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Abstract—In this paper, we analytically investigate Gallager’s
exponent for space-time block codes over multiple-input multiple-
output block-fading channels with Gaussian input distribution.
As a suitable metric of the fundamental tradeoff between com-
munication reliability and information rate, Gallager’s exponent
can be used to determine the required codeword length to achieve
a prescribed error probability at a given rate below the channel
capacity. We assume that the receiver has full channel state
information (CSI), while the transmitter has no CSI and performs
equal power allocation across all transmit antennas. In the follow-
ing, novel exact expressions for Gallager’s exponent are derived
for two well-known channel fading models, namely 7-y and x-
v fading models. More importantly, the implications of fading
parameters and channel coherence time on Gallager’s exponent
are investigated. In addition, we present new expressions for
the Shannon capacity, cutoff rate and expurgated exponent for
the above mentioned fading models, while in the high signal-
to-noise ratio regime, simplified closed-form expressions are
also derived. Finally, we highlight the fact that the presented
analysis encompasses all previously known results on Nakagami-
m, Rician, Rayleigh and Hoyt fading channels, as special cases.

Index Terms—Capacity, cutoff rate, expurgated exponent,
MIMO fading channels, random coding exponent.

I. INTRODUCTION

O VER the past few years, multiple-input multiple-output
(MIMO) systems have been well investigated in terms of
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capacity over various types of fading channels (see e.g., [1]-
[4] and references therein). In the related literature, ergodic
Shannon capacity has been used as the typical metric to
evaluate the performance of MIMO systems. However, this
metric gives knowledge only of the maximum achievable
information rate and may not be sufficient to reflect the
fundamental limits of MIMO communication systems. More
specifically, it was shown in [5] that the error probability
tends to zero as the block length tends to infinity, when the
rate is less than the channel capacity. On the other hand, for
most practical scenarios, the block length cannot be too long
because of the limitations on delay and encoding/decoding
complexity. For this reason, this fundamental tradeoff needs
to be thoroughly exploited. As an easily computable lower
bound, an information-theoretic metric, namely Gallager’s
exponent (or reliability function), has been proposed in [6]
to determine the probability of error, P, as a function of the
codeword length, L, and the information rate .

Since then, a number of works have investigated Gallager’s
exponent of various single-antenna communication systems
over Rayleigh flat fading channels [7], [8]. Moreover, there
have been some advances in understanding Gallager’s expo-
nent of multiple-antenna systems as well. In this context,
[9] derived Gallager’s exponent for MIMO Rayleigh block-
fading channels with spatial fading correlation and subject to
an average power constraint, assuming perfect channel state
information (CSI) at the receiver. The relationship between
probability of error, information rate, codeword length and
signal-to-noise ratio (SNR) for fast Rayleigh fading MIMO-
ARQ channels was examined in [10].

Yet, very few results on Gallager’s exponent of multiple-
antenna systems with space-time block codes (STBC) in non-
Rayleigh fading conditions are available. Only recently, [11]
and [12] investigated Gallager’s exponent of STBC systems
operating in Nakagami-m and generalized-K fading chan-
nels, respectively. While these prior works have significantly
improved our knowledge on Gallager’s exponent of STBC
systems, a general analytic framework which will account for
more realistic fading models seems to be missing from the
open literature. In particular, the above fading distributions
rely inherently on the assumption of a homogeneous scattering
environment, which is often unrealistic since the surfaces are
spatially correlated in most propagation environments [13]. To
address such non-homogeneous environments, the n-p and x-
w distributions have been proposed in [14]-[18]. These fading
models can provide better fit to experimental data than the
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Rayleigh, Rician and Nakagami-m fading models [18], [19].
Moreover, the n-p distribution involves the Hoyt (Nakagami-
q), Nakagami-m and Rayleigh distributions as special cases,
while the x-p distribution includes the Rician, Nakagami-m,
and Rayleigh distributions as special cases. Motivated by these
important observations, we herein analytically investigate Gal-
lager’s exponent of STBC systems over n-y and x-p fading
channels.

The contributions of this paper can now be summarized
as follows: We first provide novel, analytical expressions for
Gallager’s exponent of STBC systems over n-u and x-p
fading channels. Note that, although the considered models
incur significant mathematical challenges, all the presented
results can be easily evaluated and efficiently programmed
in most standard software packages (e.g., MATLAB, MATH-
EMATICA). We further elaborate on the Shannon capacity
and cutoff rate, which can be directly derived from Gallager’s
exponent. Additionally, new formulas for the expurgated ex-
ponent over these fading channels are presented to extend
Gallager’s exponent. In order to get additional insights into the
impact of fading parameters, a high-SNR analysis is pursued to
investigate the effects of coherence time and codeword length
error probability. We note that the presented results extend
and complement all previous results on Rayleigh, Rician and
Nakagami-m fading channels [7], [8], [11]. For the sake of
completeness, we provide the link to these previous results
and also present the corresponding results for Hoyt fading
channels which, to the best of our knowledge, have not been
reported elsewhere.

The remainder of the paper is organized as: In Section
II, the MIMO system model and Gallager’s exponent used
throughout the paper are introduced. In Section III, we provide
new, analytical expressions for Gallager’s exponent of STBC
over n-i and x-p MIMO fading channels along with a detailed
high-SNR analysis. Some special cases of interest are also
assessed. A set of numerical results is given in Section III,
while Section IV concludes this paper.

Notation: We use upper and lower case boldface letters to
denote matrices and vectors, respectively. The symbol ()Jr
represents the Hermitian transpose, the trace operator of a
square matrix is denoted by tr (-), etr(-) = €(-), while || - || »
denotes the matrix Frobenius norm. The expectation operator
of a random variable is given by E{-}, the matrix determinant
reads as det(-), while [-] denotes the ceiling operation to the
nearest integer.

II. SYSTEM MODEL AND GALLAGER’S EXPONENT
A. System model

We consider a single-user MIMO system with N; transmit
antennas and /N, receive antennas whose complex input-output
relationship can be expressed as

Y=HX+N 1)
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where H € CV*Nt denotes the fading channel matrix with
entries h; (i = 1,2,..., N;N,), while X € CNeXNe g the
transmit matrix containing N, symbols. Also, Y € CNrxNe
represents the received signal matrix and N € CNrxNe
is the complex zero-mean additive white Gaussian noise
(AWGN) matrix with the variance of its elements being Nj.
Considering N; independent coherence intervals, the block
codeword length of a reliable communication link is Ny N,.
Moreover, the input signal matrix is subject to an average
power constraint of the form E {tr (XXT)} = N.tr(Q) <
N P, where Q is the Ny x N; positive semidefinite input
covariance matrix and P is the total transmit power. Assuming
that the transmitter has no CSI, it is meaningful to assume
that uniform power allocation is being performed across the
transmit antennas, such that Q = N%I.

For STBC, the MIMO channel can be represented as NV; X
N, parallel single-input single-output channels for each data
symbol [20]. Thus, the effective output symbol SNR is given
by [4, Eq. (4)], [12, Eq. (7)]

v

%= [HJ% )

where v = % is the effective transmit SNR, and R, is
the information code rate. Hereafter, we assume, for the sake
of clarity and without significant loss of generality, full-rate
STBC such that R. = 1.

B. Gallager’s exponent

1) Random coding exponent: With maximum-likelihood
decoding, an upper bound on the error probability of MIMO
channels with continuous inputs and outputs is given by [6]

2 rd 2
Peg( - ) exp (—NoNo By (px (X), R.ND)). (3)

The above bound is given in terms of several arbitrary param-
eters, namely r > 0, § > 0, which are defined as

4]

fn 0 @
A /27rNb0§
Ug = /x [tr (XXT) — NCP} 2px (X) dX. 5)

To achieve a desired error probability at an information rate
R, the codeword length can be obtained by solving for IV
in (3) with L = N, x [Np]. The random coding exponent is
defined as [6]

ET (pX (X) 7R7 NC)

A —
N Orélpa%(l <I?Za())< Eo (pX (X) y Py T Nc) pR) (6)

where Ey (px (X), p,r, N.) is given in (7) at the bottom of
this page.

EO (pX (X) y P T Nc) £

C

_Ni1n</HpH (H)/Y(/pr (X)er["(XX*)NCP]p(Y|X,H)1ide)HPdeH>. (7)
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In general, it is very difficult to minimize the upper bound
by optimizing the input probability density function (p.d.f.)
px (X). Subject to the considered power constraint, we choose
the capacity-achieving Gaussian distribution for px (X) as [6]

px (X) = 7 VeNe det (Q) Veer (—QIXXT) . (8)

This choice of the input distribution may facilitate the
solution of (7), though it is optimal for the random coding
exponent calculation only when the rate R approaches the
channel capacity. Then, (7) becomes

~ A P
EO (pvﬁvNc) = EO (FINHPJ"’ Nc)‘
t B=Ny—rP

=(1+p)(Ne—B)+ N:(1+p)In(8/Ny)
A(p,B)

1 yHH! \

Then, the random coding exponent can be written as

E,.(R,N.) = max (

0<p<1 max o (pa Ba Nc) - pR) . (10)

0<B<N:
As in [21], the error probability is given by

8T
P. < T (Ni= " () Ny Neel &N Ne N
t

(11)
where 8* (p) is the value of 3 that maximizes Ey (p, 3, N,),
defined in (9) for each p, and is in the range 0 < 8 < V.

2) Shannon capacity: From [22], the information rate R
can be expressed as

_ 8-EO (paﬂ* ([)) 7Nc).

R %

12)

Note that R becomes identical to Shannon capacity, (C'), for
p =0 and §* (0) = Ny, such that

A an (p7 ﬁ* (p) ’ NC)
dp

(@) 13)

p=0,8* (O):Nt

3) Cutoff rate: As an important information-theoretic met-
ric, the cutoff rate Ry determines a lower bound to the
Shannon capacity and the corresponding value of the zero-rate
random coding exponent. By setting p = 1 and g* (1) = NV,
in (9), the cutoff rate becomes [21]

-N
1 ~+HH' ¢

=——In[Eqdet(I . 14

R() NC n< { € ( N, + 2Nt ) }) ( )

4) Expurgated exponent: The random coding exponent is
defined by selecting the unbiased codeword based on the input
distribution. Therefore, the good and bad codewords have
equal contribution to the average error probability. Another
error metric, namely expurgated exponent, is proposed by
expurgating the bad codewords and is given by [6]

Eem (pX (X) 7R7 Nc)

£ max <max E; (px (X), p,7, Nc)—pR>

p=1 \ =0 (1)

where E,, (px (X), p,r, N.) is expressed in (16) at the bottom
of this page. The expurgated exponent with Gaussian input
distribution and equal power allocation is given by [6]

Eer (R, N,) = max( max E, (p, 3, N,) —pR) (17)

p=1 \O<B<N
where
Ey (p, B, Ne) £ 2p (Ny — 8) + 2pN; In (B/Ny)
A(p,B)
—Necp
1 ~+HH'
(oo ) ),

(18)

III. GALLAGER’S EXPONENT ANALYSIS IN 7)-44 AND K-
FADING CHANNELS

In this section, we present a detailed Gallager’s exponent
analysis for n-u and x-p fading channels. Note that only inde-
pendent and identically distributed (i.i.d.) fading is considered
here; however, we can address the cases of non-identically
distributed or correlated fading using the similar methodology
as described below.

A. n-u fading channels

The 7n-p distribution models the small-scale variation of
the fading signal in a non-homogeneous environment with the
p.d.f. of the instantaneous SNR given by [18, Eq. (26)]

1 — 1
o () =TI (2 (20T
T Gy et “H\7a

where I, (z) is the v-th order modified Bessel function of
the first kind [23, Eq. (8.445)], I (x) is the Gamma function
[23, Eq. (8.310.1)], and Q = E{w} denotes the average
power. The parameters h and H related to 7 are different
in two formats. More specifically, according to format 1,
h=(24+n"'+n)/4and H = (n~' —n)/4, where 0 <
1 < oo is the scattered-wave power ratio between the in-phase
and quadrature components. For format 2, h = 1 / (1 — 1]2)
and H = n/(1—n?), where =1 < n < 1 represents the

Eq (px (X), p, 7, Ne) é—Niln/HPH (H){///pr (X) px (X’)er[tr(XX*)thr(X'x/T)72NCP]

p

x [/Y \/p(Y|X,H)p(Y|X’,H)dY} 1/dedX’}

dH. (16)



correlation coefficient between the scattered-wave in-phase
and quadrature components of each cluster of multipath. In
both formats, the parameter p denotes the half number of
multipath clusters. Note that the n-y distribution includes the
Hoyt (Nakagami-q) distribution as special case for p = 0.5
and 1 = ¢%. We also note that the Nakagami-m distribution
can be obtained by setting 4 = m and n — 0 or n — o0
in format 1 of the n-u distribution. Moreover, the Rayleigh
distribution is obtained by setting © = 0.5 and n = 1 in
format 1 or p = 0.5 and n = 0 in format 2. Alternatively, it
can be attained by setting ¢ = m/2 and n — 1 in format 1 or
1n — 0 in format 2 [18]. Without significant loss of generality,
we only consider format 1 in the following analysis.

According to [18], [24], it is known that the sum of M i.i.d.
squared n-u RVs with parameters 7, u, and €2 is also an n-u
RV with parameters 1, M p and M (2. As such, we can easily
obtain the p.d.f. of z = Zf\g\“ |hi|* as follows,

2ﬁh‘uNtNT M MNtNTJF% - NNtNr*%
T T (uN:N,) \ Q H

2uhz 2uHz
X exp ——q IuNtNT—% q .

By using the representation of I, () in terms of a general-
ized hypergeometric function ,Fy, (-) [23, Eq. (9.238.2)] and
[25, Eq. (6.1.18)], we can obtain an alternative expression as

22NN =L puNeNy (9 N\ 2NNr )
P\ H ()

T (2uN;N,) \ Q
4uH
Q zZ .

1) Random coding exponent analysis: Based on the the-
oretical analysis presented in Section II, we first obtain the
exact random coding exponent as follows:

Proposition 1: The random coding exponent of STBC over
n-p MIMO fading channels can be expressed as in (21) at the
bottom of this page, where U(+) is the Tricomi hypergeometric
function [25, Eq. (13.1.3)].

Proof: We can directly substitute (19) into (9) and there-
after use the infinite series representation of I, (x) from [23,
Eq. (8.445)]. The involved integral is evaluated with the help
of the following identity

Oo(l—l—ax)_v _pUe _ P
/de— v F(Q)U(U,U—Q‘Fl,a) (22)

Py—p (2)

19)

Py—p (2) =

x 1Fy (,UNtNr;2,UNtNr; (20)

0

which is a combination of Kummer’s transformation [26,
Eq. (07.33.17.0007.01)] and [3, Eq. (39)]. Then, the proof
concludes after invoking [25, Eq. (6.1.18)] and appropriate
simplifications. [ ]
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In order to assess the convergence of the infinite series
in (21), we assume that 7y — 1 terms are used; hence, the
associated truncation error = can be upper bounded as

. T (uNeN, + 1) (H)2l

°T T 7
=Ty
X ( w—2MWN-—%+LaﬂﬁQiﬁg
Qy
2uh (1
( Nep—2pNiN, —2T0+1;M>
Qy
i I (uNeNy + 1) (5)21
& T+ h
:U(Ncp;Ncp_mNtNr_mH;W)
R

F(,LLNtNr) _TO*IF(uNtNT+l) E !
Ny ™™ & e (5)

(23)

where we have used the fact that U (a;b
tonically decreasing function in n.

As was previously mentioned, our analysis elaborates also
on the Shannon capacity, cutoff rate and expurgated compo-
nent of STBC systems. We now present new results for these
metrics over n-u fading channels.

Corollary 1: The Shannon capacity of STBC over n-u
MIMO fading channels can be expressed as

—mn;z) is a mono-

2uh Ny I
() = eXp( ) Z MNtN +1) ?
I (ILLNt h'u‘NtN h
20N, N2
2ph N
xS Baunvototiion (%) 24)
n=1 v
where E, (z) = [[° e dt, n =0,1,2,... and Re(z) > 0

denotes the exponent1al 1ntegral function of order n [25, Eq.
(5.1.4)].

Proof: By plugging (19) into (13), we end up with the
following integral expression

2\/EhNNtNr > H2l(u/Q)2MNtNT+2l
T (uNN,) 2= I (uNeN, + 1+ 1/2)

= 2uN Np+21—1 (- 2=
x [In{1+ 7) z°H e\ o
0/ < B(L+p)

With the aid of [3, Eq. (40)] and [9, Eq. (46)], we can evaluate
the integral in (25) and arrive at the desired result in (24). &

(€)=

)dz. (25)

h—H#NeN-

max 1max

Er (Ra N07 , /1’)

1
T 0<p<10<6<N, (A (p.6) = 71 <F (UIN¢N;.)

xU( cp,Ncp_zuNtNr_mH;wm_pR.
2

2uhB (1 + p)\ V" T (uN N, + 1) (H\*
() (5

1)
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As for Proposition 1, we can prove the convergence of the
infinite series in (24). By assuming 77 — 1 terms are used, the
associated truncation error =; can be upper bounded as

T (uNN, +1) (H\?
:122 (1N )(_)

Il h
l:Tl
20N N,+21
2MhNt
X Eon, N,+21 n< )
n; 2uNy Np4-21+1 0y
uN¢ N
2uh N H\?
5, (2 )(rwzvtzvr) (1—(g)>
—le_l LU l) (1) (26)
L T(+1) h

where v = 2u Ny N, + 2T — 2, and we have exploited the fact
that F,,(x) is a monotonically decreasing function in n.

Corollary 2: The cutoff rate Ry of STBC over n-u MIMO
fading channels can be expressed as

h—hNeN~ (4uhNt>N

1 i I (uNe N, + 1)
Ry=——1 Ll
TN “(rwvtzvr) o) =

!
— {!

21
w (BN U (NN, +1— 20N, N, — 21 2N
h Qy
(27)

Proof: The proof follows a similar line of reasoning as
in Proposition 1, by plugging (19) into (14) and using (22).

|

Corollary 3: The expurgated exponent of STBC over n-u
MIMO fading channels can be expressed as in (28) at the
bottom of this page.

Proof: Substituting (19) into (18) and also using the
integral identity (22), the desired result can be obtained after
some algebra. [ ]

2) High-SNR analysis: We now investigate Gallager’s ex-
ponent in the high-SNR regime and present closed-form
expressions for all related figures of merit.

Corollary 4: The random coding exponent of STBC over
n-p fading channels at high SNRs and for N.p < 2uN.N,
can be expressed as in (29) at the bottom of this page.

Proof: By considering the initial expression (9) and
keeping only the dominant term therein as v — oo, we can

obtain the desired result in (29) with the aid of (20) and the
following integral identity [23, Eq. (7.522.9)]

2 (U)2F1 <a,a;ﬁ; é)
a’ a

I
0
(30

where Re (o) > 0, Re(a) > Re(A). Note that the condition
on the arguments of (30) is satisfied in our setting by taking
Nep < 2uNe N, ]
Corollary 5: The Shannon capacity of STBC over n-u
MIMO fading channels at high SNRs can be expressed as
T (uN;N, + 1) H?

Z IT (uN¢ N, ) h#NeN-+21

2/LhNt
X <¢ (2uN¢N, + 21) — In ( 0 ))

where 9 (-) is Euler’s digamma function [23, Eq. (8.360.1)].
Proof: The proof follows by taking ~y large in (25), then
using the integral identity [23, Eq. (4.352.1)] and simplifying
the resulting expression. ]
Corollary 6: The cutoff rate of STBC over n-p MIMO
fading channels at high SNRs and for N, < 2uN;N, can
be expressed as

20Ny (1 -1
R = —In (w)

lema Fy (a; B; Ax) do =

€29

Qy

I'(2uN¢ Ny . .
In (QAReNd o By (N Ny, Ne 2uNeNri 1= 3 )
N '

(32)

Proof: The proof concludes by following a similar line

of reasoning as in Corollary 4. [ ]

Corollary 7: The expurgated exponent of STBC over n-u

MIMO fading channels at high SNRs and for N.p < 2uN; N,
can be expressed as in (33) at the top of next page.

Proof: By taking ~ large in (18) the proof boils down

2;6) - . Combining (20) with

the expectation operation, the proof concludes by invoking
(30). We also set N.p < 2ulN: N, to satisfy the condition on
the arguments of (30). [ |

to the computation of E { (

1
/
ey (H;N (A 7

E@1 (Ra chna ‘LL)

o <F (:UthNr)

h— uN¢N,. <4luhﬁp)NrP

Iy
T (uN,N, 4
xz (sNeN 1) (N Nup: Nop + 1 — 2N, N, — 21 20057 —oR|. (8
— l! Qy
—~ pB(1+n") (1+p)
EX (R,Ne,n,p) = onax) (05[13%“ <A (p,B) — pln ( ( Q,y)
1 I'(2uNy N, — N.p) . . 4
A In ( T (2pNN,) o Fy (WNy Ny, Nep; 2uNy Ny 1 —n~t) pR|. (29)



%) _ ! _
Egy (R, Neyn, ) =max | max A (p,B)—p
1 In I'(2uNi N, — N.p)
N. T (2uN¢N,.)

o F1 (uNe Ny, Nep; 20N N5 1 — 77_1)> —pR
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2upB (1+n~")

1
n 0

(33)

55 T
Analytical
e Simulation [

(C'y = 5.5 nats/symboll

Random coding exponent, E,(R, N.,1, 1)

0 i i i i
0 1 2 3 4 5 6

Information rate R, [nats/symbol]

Fig. 1. Analytical and simulated random coding exponent against information
rate for STBC systems over n-u fading channels (Ny = N, = 4, n = 0.5,
p=1,Q=2.5, and v = 15 dB).

3) Numerical results: In this subsection, the above the-
oretical analysis is validated through a set of Monte-Carlo
simulations. We first generate 10° random realizations of the
small-scale fading matrix H according to (19), and thereafter
obtain the simulated random coding exponent, Shannon capac-
ity, cutoff rate and expurgated exponent via the corresponding
expressions (21), (24), (27), and (28), respectively.

In Fig. 1, the simulated random coding exponent is plot-
ted along with the analytical expression (21). Note that the
random coding exponent decreases monotonically with the
parameter N., which means a less reliable communication
can be achieved for a larger coherence time. Moreover, it is
impossible to transmit any information at a positive rate with
arbitrary small error probability when N, — oco. As expected,
the Shannon capacity is independent of N, and represents the
upper bound of R.

In order to get more insights into the effects of n and p on
coding requirements for STBC systems, the codeword length
L required to achieve a fixed error probability and rate, i.e.,
P, < 1075, R = 4 bits/symbol, is tabulated in Table I. We
observe from Table I that for each value of v, the codeword
lengths for channels with small values of n and p are much
longer than those for channels with large values of 7 and
w. This is due to the advantages of having more multipath
clusters. For example, the required codeword length for the
case of n = 0.2 and p = 0.2 is almost 5.4 times the codeword
length for the case of = 0.5 and p =1 for v = 12.5 dB.

Figure 2 illustrates the simulated, analytical (27) and high-

TABLE I
REQUIRED CODEWORD LENGTHS OF STBC SYSTEMS OVER 7)-1 FADING
CHANNELS AT A RATE R = 4 BITS/SYMBOL (2.77 NATS/SYMBOL) WITH
P.<10% Ny=N,=2,Q=25ANDN. =5

SNRy =02 p=05 p=1
(dB) n=0.2 n=1 n=20.5
10 460 110 70
12.5 160 45 30
15 85 30 20
17.5 55 20 15
20 35 15 10
7 T
Analytical
e Simulation
6| — — — High-SNR approximation

case: a,b,c

Cutoff rate Ry, [nats/symbol]

SNR v, [dB]

Fig. 2. Analytical, simulated and high-SNR approximation cutoff rate against
the transmit SNR for STBC systems over -y fading channels (N = N, = 4
and Q = 2.5).

SNR approximation (32) cutoff rate as a function of the
transmit SNR for STBC over n-p¢ MIMO fading channels with
different 7, 1 and N.. It can be seen that the cutoff rate is
a monotonically increasing function of v,  and . Note that
the effect of u on the cutoff rate is more pronounced than
that of 1. We also note that as N, increases, Ry reduces to
zero, while the Shannon capacity is independent of N,. This
difference reveals that the cutoff rate is more useful than the
Shannon capacity in reflecting the reliability of block-fading
channels, which is consistent with the results in [6], [21].

In Fig. 3, the random coding (21) and expurgated exponents
(28) are plotted as a function of R for different values of 7
and u. As expected, a performance improvement is observed
as u increases, which corresponds to more multipath clusters.
Likewise, we also observe that Gallager’s exponent increases
when 7 increases from 0.2 to 0.5, which indicates that a
shorter code is required to achieve the same level of reliable
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3.5 T T
\ Random coding exponent
— — — Expurgated exponent
3 e Simulation N
2.5 1
=
< 5 a:n=02,p=1.5 |
g b:n=02,p=2
é c:n=05,p=2
S 15f 1
5]
1r 4
0.5 ]
0
0 1 2 3 4 5
Information rate R, [nats/symbol]
Fig. 3.  Analytical and simulated results for both random coding and

expurgated exponents against information rate, R, for STBC systems over
n-p fading channels (Nt = N, = 2, N, = 20, Q = 2.5, v = 15 dB).

communications. However, the impact of p on Gallager’s
exponent is more pronounced than that of 7.

B. k-u fading channels

The x-p distribution models the small-scale variation of
the fading signal in a non-homogeneous environment. In a
physical x-p fading model, the phases of the scattered waves
are random and have similar delay times, while the spreads
of different clusters are relatively large within each cluster. It
is assumed that each cluster has a dominant component with
arbitrary power, and that the clusters of multipath waves have
scattered waves with identical powers. The p.d.f. of the k-

1 ptl

SNR is given by [18, Eq. (10)]
1
- exp (_u( +H)W)
exp (uk) Kk z Q2 Q

XQAG”E%¥M>

where x denotes the ratio between the total power of the
dominant components and the total power of the scattered
waves, while p is related to the number of the multipath
clusters. Note that the x-p distribution includes the Rician
and Nakagami-m distributions as special cases for ; = 1 and
K — 0, respectively.

We start our analysis by invoking [18], which showed that
the sum of M i.i.d. squared x-p RVs with parameters s, p,

+1

(1 —&-K)MTwMT_l

Pr—p (W) =

(34)

and € is also a k-pu RV with parameters «, My, and M.

Then, we can obtain the p.d.f. of z = Zf\g\/r hi|” as
i (NN (14 k) 2\ P
Prp £ T (N, N, +1) Q
1
X exp <—;mNtNr — %) (35)

where we have used [23, Eq. (8.445)]. Note that the infinite
series expression in (35), although is not in closed-form, is
more amenable to mathematical manipulations.

1) Random coding exponent analysis: We first present
analytical results on Gallager’s exponent, Shannon capacity
and cutoff rate of STBC over MIMO «-p fading channels.

Proposition 2: The random coding exponent of STBC over
k- MIMO fading channels can be expressed as in (36) at the
bottom of this page.

Proof: Following a similar line of reasoning as in Propo-
sition 1, the proof concludes by substituting (35) into (9) and
using (22). [ |

Note that the convergence of the infinite series in (36), can
be trivially demonstrated following the technique of (23).

Corollary 8: The Shannon capacity of STBC over MIMO
k- fading channels can be expressed as

_ (L4r) Ny = (NN,
(C) =exp (T — p NNy ; I
NN+l
(1+l‘i) /LNt
X 1;1 E\N,N+1+1-n <T . 37

Proof: Following a similar line of reasoning as in Corol-
lary 1, we can conclude the proof after some basic algebraic
manipulations. ]

Corollary 9: The cutoff rate of STBC over MIMO k-u
fading channels can be expressed as

1 2uN; (14x)\ e
Ry = _Eln M)

Qy
= ;mNt 21Ny (1+k)
x; % .

Proof: The proof is trivial and therefore omitted. ]

Corollary 10: The expurgated exponent of STBC over -

1 MIMO fading channels can be obtained as in (38) at the
bottom of next page.

Proof: The proof follows a similar line of reasoning as

in Corollary 3. [ ]

<€XP(—MﬁNtNr) <

(Nch_MNtNT_Z"_l;

Er (R, N, ) = 021 <0<I%&E§vt (A (0, 8) -

Z lmNt

=0

1
Fln

(Ncpa Ncp -

Ncp
(i Can (202202 L0

p(1+k) B(1+p)
) )

C

PN N, =1+ 1,

(36)
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2) High-SNR analysis: In order to obtain additional in-
sights, we now elaborate on the high-SNR regime. We begin
with the following result:

Corollary 11: The random coding exponent of STBC over
MIMO k-1 fading channels at high SNRs and for N.p <
1NN, can be expressed as in (39) at the bottom of this page.

Proof: We first take v — oo in (9) and keep only the
dominant term. Then, the desired result in (39) can be obtained
with the help of [23, Eq. (9.212.1)] and the following integral
identity [27, Eq. (3.15.2.5)]

oo

/x"e‘pzlv (avz) d

0
Fnts+1) (3)° v a?
= = F; -+ 1; 1;,—
TL(v+1) p71+§+11 1 n+2+ v+ 1
(40)

where Re (2n + v) > —2,Re (p) > 0. Note that the condition
on the arguments of (40) requires N.p < uN¢N,. |

Corollary 12: The Shannon capacity of STBC over k-u
MIMO fading channels at high SNRs can be written as

-~ >, (kN N,
(C) = exp (—uxNyN,.) Z %
=0 ’

v (w (4NN, +1) —In (“(1;;7:)]“)) (41)

Proof: The proof follows by applying a similar method-
ology as in Corollary 5. [ ]
Corollary 13: The cutoff rate of STBC over x-y MIMO
fading channels at high SNRs and for N, < uN;N, can be

IEEE TRANSACTIONS ON COMMUNICATIONS, ACCEPTED FORPUBLICATION

expressed as

R3° (R, Ne, Ky 1) = —1n<

L, (LN, —N.)
b (RN = Ne)
N, T (uN:N,)

2uN; (14 k)
Uy

151 (Ne; uN¢ Ny —ur Ne N )
(42)

Proof: The proof concludes by following a similar line
of reasoning as in Corollary 11. ]
Corollary 14: The expurgated exponent of STBC over x-u
MIMO fading channels at high SNRs and for N.p < uN; N,
can be expressed as in (43) at the bottom of this page.
Proof: The proof follows by applying a similar method-
ology as for the random coding exponent results presented in
Corollary 7. ]
3) Numerical results: Table II shows the required codeword
length L for MIMO &-p fading channels with N, = N, = 2,
Q=25 and N, =5 at P. < 1076 when ~ varies from 10
to 20 dB. It is clear from Table II that there is a considerable
reduction in the required codeword length when the values of
x and p increase. This is expected since for large values of «,
the dominant components of signals have more power, thereby
reducing the signal’s envelope fluctuations.

TABLE 11
REQUIRED CODEWORD LENGTHS OF STBC OVER k-p MIMO FADING
CHANNELS AT A RATE R = 4 BITS/SYMBOL (2.77 NATS/SYMBOL) WITH
P.<10% Nt =N.=2,Q=25ANDN. =5

SNR~y k=0 K=>5 k=10
(dB) p=1 pn=0.>5 nw=2
10 110 80 40
12.5 45 40 20
15 30 25 15
17.5 20 20 10
20 15 15 10

max

Eew (RaNca'k‘./a:u’) = max <0<B<Nt

p21

<Al (p7 ﬁ) -

Ne
Niln <exp(—;mNtNr) <w> ’

Qy

C

00 l
XZMU <Ncp;Ncp—uNtNr—l+1;w) —pR|. (38)
— ! Q-
- _ (Bt ()
EX (R, Ne, k, p) = Jnax, <0<r{181>§vt <A (p, B) — pln ( 0
1 [ (uN¢N,. — N¢p)
— Fy (Nop; uN;Ny: —usNiN,) ) | = pR .
N, H( TN, 1 (Nep; Ny prNeN;) pR 39
o _ ' (p. B — pin [ 2PHB A+ K)
E@z (Ra NC7 K, :u‘) - I;lza“f( <0<H,16’a<}§\7t <A (pa ﬁ) Pln < 97
1 I'(uNeN, — Nep) . .
N In ( TN, N, 1F1 (Nep; uNy Ny —uk Ny N, ) pR |. (43)
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Analytical Random coding exponent
e Simulation 4P — — — Expurgated exponent i
sll——~— High—SNR approximation ] e  Simulation
? ]
i 4l case: a,b,c ) - )
2 o g
= g
Qg 8r z 77 g il ﬁﬂ
5} z o - i 3 1
b o a: k=10,Q=2,N.=5 =)
- [€a]
= 2f = b: k=10,Q2=1,N.=5 4 4
2 o - ck=1,Q0=2N,=5
s b “ d: k=1,2=1,N,= 1000 1
1€ .7 g
e
L ]
d
0 23
0 5 10 15 20
SNR v, [dB]

Fig. 4. Analytical, simulated and high-SNR approximation cutoff rate against
the transmit SNR for STBC systems over x-p fading channels (N = N, = 4
and p = 0.5).

1.4 T
Analytical
- ¢ Simulation
< 1.2r| — — — High-SNR approximation
¢
=
=Y
)
< 0.8} a:k=10,u=1
& b:r=1p=1
g c:k=1,u=05 case: a, b, ¢
g o6l i
o0
k=
3
S 04r 4
g
]
=t
Z 0.2 1
é
0 : i
0 5 10 15 20
SNR 7, [dB]

Fig. 5. Analytical, simulated and high-SNR approximation random coding
exponent against the transmit SNR for STBC systems over x-p fading
channels (N¢ = N = 4, N. = 5, R = 4 nats/symbol and 2 = 1).

In Fig. 4, it can be seen that the analytical cutoff rate of
STBC over k-p MIMO fading channels exhibit a good match
with the simulation result. The high-SNR approximation (42)
remains sufficiently tight across a wide SNR range. Note that
an increase in x and {2 leads to higher values of cutoff rate.
As reflected in Fig. 2, the cutoff rate reduces to zero when
N, increases to infinity.

The accuracy of the high-SNR approximation (39) for the
random coding exponent of STBC over x-u MIMO fading
models is illustrated in Fig. 5. We have assumed an informa-
tion rate R = 4 nats/symbol and that the minimum SNR for
reliable communication should be more than 12 dB. Clearly,
the high-SNR expressions become sufficiently tight even at
moderate SNRs and can accurately predict the random coding
exponent for most practical SNR values. Note that the values

Fig. 6.  Analytical and simulated results for both random coding and
expurgated exponents against information rate, R, for STBC systems over
x-p fading channels (Ny = N, = 2, N, =5, Q2 = 2.5, v = 15 dB).

of random coding exponent increase when x and p increase,
whilst the effect of 1 is more pronounced than that of . This
is line with the conclusions drawn from Fig. 3.

In Fig. 6, the random coding and expurgated exponent are
depicted as a function of the SNR with different fading param-
eters. The outputs of a Monte-Carlo simulator are compared
with the exact expressions of Proposition 2 and Corollary
10, respectively. Once more, the match between theory and
simulation is excellent for all cases under consideration. Note
that the expurgated exponent is the lower bound of random
coding exponent in all cases considered here. Both exponents
are monotonically increasing functions in « and p, which
implies that the error probability of communication system
is lower with larger values of fading parameters, which also
coincides with the conclusions of Table II. Alternatively,
increasing the power of the dominant component requires a
smaller information rate to achieve the same value of error
exponent.

C. Special cases

In this subsection, we provide simplified analytical expres-
sions for a few of widely used fading channel models, namely
Nakagami-m, Rician, Rayleigh, and Hoyt, respectively. Note
that all subsequent results are presented with no proof since
the mathematical manipulations involved are straightforward.
The link to previously reported results, where available, is also
provided.

1) Nakagami-m fading channels: By setting y = m/2 and
n = 1 in the -y distribution, we can obtain the Nakagami-m
distribution. Then, the random coding and expurgated expo-
nents of Nakagami-m fading channels in (21) and (28) reduce
to (44) and (45) at the bottom of next page, respectively.
Note that (44) coincides with [11, Eq. (23)] after applying
the transformation [28, Eq. (8.4.46.1)]. We can also derive
the Shannon capacity and cutoff rate expressions of STBC
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over Nakagami-m fading channels as:
mN¢N,
mN; mN;
= En, _n — 46
(C) exp( o ) 321 NiNp—n+1 ( o > (46)

. . 2mNy
omn, o (U (Ve Ne = mNeV, + 1 2222 ))
Qy N, '

Ry =~

(47)

Note that (47) coincides with [11, Eq. (30)] after applying
the transformation [28, Eq. (8.4.46.1)]. Note that the above
expressions can be alternatively derived from the x-u formu-
lations by setting x — 0 and 1 = m.

2) Rician fading channels: The Rician distribution can be
obtained by setting © = 1 in the x-p distribution. Then,
the random coding and expurgated exponents of x-u fading
channels in (36) and (38) reduce to (48) and (49) at the
bottom of this page, respectively. Similarly, we can derive the
expressions of the Shannon capacity and cutoff rate for STBC
systems over Rician fading channels

K+1) N,
(C) = exp ((—Fi)t _ KNtNr>
Qy
> KNN LN K+1) N,
X Z A Z EN, N, +1-n+1 <(T’Y)t>
= n=1

Ry

2Nt(1+K)>N

1
_Fln (exp(—KNtNr) ( o0

c

o0

o Z KNt
=0

3) Rayleigh fading channels: We now turn our attention
to the classical Rayleigh fading model. When considering the
Rayleigh distribution, we simply set ;o = 0.5 and 7 = 1 in the
n-u distribution.

(Nch_NtNr_l""]-;

2N (1+K)
Qy ) '
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Therefore, the random coding and expurgated exponents of
n-p fading channels in (21) and (28) reduce respectively to

= 1 B (14-p) Nep
=g, (A@,m—mm (( 1)
B(+p)
T’y))) —pR

Necp
(2 r-m  (322)
Bp
)

Note that the Shannon capacity and cutoff rate expressions for
STBC over Rayleigh fading channels can be simply written
as

N:N,.
N, N,
©) :eXp( 7) 2 ENnt <9;)

n=1

1 aN, \ Ve
RO:——IH<(Q—t> U(NC,NC—NtNTH,
v

E, (R,N.)
x U ( cvacp - NtNr + 1;

Eey (R, N.)=max max
p>1 0<B<N,

XU( N¢p; Nep — NN, + 1;

(50)
2N,

Note that (50) coincides with [29, Eq. (20)] after some
algebra.

4) Hoyt fading channels: By setting . = 0.5 and 1 = ¢°
in the n-p distribution, the random coding and expurgated
exponents of Hoyt fading channels can be expressed as in
(51) and (52) at the bottom of next page, respectively.

In the same way, the expressions for the Shannon capacity
and cutoff rate of STBC systems over Hoyt fading channels

B 1 mB (1+p)\ " _ .mB(1+p)
L, (RvNCam) _0?3%{10282}5\7,5 <A(paﬁ)_ EHI((T U NcpaNcp_mNtNT+17T —PR
(44)
B , 1 2mhBp\ "’ . 2mhpBp
Eer (R,N.,m) = r;l;{(ognﬁl%}%t <A (p,B) — E In (( o U ( Nep; Nep — mNgN,. + 1; T’y — pR.
(45)
1 B(14x) (1+p)\ ™"
Ey (R, N, K) = JE%OE}%W (A (0,8) = 5 In (eXp“"NtN” (T
N 1 1
Z G Nop;Nep — NyN, — 1 + 1; w —pR (48)
=0 Sy
Eeo (RN, K) = A (p, B) — —1 (—kN:N,) 208 (14+#)\ ™
ea (R, Ne, K) = max max P, - In | exp (=ENN, o
>, (kNN,.)! 208 (1
%U <Ncp;Ncp—NtNr—l+1;w> )) — pR. (49)
! y
1=0
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are given by

1+¢%)%N,
o D) s (1 py?
F(NtN ) (1;;12)NtN7‘ = l' 1—|—q2
NN, +21 2
Z B (1+¢°)"N
2 Ny N,+2l—n+1 74Q"yq2
14q® "V g\ Ve
Ro= 11n(2q) ( 207¢° ) ZF(—NENTH)
0= NNy
N I (M%) L
1-¢*\” (1+%)>N,
X<1+q2) U NC7NC_NtNT_2l+1,T’yq2

IV. CONCLUSION

In this paper, a detailed Gallager’s exponent analysis of
MIMO systems employing STBC was presented in order to
investigate the fundamental tradeoff between communication
reliability and information rate. In particular, we considered
the n-p and x-p fading models, which have been exhaustively
used in the performance analysis of wireless communication
systems. For the considered models, new analytical expres-
sions for the exact random coding exponent were derived that
extend and complement several previous results on Rayleigh
and Nakagami-m fading channels. Note that all the special
functions in our results can be efficiently evaluated in stan-
dard software computer packages, such as MATLAB and
MATHEMATICA. Moreover, we elaborated on the expurgated
exponent, Shannon capacity and cutoff rate for which new
analytical formulas were deduced. By exploring Gallager’s
exponent, we were able to derive the required codeword
length to achieve a certain level of error probability and
draw significant insights into the reliability-rate tradeoff in
MIMO systems. Finally, we presented simplified high-SNR
closed-form expressions of the above performance metrics and
obtained additional physical insights into the implications of
several parameters (e.g., fading parameters, coherence time)
on the required codeword lengths for a prescribed error
probability. For example, we noticed that larger values of pu, n
and k tend to increase Gallager’s exponent or communication
reliability.
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