝑗)+2𝜎2

𝑥

2𝜎𝑥
, which is reduced, after some basic

algebraic manipulations, to (33).
Corollary 6: The spectral efficiency of the adaptive S-PSK

FSO system in GG turbulence induced fading is obtained by

𝑆 =
𝑁

2
− 1

2Γ (𝛼) Γ (𝛽)

𝑁∑
𝑗=1

𝐺2,1
1,3

[
𝛼𝛽𝐼𝑗

∣∣∣∣ 1
𝛼, 𝛽, 0

]
. (36)

Proof: The proof follows trivially by combining the CDF
of the GG fading model, expressed using [33] and [32, Vol.3,
Eq. (8.2.2.15)] as

𝐹𝐼 (𝐼𝑡ℎ) =
1

Γ (𝛼) Γ (𝛽)
𝐺2,1

1,3

[
𝛼𝛽𝐼𝑗

∣∣∣∣ 1
𝛼, 𝛽, 0

]
, (37)

with (32).
2) Average Bit Error Rate: The average BER of the pro-

posed variable rate FSO system can be calculated as the ratio
of the average number of bits in error over the total number
of transmitted bits [13]. The average number of bits in error
can be obtained by

𝑛̄𝑒𝑟𝑟 =

𝑁+1∑
𝑗=1

⟨𝑃𝑏⟩𝑗 log2𝑀𝑗 (38)

where

⟨𝑃𝑏⟩𝑗 =

∫ 𝐼𝑗+1

𝐼𝑗

𝑃𝑏 (𝑀𝑗, 𝐼) 𝑓𝐼 (𝐼) 𝑑𝐼 (39)

and can be evaluated only numerically for both fading models.
Hence the average BER is given by

𝑃𝑏 =
𝑛̄𝑒𝑟𝑟

𝑛̄
. (40)

C. Application to MIMO FSO systems

Consider a Multiple Input Multiple Output (MIMO) FSO
system where the information signal is transmitted via 𝐹 and
received by 𝐿 apertures. For the MIMO system under consid-
eration, it is assumed that the information bits are modulated
using S-PSK and transmitted through the 𝐹 apertures using
repetition coding [34]. Thus, the received block of symbols at
the 𝑙th receive aperture is given by

𝑟𝑙 [𝑘] =
𝜂𝜇𝑃

√
𝐸𝑔𝑠 [𝑘]

𝐹𝐿

𝐹∑
𝑓=1

𝐼(𝑓𝑙) +
1√
𝐿
𝑛 [𝑘] , 𝑘 = 1, ..𝐾

(41)
where 𝐼(𝑓𝑙) denotes the fading coefficient that models the
atmospheric turbulence through the optical channel between
the 𝑓 th transmit and the 𝑙th receive aperture, while 𝑛 [𝑘]
represents AWGN with 𝔼 {𝑛 [𝑘]𝑛∗ [𝑘]} = 2𝜎2𝑛. After adding
the optical signals received from the 𝐿 receive apertures (equal
gain combining), the output of the receiver will be obtained
as

𝑟 [𝑘] =

𝐿∑
𝑙=1

𝑟𝑙 [𝑘] =
𝜂𝜇𝑃

√
𝐸𝑔𝑠 [𝑘]

𝐹𝐿

𝐹∑
𝑓=1

𝐿∑
𝑙=1

𝐼(𝑓𝑙) + 𝑛 [𝑘] .

(42)
Note that the factor 𝐹 is included n (41) and (42), in order
to ensure that the total transmit power is the same with that
of a system with no transmit diversity, while the factor 𝐿
ensures that the sum of the 𝐿 receive aperture areas is the
same with the aperture area of a system with no receive
diversity. Moreover, the statistics of the fading coefficients of
the underlying FSO links are considered to be statistically
independent; an assumption which is realistic by placing the
transmitter and the receiver apertures just a few centimeters
apart [27].

The variable rate subcarrier PSK transmission scheme can
be directly applied to the MIMO configuration with the
decision on the modulation order to be based on

𝐼𝑇 =

∑𝐹
𝑓=1

∑𝐿
𝑙=1 𝐼

(𝑓𝑙)

𝐹𝐿
. (43)

Hence, after determining the region boundaries for the target
𝑃𝑜 requirement, using Eqs. (25)-(27), the optimum modulation
order will be selected from the 𝑁 available ones depending
on the value of 𝐼𝑇 , i.e.,

𝑀 =𝑀𝑗 if 𝐼𝑗 ≤ 𝐼𝑇 < 𝐼𝑗+1, 𝑗 = 1, ...𝑁 (44)

Proposition 1: The achievable spectral efficiency of a
MIMO adaptive S-PSK FSO system with 𝐹 transmit and 𝐿
receive apertures in LN turbulence induced fading, can be
approximated by

𝑆 =

∑𝑁
𝑗=1𝑄 (𝑦𝑗)

2
(45)

with 𝑦𝑗 =
ln(𝐼𝑗)+

1
2𝜎2

𝜉

𝜎𝜉
and 𝜎2𝜉 = ln

(
1 + 𝑒4𝜎

2
𝑥−1

𝐹𝐿

)
.

Proof: The proof follows trivially by recalling that the
PDF of 𝐼𝑇 in LN turbulence induced fading can be efficiently
approximated by [11], [27]

𝐼𝑇 = exp (𝜉) (46)
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where 𝑓𝜉 (𝜉) = 𝒩
(
𝑚𝜉, 𝜎

2
𝜉

)
, 𝜎2𝜉 = ln

(
1 + 𝑒4𝜎

2
𝑥−1

𝐹𝐿

)
and

𝑚𝜉 = − 1
2𝜎

2
𝜉 . Hence, using (32), the achievable spectral

efficiency of the MIMO adaptive FSO system will be approx-
imated by (45).

Proposition 2: The achievable spectral efficiency of a
MIMO adaptive S-PSK FSO system with 𝐹 transmit and 𝐿
receive apertures in GG turbulence induced fading, can be
approximated by

𝑆 =
𝑁

2
− 1

2Γ (𝛼𝑇 ) Γ (𝛽𝑇 )

𝑁∑
𝑗=1

𝐺2,1
1,3

[
𝑧𝑗

∣∣∣∣ 1
𝛼𝑇 , 𝛽𝑇 , 0

]
(47)

where 𝑧𝑗 = 𝛼𝑇𝛽𝑇 𝐼𝑗 , 𝛼𝑇 = 𝐹𝐿𝑎 + 𝜀, 𝛽𝑇 = 𝐹𝐿𝑏, 𝑎 =
max (𝛼, 𝛽), 𝑏 = min (𝛼, 𝛽) and

𝜀 = (𝐹𝐿− 1)
−0.0127− 0.95𝑎− 0.0058𝑏

1 + 0.124𝑎+ 0.98𝑏
. (48)

Proof: By applying the approximation for the sum of
i.i.d. GG variates derived in [35], the PDF of 𝐼𝑇 can be
approximated by

𝑓𝐼𝑇 (𝐼) =
2
(

𝛼𝑇 𝛽𝑇

𝐹𝐿

)𝛼𝑇 +𝛽𝑇
2

Γ (𝛼𝑇 ) Γ (𝛽𝑇 )
𝐼

𝛼𝑇 +𝛽𝑇 −2

2 𝐾𝑎𝑇−𝛽𝑇

(
2
√
𝛼𝑇𝛽𝑇 𝐼

)
(49)

where 𝛼𝑇 = 𝐹𝐿max (𝛼, 𝛽) + 𝜀, 𝛽𝑇 = 𝐿min (𝛼, 𝛽) and 𝜀 is
the approximation error given by (48). Hence, the CDF of 𝐼𝑇
can be derived, using [36, Eq. (26)], as

𝐹𝐼𝑇 (𝐼𝑡ℎ) =
1

Γ (𝛼𝑇 ) Γ (𝛽𝑇 )
𝐺2,1

1,3

[
𝛼𝑇𝛽𝑇 𝐼𝑡ℎ

∣∣∣∣ 1
𝛼𝑇 , 𝛽𝑇 , 0

]
(50)

and, therefore, the achievable spectral efficiency, according to
(32) is given by (47).

Furthermore, the average BER of the adaptive MIMO FSO
system will be obtained by

𝑃𝑏 =

∑𝑁+1
𝑗=1 ⟨𝑃𝑏⟩𝑗 log2𝑀𝑗∑𝑁+1

𝑗=1 𝑣𝑗 log2𝑀𝑗

(51)

where

⟨𝑃𝑏⟩𝑗 =

∫ 𝐼𝑗+1

𝐼𝑗

𝑃𝑏 (𝑀𝑗 , 𝐼) 𝑓𝐼𝑇 (𝐼) 𝑑𝐼 (52)

and

𝑢𝑗 = Pr {𝐼𝑗 ≤ 𝐼𝑇 < 𝐼𝑗+1} = 𝐹𝐼𝑇 (𝐼𝑗+1)− 𝐹𝐼𝑇 (𝐼𝑗) . (53)

To the best of the authors’ knowledge it is difficult to derive
analytical expressions for the above equations, either when
LN or GG turbulence induced fading model is considered.
Therefore, numerical methods need to be employed for their
evaluation.

IV. RESULTS & DISCUSSION

In this section, we present numerical results for the perfor-
mance of the adaptive S-PSK scheme in various turbulence
conditions and fading models, and for different target BERs.
We further apply this transmission policy to different MIMO
deployments.

Figs. 1-4 depict the spectral efficiency of the adaptive S-
PSK transmission scheme at different degrees of turbulence

Fig. 1. Spectral efficiency of the adaptive subcarrier PSK scheme when LN
fading model is considered and 𝜎2

𝐼 = 0.04 (𝜎𝑥 = 0.1).

Fig. 2. Spectral efficiency of the adaptive subcarrier PSK scheme when LN
fading model is considered and 𝜎2

𝐼 = 0.43 (𝜎𝑥 = 0.3).

Fig. 3. Spectral efficiency of the adaptive subcarrier PSK scheme when GG
fading model is considered and 𝜎2

𝐼 = 1.39 (𝛼 = 2.23, 𝛽 = 1.54).



1374 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 59, NO. 5, MAY 2011

Fig. 4. Spectral efficiency of the adaptive subcarrier PSK scheme when GG
fading model is considered and 𝜎2

𝐼 = 1.82 (𝛼 = 2.34, 𝛽 = 1.02).

strength, i.e., 𝜎2𝐼 = 0.04, 𝜎2𝐼 = 0.43, 𝜎2𝐼 = 1.39 and
𝜎2𝐼 = 1.82, and when a SISO FSO system is considered.
Specifically, numerical results obtained either by (33) or
(36), depending on the fading model employed for turbulence
description, are plotted as a function of the average electrical
SNR, 𝛾, for two different target BER requirements, 𝑃𝑜 = 10−2

and 𝑃𝑜 = 10−3. Furthermore, in the same figures, the upper
bound, provided by (19), along with the spectral efficiency of
the non-adaptive subcarrier BPSK (𝑀 = 2) are illustrated.
The latter is found by determining the value of the average
electrical SNR for which the BER performance of the non-
adaptive BPSK, as given by (13) and (15) for LN and GG
turbulence fading models respectively, equals 𝑃𝑜. It is obvious
from the figures that the spectral efficiency of the adaptive
transmission scheme increases and comes closer to the upper
channel capacity bound by increasing the target 𝑃𝑜. Moreover,
when compared to the non-adaptive BPSK, it is observed
that adaptive transmission offers large spectral efficiency gains
(42dB when 𝑃𝑜 = 10−3) at strong turbulence conditions
(𝜎2𝐼 = 1.82); however, these gains are reduced as 𝜎2𝐼 reduces.
For very low turbulence (𝜎2𝐼 = 0.04), it is observed that
non-adaptive BPSK reached its maximum spectral efficiency
(𝑆 = 0.5) at lower values of 𝛾 than the proposed adaptive
scheme, indicating that in these turbulence conditions, it is
more efficient to modify the modulation order based on 𝛾
rather than the instantaneous value of fading intensity.

Figs. 5-8 illustrate the average BER performance of the
adaptive transmission technique for the same target BER
requirements and turbulence conditions. It is clearly depicted
that the average BER of the adaptive system is lower than the
target 𝑃𝑜 in all cases examined, satisfying the basic design
requirement of (23). Moreover, it can be easily observed from
Figs. 5-6 that the performance of the adaptive system ap-
proaches the performance of the non-adaptive system with the
largest modulation order, at high values of average SNR; this
was expected, since in this SNR regime the adaptive scheme
chooses to transmit with the largest available modulation order.

Finally, Figs. 9-10 depict numerical results for the spectral
efficiency of various MIMO FSO deployments and for differ-

Fig. 5. Average BER of the adaptive subcarrier PSK scheme when LN fading
model is considered and 𝜎2

𝐼 = 0.04 (𝜎𝑥 = 0.1).

Fig. 6. Average BER of the adaptive subcarrier PSK scheme when LN fading
model is considered and 𝜎2

𝐼 = 0.43 (𝜎𝑥 = 0.3).

Fig. 7. Average BER of the adaptive subcarrier PSK scheme when GG
fading model is considered and 𝜎2

𝐼 = 1.39 (𝛼 = 2.23, 𝛽 = 1.54).
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Fig. 8. Average BER of the adaptive subcarrier PSK scheme when GG
fading model is considered and 𝜎2

𝐼 = 1.82 (𝛼 = 2.34, 𝛽 = 1.02).

Fig. 9. Spectral efficiency of the adaptive subcarrier PSK scheme for various
MIMO configurations, when LN fading model is considered and 𝑁 = 5,
𝑃𝑜 = 10−3 , 𝜎2

𝐼 = 0.43 (𝜎𝑥 = 0.3).

ent fading models, when the adaptive transmission technique
with target 𝑃𝑜 = 10−3 and 𝑁 = 3 available modulation
orders is applied. As it is clearly illustrated in both figures, the
increase of the number of transmit and/or receive apertures im-
proves the performance of the adaptive transmission scheme,
increasing the achievable spectral efficiency. However, this
does not happen at low values of average SNR (less than
8dB), which may seem surprising at first but can be explained
by the following argument. At the low average SNR regime,
most of the region boundaries {𝐼𝑗} correspond to values
higher than the unity. Hence, as the number of transmit and/or
receive apertures increases, the parameters {𝐹𝐼𝑇 (𝐼𝑗)} also
increase, resulting in less spectral efficiency. As the average
SNR increases, most of the region boundaries {𝐼𝑗} take values
lower than unity and, as a consequence, the increase in the
number of apertures results in lower values for {𝐹𝐼𝑇 (𝐼𝑗)}
and, thus, higher spectral efficiency.

Fig. 10. Spectral efficiency of the adaptive subcarrier PSK scheme for various
MIMO configurations, when GG fading model is considered and 𝑁 = 5,
𝑃𝑜 = 10−3, 𝜎2

𝐼 = 1.38 (𝛼 = 2.23, 𝛽 = 1.54).

V. CONCLUSIONS

We have presented a novel adaptive transmission technique
for FSO systems operating in atmospheric turbulence and em-
ploying S-PSK intensity modulation. The described technique
was implemented through the modification of the modulation
order of S-PSK according to the instantaneous fading state
and a pre-defined BER requirement. Novel expressions for
the spectral efficiency and average BER of the adaptive FSO
system were derived and investigations over various turbulence
conditions, fading models and target BER requirements were
performed. Numerical results indicated that adaptive transmis-
sion offers significant spectral efficiency gains, compared to
the non-adaptive modulation, especially at the moderate-to-
strong turbulence regime (42dB at 𝑆 = 0.5, when 𝑃𝑜 = 10−3

and 𝜎2𝐼 = 1.82); however, it was observed that in very
low turbulence (𝜎2𝐼 < 0.1), it is more efficient to perform
adaptation based on the average electrical SNR, instead of
the instantaneous fading state. Furthermore, the proposed
technique was applied at MIMO FSO systems and additional
improvement in the achieved spectral efficiency was observed
at the high SNR regime, as the number of the transmit and/or
receive apertures increased.

APPENDIX

This appendix provides the proof for the derivation of (20).
Using the PDF of LN turbulence induced fading, (19) can be
written as

𝐶∞
𝑢𝑝 =

𝑊

4
√
2𝜋𝜎2𝑥

∫ ∞

0

log2

(
𝛾𝐼2

𝑒

)
𝐼

exp

(
−
(
ln 𝐼 + 2𝜎2𝑥

)2
8𝜎2𝑥

)
𝑑𝐼

(54)
To simplify (54), we substitute ln 𝐼 by 𝑦 and hence

𝐶∞
𝑢𝑝 = 𝐾1 +𝐾2 (55)

where

𝐾1 =
𝑊

4
√
2𝜋𝜎2𝑥

log2

(𝛾
𝑒

)∫ ∞

−∞
exp

(
−
(
𝑦 + 2𝜎2𝑥

)2
8𝜎2𝑥

)
𝑑𝑦

(56)
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and

𝐾2 =
𝑊

2 ln 2
√
2𝜋𝜎2𝑥

∫ ∞

−∞
𝑦 exp

(
−
(
𝑦 + 2𝜎2𝑥

)2
8𝜎2𝑥

)
𝑑𝑦. (57)

Using [29, Eq. (3.321/3)], (56) is reduced to

𝐾1 =
𝑊

2
log2

(𝛾
𝑒

)
(58)

while, using [29, Eq. (3.461/2)], (57) is reduced to

𝐾2 = −2𝑊𝜎2𝑥
ln 2

. (59)

Hence, by combining (58) and (59) with (55), (20) is obtained.
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