
IEEE TRANSACTIONS ON COMMUNICATIONS, ACCEPTED FOR PUBLICATION 1

Fourth-Order Statistics for
Blind Classification of Spatial Multiplexing and

Alamouti Space-Time Block Code Signals
Yahia A. Eldemerdash, Student Member, IEEE, Mohamed Marey, Member, IEEE,

Octavia A. Dobre, Senior Member, IEEE, George K. Karagiannidis, Senior Member, IEEE,
and Robert Inkol, Senior Member, IEEE

Abstract—Blind signal classification, a major task of intelligent
receivers, has important civilian and military applications. This
problem becomes more challenging in multi-antenna scenarios
due to the diverse transmission schemes that can be employed,
e.g., spatial multiplexing (SM) and space-time block codes
(STBCs). This paper presents a class of novel algorithms for blind
classification of SM and Alamouti STBC (AL-STBC) transmis-
sions. Unlike the prior art, we show that signal classification can
be performed using a single receive antenna by taking advantage
of the space-time redundancy. The first proposed algorithm relies
on the fourth-order moment as a discriminating feature and
employs the likelihood ratio test for achieving maximum average
probability of correct classification. This requires knowledge
of the channel coefficients, modulation type, and noise power.
To avoid this drawback, three algorithms have been further
developed. Their common idea is that the discrete Fourier trans-
form of the fourth-order lag product exhibits peaks at certain
frequencies for the AL-STBC signals, but not for the SM signals,
and thus, provides the basis of a useful discriminating feature
for signal classification. The effectiveness of these algorithms has
been demonstrated in extensive simulation experiments, where
a Nakagami-m fading channel and the presence of timing and
frequency offsets are assumed.

Index Terms—Signal classification, spatial multiplexing, Alam-
outi space-time block code, fourth-order statistics.

I. INTRODUCTION

BLIND signal classification, an important task of intel-
ligent receivers, finds applications in both military and

commercial communications, such as electronic warfare, radio
surveillance, civilian spectrum monitoring, and cognitive radio
systems [1]–[7]. For example, the strategies employed by cog-
nitive radio systems to opportunistically exploit the available
spectrum require knowledge of signals in the environment to
evaluate the likelihood of interfering with them [4]–[7].
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Most previous work on blind signal classification has fo-
cused on single-input single-output scenarios [8]–[16]. How-
ever, the advent and rapid adoption of multiple-input multiple-
output techniques adds a further level of complexity. These
multiple antenna systems introduce new and challenging signal
classification problems, such as estimation of the number
of transmit antennas and the space-time code. Signal clas-
sification in the context of multiple antenna systems has
been addressed by a relatively small number of papers [17]–
[26]. The problems considered by these papers included the
estimation of the number of transmit antennas [17], [18],
modulation classification [19], [20], and the classification of
linear space-time block codes (STBCs) [21]–[26].

Regarding STBC classification algorithms, they can be
divided in two general categories: likelihood-based [21] and
feature-based [22]–[26]. Likelihood-based algorithms calcu-
late the likelihood function of the received signal, and employ
the maximum likelihood criterion to make a decision [21].
These algorithms require channel estimation, time, block, and
frequency synchronization, and knowledge of the modulation
format, while they suffer from high computational complexity.
In [22], [23], the space-time second-order correlation function
is used as a discriminating signal feature, with the decision
being made by comparing the feature with a threshold [22] or
based on the minimum distance between the theoretical and
estimated features [23]. Signal cyclostationarity-based features
are used in [24]–[26], with the decision made based on a
cyclostationarity test. Most of the previous research [22]–
[25] require multiple receive antennas. However, in many
practical applications, size, power, and cost constraints on the
receivers may favor single receive antenna solutions for STBC
classification.

In this work, the goal is to investigate the classification
capability of a radio equipped with a single receive antenna.
Given the assumption that either spatial multiplexing (SM)
or Alamouti (AL) STBC is used by the received signal, it is
shown that the fourth-order moment (FOM) and the discrete
Fourier transform (DFT) of a fourth-order lag product (FOLP)
can be efficiently used to blindly classify these signals1. Based
on this result, four classification algorithms are proposed. The

1Note that the second-order signal statistics can be employed as dis-
criminating features with multiple receive antennas [22]–[25]. Hence, the
direct extension of a fourth-order statistic-based algorithm to multiple receive
antennas makes little sense.
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first algorithm is FOM-based and employs the likelihood ratio
test (LRT) for decision making. Unfortunately, its practical
implementation is complicated by the requirement for knowl-
edge of the channel coefficients, modulation type, and noise
power. To avoid this requirement, we propose three further
algorithms which are based on the DFT of the FOLP and
are referred to as FOLP-based algorithms. Furthermore, we
investigate the performance of the proposed algorithms in the
presence of diverse model mismatches, such as timing and
frequency offsets, Doppler frequency, and spatially correlated
fading.

The rest of this paper is organized as follows: Section II
introduces the system model. Sections III and IV develop the
FOM and FOLP-based classification algorithms, respectively.
Simulation results are presented in Section V. Finally, conclu-
sions are drawn in Section VI.

II. SYSTEM MODEL

We consider a wireless communication system which em-
ploys linear space-time block coding with multiple transmit
antennas. Each block of Ns modulated symbols is encoded
to generate Nt parallel signal sequences of length L. These
sequences are transmitted simultaneously with Nt antennas
in L consecutive time periods [27], [28]. We denote the
bth block of Ns complex symbols to be transmitted by the
column vector Xb =

[
xb,0, ...,xb,Ns−1

]T , with the superscript
T denoting transposition. The data symbols are assumed
to belong to an M-point signal constellation and consist
of independent and identically distributed random variables
with zero mean and second-order statistics2 E

{
|x|2
}
= 1 and

E
{

x2
}
= E

{
(x∗)2

}
= 0. Here, E{.} and ∗ denote statistical

expectation and complex conjugate operations, respectively.
Further, we denote the Nt ×L space-time coding matrix and
the (l + 1)th column of this matrix by G(Xb) and Gl(Xb),
0 ≤ l < L, respectively.

For SM, a block of Ns = Nt symbols is transmitted simul-
taneously via the Nt antennas in a single time period (L = 1),
with the coding matrix given as [27]

G
SM(Xb) =

[
xb,0, ...,xb,Nt−1

]T
. (1)

For the AL-STBC, a block of two symbols (Ns = 2) is
transmitted via two antennas (Nt = 2) in two consecutive time
periods (L = 2), with the coding matrix given as [29]

G
AL(Xb) =

[
xb,0 −x∗b,1
xb,1 x∗b,0

]
, (2)

where the rows and columns correspond to the transmit
antennas and time periods, respectively.

We consider a receiver with a single antenna, and assume
that the length and time alignment of the STBC blocks are
unknown. Without loss of generality, we assume that the first
received symbol, denoted by r(0), intercepts the (k1 + 1)th
column, 0 ≤ k1 < L, of the bth transmitted block, denoted by

2Results for the fourth-order statistics of SM and AL-STBC, given in Sec-
tions III and IV, are obtained under the assumption that E

[
x2
]
=E

[
(x∗)2

]
= 0;

this corresponds to M-ary phase-shift-keying (PSK) and quadrature amplitude
modulation (QAM) constellations with M ≥ 4 [8].

Gk1(Xb). Under these assumptions, the kth intercepted symbol,
r(k), k ≥ 0, is expressed as [22]

r(k) = HS(k)+w(k), (3)

where S(k) = Gp(Xq), with p = (k+ k1)mod L, q = b+(k+
k1) div L, and z mod L and z div L denoting respectively the
remainder and the quotient of the division z/L, w(k) represents
the complex additive white Gaussian noise (AWGN) with
zero-mean and variance σ2

w, and H = [h0, ...,hNt−1] is the
vector of the fading channel coefficients, which are considered
to be constant over the observation period.

The objective is to blindly classify the SM and AL-STBC
from K received symbols, r(k), 0 ≤ k ≤ K − 1, when Nt = 2
and a single receive antenna is available. This is formulated
as a binary hypothesis testing problem: under hypothesis H0,
the decision that SM is received is made, while the AL-STBC
is selected under hypothesis H1.

Since lower-order statistics do not provide discriminating
signal features for the SM and AL-STBC with M-ary PSK
and QAM, M ≥ 4, we resort to fourth-order statistics. Next,
we show how the FOM and FOLP of the received signal can
be exploited in the four proposed classification algorithms.

III. FOM-BASED ALGORITHM

The first algorithm relies on the fourth-order moment of the
received signal, and applies the LRT to obtain the maximum
average probability of correct classification. More specifically,
we employ the fourth-order/ zero-conjugate (4,0) moment at
a delay-vector [0,0,1,1], defined as [30]

mr,4,0 = E
{

r2(k)r2(k+ 1)
}
. (4)

Note that for simplicity, the delay-vector is not specified in
the moment notation. Theoretical values of this moment are
subsequently derived, and the LRT is formulated based on the
moment sample estimate distribution.

By using (1)-(3), the second-order statistics of data symbols,
and the independence of the symbol and noise sequences, the
respective expressions for mr,4,0 of the SM and AL-STBC can
be obtained as,

mSM
r,4,0 = 0, and mAL

r,4,0 = h2
0h2

1cx,4,2, (5)

where h0 and h1 are the channel coefficients, and cx,4,2 =
E
{
|x|4
}
− 2(E

{
|x|2
}
)2 represents the (4,2) cumulant corre-

sponding to the signal constellation.
In practice, we estimate mr,4,0 based on K observed symbols

(equal here to the number of samples) as [30],

m̂r,4,0 =
1
K

K−1

∑
k=0

r2(k)r2(k+ 1). (6)

Following the same procedure as [31], the sample estimate
can be shown to be unbiased and asymptotically Gaussian
distributed. Furthermore, by applying some mathematical ma-
nipulations to (1)-(3), and (6), we obtain the respective expres-
sions for the variance of m̂r,4,0 for the SM and AL-STBC given
by (7) and (8), where mx,α ,β = E{xα−β (x∗)β} represents the
(α,β ) moment corresponding to the signal constellation. Ex-
amples of moments and cumulants corresponding to different
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σ2
SM = 1

K

{
16|h0|4|h1|4 +(mx,4,2)

2(|h0|4 + |h1|4)2 + 8mx,4,2(|h0|6|h1|2 + |h0|2|h1|6)
+σ8

w + 8σ6
w(|h0|2 + |h1|2)+ 40σ4

w|h0|2|h1|2 + 32σ2
w(|h0|4|h1|2 + |h0|2|h1|4)

+18mx,4,2σ4
w(|h0|4 + |h1|4) +8mx,4,2σ2

w(|h0|6 + |h0|4|h1|2 + |h0|2|h1|4 + |h1|6)
}
.

(7)

σ2
AL = 1

K

{
(mx,4,2)

2(|h0|8 + |h1|8)+ 4(mx,6,3 +mx,4,2)(|h0|6|h1|2 + |h0|2|h1|6)+σ8
w

+8σ6
w(|h0|2 + |h1|2)+ 8mx,4,2σ2

w(|h0|6 + |h1|6)+ 2mx,4,2σ4
w(5|h0|4 + 8|h0|2|h1|2 + 5|h1|4)

+4σ2
w(mx,6,3 + 5mx,4,2 + 4)(|h0|4|h1|2 + |h0|2|h1|4)+ 8σ4

w(|h0|4 + 3|h0|2|h1|2 + |h1|4)}.
(8)

TABLE I
MOMENT AND CUMULANT VALUES FOR VARIOUS SIGNAL

CONSTELLATIONS.

QPSK 8-PSK 16-QAM 64-QAM

mx,2,1 = cx,2,1 1 1 1 1
mx,4,2 1 1 1.32 1.38
cx,4,2 -1 -1 -0.68 -0.619
mx,6,3 1 1 1.96 2.2
cx,6,3 4 4 2.08 1.7972

signal constellations are provided in Table I, for α = 2,4,6,
and diverse β s [8].

Based on the statistical properties of the fourth-order mo-
ment sample estimate, m̂r,4,0, it is straightforward to write
the following expressions for the probability density functions
conditional on the hypothesis H0 (SM signal) and H1 (AL-
STBC signal), respectively as

p(m̂r,4,0 |H0 )=
1

πσ2
SM

exp

(
−|m̂r,4,0|2

σ2
SM

)
, (9)

and

p(m̂r,4,0 |H1 )=
1

πσ2
AL

exp

(
−
∣∣m̂r,4,0 − h2

0h2
1cx,4,2

∣∣2
σ2

AL

)
. (10)

Under the assumption of equally likely hypotheses and after
simple mathematical manipulations, the LRT becomes

|m̂r,4,0|2

σ2
SM

−
∣∣m̂r,4,0 − h2

0h2
1cx,4,2

∣∣2
σ2

AL

H1
≷
H0

ln
σ2

AL

σ2
SM

. (11)

The distributions of m̂r,4,0 conditional on hypothesis H0

and H1, given in (9) and (10), can be used to analytically
determine the probability of correct classification for SM and
AL-STBC signals, respectively. From the statistical commu-
nication theory [32], it follows that

P(λ = ξ |ξ ,h0,h1) = 1−Q

⎛
⎝∣∣h2

0h2
1cx,4,2

∣∣√
2σ2

ξ

⎞
⎠ , ξ ∈ {SM, AL} ,

(12)
where λ is the estimated signal type, P(λ = ξ |ξ ,h0,h1),ξ ∈
{SM, AL}, is the probability of correct classification of ξ
conditional on the channel coefficients, and Q(.) is the Q-

function, defined as Q(x) =
∫ ∞

x
1√
2π e−

t2
2 dt [32]. Furthermore,

the probability of correct classification, P(λ = ξ |ξ ), can be
obtained by averaging (12) over the channel coefficients h0

and h1 as,

P(λ = ξ |ξ ) = 1−
∞∫

0

∞∫
0

Q

⎛
⎝ γ2

0 γ2
1 |cx,4,2|√

2σ2
ξ

⎞
⎠ p(γ0) p(γ1)dγ0dγ1,

(13)
where γi represents the magnitude of hi, i = 0,1. Note that,
according to (7) and (8), σ2

ξ is a function of γ0 and γ1. As there
is no closed-form solution for (13), we used the trapezoidal
numerical method described in [33] to solve the integration.

The FOM-based algorithm employs the LRT for achieving
a maximum average probability of correct classification [34],

Pc =
1
2 ∑

ξ∈{SM, AL}
P(λ = ξ |ξ ) . (14)

However, this requires knowledge of the channel coefficients,
modulation type, and noise power. Given perfect estimates
of such parameters, this result represents a performance up-
per bound that is useful for evaluating the performance of
the other proposed algorithms. The FOM-based algorithm is
summarized below.

The FOM-based algorithm
Required signal pre-processing: Blind carrier frequency and
timing synchronization, blind classification of the modulation type,
blind estimation of the channel coefficients, and estimation of the
noise power.
Input: The observed symbols r(k), k = 0,1, ...,K −1, modulation
type, channel coefficients, frequency and timing information, and
noise power.
- Compute the reference FOM of AL as h2

0h2
1cx,4,2.

- Estimate the FOM of the received signal using (6).
- Compute σ2

SM using (7).
- Compute σ2

AL using (8).

if |m̂r,4,0|2
σ2

SM
− |m̂r,4,0−h2

0h2
1cx,4,2|2

σ2
AL

> ln σ2
AL

σ2
SM

then
- AL-STBC is declared present (H1 true).

else
- SM is declared present (H0 true).

end if

IV. FOLP-BASED ALGORITHMS

Based on the DFT of the FOLP at delay-vector [0,0,1,1],
three classification algorithms for the SM and AL-STBC are
developed. The main advantage of these algorithms is that
they do not require knowledge of the channel coefficients,
modulation type, and noise power.

Consider the sequence y = [y(0),y(1), ...,y(K − 1)] , with
y(k) = r2(k)r2(k + 1), k = 0,1, ...,K − 1. Since a random
variable can be expressed as the sum of its mean and another
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r2(0) r2(1) r2(2) r2(3) r2(4) r2(5) . . .

y(0) y(2) y(4)

y(1) y(3)

. . .

. . .

Event �1

Event �2

(a)

r2(0) r2(1) r2(2) r2(3) r2(4) r2(5) . . .

y(0) y(2) y(4)

y(1) y(3)

. . .

. . .

Event �2

Event �1

(b)

Fig. 1. Illustration of events ℑ1 and ℑ2 when (a) r(0) corresponds to the beginning of the AL-STBC block, (b) r(0) does not correspond to the beginning
of the AL-STBC block. Solid lines are used to delimitate symbols which do not belong to the same block and dashed lines to delimitate symbols which
belong to the same block.

zero-mean random variable which represents the deviation
from the mean [35], y(k) can be written for the SM and AL-
STBC respectively as,

ySM(k) = E{ySM(k)}+ψSM(k), (15)

and

yAL(k) = E{yAL(k)}+ψAL(k), (16)

where E{yξ (k)} is the mean of yξ (k), and ψξ (k) is its
deviation from the mean, ξ ∈ {SM, AL}.

Based on (2)-(5), one can easily show that E{yAL(k)}
equals 2h2

0h2
1cx,4,2 when r(k) and r(k + 1) belong to the

same transmitted data block (event ℑ1), and zero when they
do not (event ℑ2). The difference between events ℑ1 and
ℑ2 is illustrated in Fig. 1. Apparently, under the event ℑ1,
E{yAL(k)} is a constant, C = 2h2

0h2
1cx,4,2, which depends on

the modulation type and channel coefficients. Further, ψAL(k)
can be considered as a noise component that hides the presence
of C if yAL(k) is received. Furthermore, based on (1), (3)-
(5), it is easy to show that E{ySM(k)} = 0; thus, ψSM(k)
can be seen as a noise component which hides the absence
of C if ySM(k) is received. In the absence of such noise
components, i.e., ψSM(k) = ψAL(k) = 0, the FOLP sequence
for the AL-STBC code would be either [C,0,C,0,C,0,C, ...]
or [0,C,0,C,0,C,0, ...], depending on whether or not r(0)
and r(1) correspond to the same data block, and the FOLP
sequence for SM would be [0,0,0,0,0,0, ...]. The following
discussion shows how this property can be exploited as a
feature for distinguishing between the SM and AL-STBC in
the frequency domain.

Let Y = [Y (0),Y (1), ...,Y (K−1)] denote the K-point DFT3

of y, with

Y (n) =
1√
K

K−1

∑
k=0

y(k)e− j2πkn/K , n = 0,1, ...,K − 1. (17)

By replacing (15) and (16) in (17), it follows that

3Note that, without loss of generality, K is assumed to be even.

Y SM(n) = ΨSM(n), n = 0,1, ...,K − 1, (18)

and

Y AL(n) =

{
E +ΨAL(n), n = 0,K/2,

ΨAL(n), otherwise,
(19)

where ΨSM(n) and ΨAL(n) represent the DFT of ψSM(k) and
ψAL(k), respectively. E =

√
K

2 C if r(0) and r(1) belong to

the same transmitted data block, and E = ± K−2
2
√

K
C ≈ ±

√
K

2 C
otherwise; the plus sign corresponds to n = 0 and the minus
sign to n = K/2. Clearly, (18) and (19) indicate that |Y (n)|
does not exhibit peaks for SM, but it does for the AL-STBC
at n = 0,K/2.

From (17), Y (n) is composed of a large number of contribu-
tions when K is large. Consequently, the central limit theorem
indicates that Y (n) should have a Gaussian distribution when
K tends to infinity. A closer look at (17) and (18) reveals that
the asymptotic distribution of Y (n), n = 0, · · ·K−1, for SM is
Gaussian with zero mean. In addition, further consideration
of (17) and (19) indicates that the asymptotic distribution
of Y (n) for the AL-STBC is also Gaussian with zero mean
at n = 0, · · ·K − 1, n 	= 0,K/2, and non-zero mean, E , at
n = 0,K/2.

The following subsections describe the development of the
decision criteria that form the basis of the three proposed
FOLP-based classification algorithms.

A. FOLP-A classification algorithm

The basic idea of the FOLP-A classification algorithm is
to test for the existence of peaks in |Y (n)|, either at n = 0
or n = K/2, as follows. We define n1 as the value of n that
maximize |Y (n)|,

n1 = argmax
n

|Y (n)|, n = 0,1, ...,K − 1. (20)

If n1 ∈ {0,K/2}, the AL-STBC is declared present (H1

true); otherwise, SM is declared present (H0 true). A summary
of the proposed FOLP-A algorithm is provided below.
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The FOLP-A algorithm
Required signal pre-processing: Blind carrier frequency and
timing synchronization.
Input: The observed symbols r(k), k = 0,1, ...,K − 1, and fre-
quency and timing information.
- Compute the fourth-order lag product y(k) = r2(k)r2(k+1).
- Compute Y (n) using (17).
- n1 = argmaxn |Y (n)|, n = 0,1, ...,K −1.
if n1 ∈ {0,K/2} then

- AL-STBC is declared present (H1 true).
else

- SM is declared present (H0 true).
end if

B. FOLP-B classification algorithm

The FOLP-B classification algorithm exploits the statistical
properties of |Y (n)|, n= 0, · · · , K−1, to decide whether |Y (n)|
exhibits a peak either at n= 0 or n=K/2. Note that E depends
on the modulation format and the channel coefficients, which
are unknown at the receiver; as such, the statistics of Y (n = 0)
and Y (n = K/2) for the Alamouti code are unknown, as well.
The basic idea behind this algorithm is to set a threshold,
ε , to achieve a given probability of false alarm4, Pf a. As a
consequence, if either |Y (n = 0)| or |Y (n = K/2)| is greater
than ε , the AL-STBC is declared present (H1 true); if not,
SM is declared present (H0 true). The problem is to set
this threshold to yield the desired value of Pf a. Since the
distributions of Y (n = 0) and Y (n = K/2) for the SM are
Gaussian with zero mean, the distributions of |Y (n = 0)| and
|Y (n = K/2)| are Rayleigh. Accordingly, the probability of
false alarm, Pf a, can be expressed as

Pf a =

∞∫
ε

2x
Ω

e
−x2

Ω dx, (21)

where Ω represents the second-order moment which charac-
terizes the Rayleigh distribution. Hence, ε can be calculated
as

ε =
√
−Ω ln

(
Pf a
)
. (22)

In practice, an estimate of Ω is employed, which is obtained
as

Ω̂ =
1

K − 2

[
K−1

∑
n=0,n 	=0,K/2

|Y (n)|2
]
. (23)

Note that |Y (0)| and |Y (K/2)| are excluded, as these have a
different distribution if the AL-STBC is present (hypothesis
H1).

Fig. 2 presents the distribution of |Y (n)| with n 	= 0,K/2
for the AL-STBC with quadrature PSK (QPSK) modula-
tion, K = 2048, and 20 dB signal-to-noise ratio (SNR). We
also show the theoretical Rayleigh distribution with Ω = Ω̂.
Since the simulation and theoretical results are in reasonable
agreement, the assumption that |Y (n)| with n 	= 0,K/2 has a
Rayleigh distribution is validated. Similar results are obtained
for
∣∣Y SM(n)

∣∣, but are not shown due to space considerations.

4The probability of false alarm is defined as the probability of incorrectly
deciding that a statistically significant peak is present.
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Fig. 2. Distribution of |Y (n)|, n 	= 0,K/2, for the AL-STBC with QPSK
modulation and K = 2048, at SNR=20 dB over Nakagami-m channel, m = 3.
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Fig. 3. |Y (n)| for the AL-STBC with QPSK modulation and K = 2048, at
SNR = 20 dB over Nakagami-m channel, m = 3.

Furthermore, Fig. 3 depicts |Y (n)| for the AL-STBC as a
function of n, along with the threshold ε associated to the
probability of false alarm Pf a = 10−2. Note that the value
of |Y (n)| is greater than ε for n = 0,K/2, as expected. A
summary of the proposed FOLP-B is provided below.

The FOLP-B algorithm
Required signal pre-processing: Blind carrier frequency and
timing synchronization.
Input: The observed symbols r(k), k = 0,1, ...,K − 1, and fre-
quency and timing information.
- Compute the fourth-order lag product y(k) = r2(k)r2(k+1).
- Compute Y (n) using (17).
- Estimate Ω using (23).
- Compute ε using (22) based on the target Pf a.
if |Y (0)| or |Y (K/2)| ≥ ε then

- AL-STBC is declared present (H1 true).
else

- SM is declared present (H0 true).
end if

C. FOLP-C classification algorithm

The basic idea of the FOLP-C classification algorithm is to
measure the distance between the positions of the two most
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prominent peaks in |Y (n)|; this equals K/2 for the AL-STBC,
whereas it does not for SM. We define n1 as in (20), and n2

as

n2 = argmax
n

|Y (n)|, n = 0,1, ...,K − 1,n 	= n1. (24)

If |n1 − n2| = K/2, then the AL-STBC is declared present
(H1 true); otherwise, SM is declared present (H0 true).

A summary of the proposed FOLP-C algorithm is provided
below.

The FOLP-C algorithm
Required signal pre-processing: Timing synchronization.
Input: The observed symbols r(k), k = 0,1, ...,K −1 and timing
information.
- Compute the fourth-order lag product y(k) = r2(k)r2(k+1).
- Compute Y (n) using (17).
- n1 = argmaxn |Y (n)|, n = 0,1, ...,K −1.
- n2 = argmaxn |Y (n)|, n = 0,1, ...,K −1,n 	= n1.
if |n1 −n2|= K/2 then

- AL-STBC is declared present (H1 true).
else

- SM is declared present (H0 true).
end if

V. SIMULATION RESULTS

A. Simulation setup

The performance of the proposed algorithms was evaluated
using Monte Carlo simulations with 1000 trials employed
for each scenario. Unless otherwise indicated, QPSK mod-
ulation was used, K = 1024, Pf a = 10−2 for the FOLP-B
classification algorithm, and the received signal was affected
by AWGN with variance σ2

w and a frequency-flat Nakagami-
m fading channel [36], with m = 3, and E

{∣∣h2
i

∣∣} = 1, i =
0,1. Under the assumption of unit variance constellations,
the SNR was defined as 10 log10(Nt/σ2

w). Two performance
measures, the probability of correct classification, P(λ = ξ |ξ ),
ξ ∈ {SM, AL}, and the average probability of correct classi-
fication, given in (14), were used.

.

B. Performance evaluation

Fig. 4 shows the analytical and simulation results for the
probability of correct classification achieved with the FOM-
based classification algorithm over Nakagami-m fading chan-
nel for m = 3 and 1. Note that the simulation and theoretical
results are in very good agreement. The performance deterio-
rates as the effect of the channel increases. The explanation is
that the increase in the variance of h0 and h1 with decreasing
m leads to an increase in the variance of m̂r,4,0 and contributes
to erroneous decisions.

The probability of correct classification for the three pro-
posed FOLP-based classification algorithms over Nakagami-m
fading channel, m = 3 and 1, is presented in Fig. 5. Note
that for all FOLP-based algorithms, the channel parameter
m and SNR affect the probability of correct classification
for the AL-STBC, P(λ = AL|AL), but do not for SM. In
general, the noise components and the channel coefficients
control the peaks that appear in |Y AL(n)| at n = 0,K/2, as can
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Fig. 4. Probability of correct classification, P(λ = ξ |ξ ), ξ ∈ {SM, AL},
versus SNR for different Nakagami-m fading channels, for the FOM-based
classification algorithm with QPSK modulation and K = 1024.
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Fig. 5. Probability of correct classification, P(λ = ξ |ξ ), ξ ∈ {SM, AL},
versus SNR for different Nakagami-m fading channels, for the FOLP-based
classification algorithms with QPSK modulation and K = 1024. Pf a = 10−2 for
the FOLP-B classification algorithm. Solid lines are used for P(λ = AL|AL)
and dashed lines for P(λ = SM|SM).

be seen from (19). For the SM, Y SM(n),n = 0,1, ...,K − 1,
can be shown to be statistically independent and identically
distributed. Accordingly, the peak of |Y SM(n)| can occur at
any position n with the same probability, i.e., P(|Y (0)| =
max |Y (n)|) = P(|Y (K/2)|= max |Y (n)|) = 1/K, regardless of
the channel parameter m and noise power. Recall that, for
the FOLP-A algorithm, SM is not declared present if the
maximum occurs either at n = 0 or K/2. Hence, P(λ =
SM|SM) = 1 − 2/K and this approaches one for large K.
For the FOLP-C algorithm, SM is not declared present if
|n1 − n2| = K/2, with n1 and n2 defined by (20) and (24),
respectively. In this case, P(λ = SM|SM) = (K − 2)/(K− 1),
which also approaches one for large K. On the other hand,
for the FOLP-B classification algorithm, the probability of
correctly classifying SM is predetermined by the probability
of false alarm, i.e., P(λ = SM|SM) = 1 − 2Pf a, which is
independent of SNR and m. It is noteworthy that the results
of this analysis agree with simulation findings shown in Fig.
5.
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TABLE II
COMPUTATIONAL COST OF THE PROPOSED ALGORITHMS AND THOSE IN [21] AND [26].

Classification algorithm Computational cost Number of flops for
(flops) K = 1024, M = 4,

ρ = 4, and W = 100

Optimal likelihood [21] 240KM2 3,932,160
Cyclostionarity [26] 18ρK +5ρK log2 ρK +27W 322,188

FOM 20K +233 20,713
FOLP-A 22K +5K log2 K 73,728
FOLP-B 22K +5K log2 K 73,728
FOLP-C 23K +5K log2 K 74,752
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Fig. 6. Performance comparison of the proposed algorithms and the ones
in [21] and [26] over Nakagami-m fading channel, m = 3, with QPSK
modulation, K = 1024.

C. Performance comparison

Fig. 6 compares the average probability of correct classifi-
cation, Pc, achieved by the proposed algorithms, the optimal
likelihood-based algorithm in [21], and the cyclostionarity-
based algorithm in [26]. An oversampling factor ρ = 4 and
a window size W = 100 are used with the algorithm in [26].
Pf a = 10−2 for both FOLP-B classification algorithm and the
algorithm in [26]. As expected, the algorithm in [21] provides
the best performance, as it exploits the full probability density
function of the received signal5. Furthermore, the FOM-
based classification algorithm outperforms the FOLP-based
algorithms, since it uses the LRT to make the decision. On the
other hand, the algorithm in [26] has the lowest performance,
as accurate estimation of the fourth-order cyclic cumulant
requires a relatively large observation period. For example,
we observed that the values obtained for Pc showed a strong
dependence on K, ranging from Pc = 0.96 for K = 4096 to
Pc = 0.86 for K = 1024 at SNR= 20 dB.

Additionally, the computational cost measured by the re-
quired number of floating point operations (flops) [37] is
provided in Table II for the proposed algorithms and those
described in [21] and [26]. As can be seen, the FOM-based
algorithm has the lowest computational cost followed by
the FOLP-based algorithms. The computational cost of the
algorithms in [21] and [26] is considerably higher.

5However, it is well known that this approach heavily relies on pre-
processing, is sensitive to model mismatches, and is computationally complex.

512 1024 2048 4096

0.7

0.75

0.8

0.85

0.9

0.95

1

K

P
c

 

 

FOM
FOLP − B
FOLP − A
FOLP − C

Fig. 7. The effect of K on the average probability of correct classification,
Pc, for the proposed algorithms over Nakagami-m channel, m = 3, with QPSK
modulation at SNR = 10 dB. Pf a = 10−2 for the FOLP-B classification
algorithm.

D. Effect of the number of observed samples

Fig. 7 illustrates the effect of the number of received
samples, K, on the average probability of correct classification,
Pc, for the proposed classification algorithms at SNR=10 dB.
Note that the performance improves with increasing K. This
can be explained as follows. For the FOM-based classifi-
cation algorithm, the estimate of the fourth-order moment
improves as K increases, thus improving the probability of
correct classification. On the other hand, for the FOLP-based
classification algorithms, the noise contributions that affect
the peaks in |Y AL(n)| at n = 0,K/2 decrease with increasing
K, thus improving the classification performance for the AL-
STBC. The SM classification performance approaches unity
for sufficiently large K for the FOLP-A and FOLP-C al-
gorithms, but is relatively insensitive to K for the FOLP-B
algorithm. Overall, the classification performance improves
with increasing K. Furthermore, Fig. 7 indicates that low
values of K have a particularly adverse effect on the FOLP-
C algorithm. The explanation is that the FOLP-C algorithm
requires the detection of two peaks (see (20) and (24)) to
classify the AL-STBC with, whereas the detection of either
of the two peaks is sufficient for the FOLP-A and FOLP-B
algorithms.

E. Effect of the modulation type

Fig. 8 depicts the effect of the modulation type on the av-
erage probability of correct classification, Pc, for the proposed
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Fig. 8. The effect of the modulation type on the average probability of
correct classification, Pc, for the proposed algorithms over the Nakagami-m
channel, m = 3, with K = 2048 at SNR = 10 dB. Pf a = 10−2 for the FOLP-B
classification algorithm.

algorithms at SNR=10 dB, and K = 2048. The explanation
for the dependence of the classification performance on the
modulation type is as follows. According to Section III, the
performance of the FOM-based algorithm is determined by
the Euclidean distance between zero and h2

0h2
1cx,4,2, with the

classification performance improving as the distance increases.
This distance does not depend on the M-PSK constellation,
i.e., cx,4,2 is independent of M, whereas for the M-QAM
constellations, it decreases as M increases. For the FOLP-
based algorithms, classification of SM is not affected by the
modulation type (this can be seen from the previous discussion
on P(λ = SM|SM)). On the other hand, classification of the
AL-STBC is independent of M for the M-PSK constellations,
whereas this depends on M for M-QAM constellations. This is
because the peaks in |Y AL(n)| at n = 0,K/2 depend on cx,4,2.

F. Effect of the frequency offset

Fig. 9 presents the effect of the frequency offset normalized
with respect to the data rate, Δ f , on the average probability
of correct classification, Pc, for the proposed algorithms at
SNR=10 dB and K = 2048. These results show that the FOM-
based classification algorithm is sensitive to Δ f . This behavior
is consistent with the analysis in the Appendix, where it is
shown that a frequency offset affects the FOM of the AL-
STBC signal. The performance of the FOLP-A and FOLP-
B algorithms is also affected by Δ f . The explanation is that
Δ f introduces a shift in the peaks in

∣∣Y AL(n)
∣∣, n = 0,K/2,

except for the cases where Δ f is an integer multiple of 1/8
(see Appendix for the proof), and the decision criteria rely
on the presence of a peak either at n = 0 or n = K/2. On
the other hand, the performance of the FOLP-C algorithm is
relatively insensitive to the frequency offset. This is because
the decision criterion depends on the distance between the
peak positions, which is unaffected by Δ f (see Appendix
for the proof). Nevertheless, some performance degradation
results when the shifted positions are misaligned with the DFT
bins, since the peak values are attenuated (see Appendix for
the proof).
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Fig. 9. The effect of the frequency offset on the average probability of correct
classification, Pc, for the proposed algorithms over Nakagami-m channel, m=
3, with QPSK modulation and K = 2048 at SNR = 10 dB. Pf a = 10−2 for
the FOLP-B classification algorithm.
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Fig. 10. The effect of the timing offset on the average probability of correct
classification, Pc, over Nakagami-m channel, m = 3, with QPSK modulation
and K = 2048 at SNR = 10 dB. Pf a = 10−2 for the FOLP-B classification
algorithm.

G. Effect of the timing offset

The previous analysis assumed perfect timing synchro-
nization. Here we evaluate the performance of the proposed
algorithms in the presence of a timing offset, 0 ≤ μ < 1.
For the case of rectangular pulse shaping, after the matched
filtering, the timing offset, μ , translates into a two path channel
[1−μ ,μ ] [11]. Fig. 10 shows the performance of the proposed
algorithms as a function of μ at SNR=10 dB and K = 2048.
The FOLP-based algorithms display much less sensitivity to
timing offsets than the FOM-based algorithm.

H. Effect of the spatially correlated fading

Independent fading was considered in the previous anal-
ysis. Here we show the effect of correlated fading on the
classification performance. Correlated Nakagami-m fading was
generated using correlated complex-valued Gaussian variables
([38], p. 25), the inverse cumulative distribution function
(cdf) method [36], and an approximation of the Nakagami-
m inverse cdf [36]. Fig. 11 shows the average probability
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Fig. 11. The effect of the spatial correlation between transmitted antennas on
the average probability of correct classification, Pc, for the FOM and FOLP-C
classification algorithms over Nakagami-m fading channel, m = 3 and 1, with
QPSK modulation and K = 2048 at SNR=10 dB. Solid lines are used for the
FOM-based algorithm and dashed lines for the FOLP-C algorithm.

of correct classification, Pc, of the FOM-based and FOLP-
C algorithms versus the correlation coefficient between h0

and h1, ν , over Nakagami-m fading with m = 3 and 1, for
the QPSK modulation at SNR=10 dB and K = 2048. Note
that the performance improves as ν increases, especially at
lower values of m 6. This can be explained as follows. We
recall that, for the AL-STBC, |mr,4,0|, which controls the
performance of the FOM-based algorithm, and the absolute
value of the DFT peak, |E |, which controls the performance
of the FOLP-based algorithms, are proportional to

∣∣h2
0h2

1

∣∣ (as
shown in (5) and Section IV). For SM, these two parameters
are zero valued if the noise contributions are neglected. The
question arises how the spatial correlation between the two
channels affects

∣∣h2
0h2

1

∣∣. Fig. 12, which shows E
{
|h0|2|h1|2

}
as a function of ν for different values of m, helps us to
answer this question. Note that since h0 and h1 change their
values randomly from one realization to another, we resort
to the statistical mean value, E

{
|h0|2|h1|2

}
, instead of the

instantaneous value,
∣∣h2

0h2
1

∣∣ . It is obvious from Fig. 12 that
E
{
|h0|2|h1|2

}
is an increasing function of ν . This explains

why the classification performance improves with ν for m= 1,
as shown in Fig. 11. However, for m = 3, there is not
much improvement in the classification performance. This is
because the classification performance at ν = 0 is high enough
and E

{
|h0|2|h1|2

}
increases slowly with ν . This agrees with

the fact that in the case of no fading (m tends to infinity),
E
{
|h0|2|h1|2

}
is essentially independent of ν .

I. Effect of the Doppler frequency

The previous analysis assumed constant channel coefficients
over the observation period. Here we consider the effect of
the Doppler frequency on the performance of the proposed
algorithms. Fig. 13 shows the average probability of correct
classification, Pc, for the FOM- and FOLP-based algorithms
versus the Doppler frequency magnitude normalized to the

6Similar results are obtained for the FOLP-A and FOLP-B algorithms;
however, these results were omitted due to space considerations.
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Fig. 13. The effect of the Doppler frequency on the average probability
of correct identification, Pc, for the proposed identification algorithms over
Nakagami-m fading channel, m = 3, with QPSK modulation and K = 1024 at
SNR=10 dB.

data rate, | fd |, at SNR= 10 dB and K = 1024. These results
show good robustness for | fd |< 10−4.

J. Effect of the probability of false alarm

Fig. 14 presents the effect of the probability of false alarm,
Pf a, on the probability of correct classification, P(λ = ξ |ξ ),
ξ ∈ {SM, AL}, for the FOLP-B classification algorithm. It is
noted that the AL-STBC classification performance improves
as Pf a increases. An increase in the Pf a leads to a reduction
in the threshold value, and, hence, |Y (0)| or |Y (K/2)| ≥ ε are
more easily satisfied, thus leading to a better performance. On
the other hand, the SM classification performance decreases
with an increase in Pf a, as P(λ = SM|SM) = 1 − 2Pf a.
Therefore, the value of Pf a is chosen as a trade-off between
the SM and AL-STBC classification performances.

VI. CONCLUSION

The classification of spatial multiplexing (SM) and Alam-
outi space-time block code (AL-STBC) signals was investi-
gated in this paper. It was shown that a fourth-order moment
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Fig. 14. The effect of Pf a on the probability of correct classification, P(λ =
ξ |ξ ), ξ ∈{SM, AL}, for the FOLP-B classification algorithm over Nakagami-
m channel, m = 3, with QPSK modulation and K = 1024.

(FOM) and the discrete Fourier transform (DFT) of a fourth-
order lag product (FOLP) can be used as discriminating signal
features. Based on these results, four novel classification
algorithms were proposed. The first algorithm employs the
FOM of the received signal as a discriminating feature and
the likelihood ratio test (LRT) to make a decision. Ana-
lytical results for the algorithm classification performance
were derived. However, the practical implementation of this
algorithm is complicated by the need for channel estimation,
modulation classification, and noise power estimation. To relax
these requirements, we proposed three algorithms based on the
DFT of the received signal FOLP, namely FOLP-A, FOLP-
B, and FOLP-C. The influence of model mismatches (e.g.,
frequency and timing offsets, Doppler frequency, and spatially
correlated fading) on the performance of the proposed algo-
rithms was also investigated. Unlike the FOM-based, FOLP-
A, and FOLP-B algorithms, FOLP-C is robust with respect to
frequency offsets. Furthermore, the FOLP-based algorithms
have lower sensitivity to the timing offset when compared
to the FOM-based algorithm. The proposed algorithms are
tolerant to a Doppler frequency whose magnitude, normalized
with respect to the data rate, is lower than 10−4. Also,
their performance can benefit from spatially correlated fading.
As part of future work, we plan to extend the proposed
classification algorithms to a larger pool of STBCs.

APPENDIX

Effect of the frequency offset on the discriminating signal
features

The effects of a frequency offset on the proposed discrim-
inating signal features have been determined. In the presence
of such an offset, the received signal, r′(k) is

r′(k) = r(k)e− j(2πΔ f k), k = 0,1, ...,K − 1, (25)

where r(k) is given in (3) and Δ f represents the frequency
offset normalized to the data rate.

Effect on the FOM-based feature

In the presence of a frequency offset, the estimated fourth-
order moment, m̂r′ ,4,0, is given by

m̂r′,4,0 =
1
K

K−1

∑
k=0

r′2(k)r′2(k+ 1)

= e− j(4πΔ f )

[
1
K

K−1

∑
k=0

r2(k)r2(k+ 1)e− j(8πΔ f k)

]
. (26)

The discrete-time Fourier transform of the sequence y(k) =
r2(k)r2(k+ 1),k = 0,1, ...,K − 1, can be computed as,

Y ( f ) =
K−1

∑
k=0

r2(k)r2(k+ 1)e− j(2π f k), 0 ≤ f ≤ 1. (27)

From (26) and (27), it is clear that m̂r′,4,0 =

e− j(4πΔ f )
[

1
K Y (4Δ f )

]
. If K → ∞, the noise components

ψSM(k) and ψAL(k) in (15) and (16) vanish, with the
result that Y ( f ) = K(h2

0h2
1cx,4,2)[δ ( f ) +δ ( f − 1/2)]

for the AL STBC, while Y ( f ) = 0 for the SM.
Under such conditions, it follows that, for the AL
STBC, m̂r′,4,0 = mr′,4,0 = mr,4,0 = h2

0h2
1cx,4,2 if Δ f = 0,

m̂r′,4,0 = mr′,4,0 = − jh2
0h2

1cx,4,2 if Δ f = 0.125, and m̂r′,4,0 = 0
otherwise, whereas for the SM m̂r′,4,0 = mr′,4,0 = mr,4,0 = 0
regardless of Δ f . As such, the classification of AL STBC is
affected by Δ f .

Effect on the FOLP-based feature

The FOLP in the presence of the frequency offset can be
calculated as,

y′(k) = r′2(k)r′2(k+ 1)

= e− j(4πΔ f )r2(k)r2(k+ 1)e− j(8πΔ f k), k = 0,1, ...,K − 1.

(28)

Taking the K-point DFT of (28) yields

Y ′(n) =
1√
K

K−1

∑
k=0

y′(k)e− j(2πkn/K)

= e− j(4πΔ f )

[
1
K

K−1

∑
k=0

r2(k)r2(k+ 1)e− j2πk(n+4KΔ f )/K

]
.

(29)

Since the decision is taken according to |Y ′(n)|, the term
e− j(4πΔ f ) has no effect. By using the shift property of the
DFT, we obtain

|Y ′(n)|= A (n)|Y (n+ �4KΔ f )|, (30)

where �. denotes the rounding function and A (n) represents
an attenuation factor, which can be calculated as,

A (n) =
1

|Y (n)|

∣∣∣∣∣ 1√
K

K−1

∑
k=0

y(k)e− j2πk(n+[�4K Δ f −4KΔ f ])/K

∣∣∣∣∣ .
(31)

Examination of (30) shows that the peaks |Y (0)| and
|Y (K/2)| for the AL STBC are shifted by �4KΔ f  and their
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magnitudes are scaled by A (0) and A (K/2), respectively.
If Δ f is an integer multiple of 1/8, it is straightforward to
show that the peaks are circularly shifted by K/2, with the
result that their positions are unchanged. Furthermore, note
that A (n) equals one if Δ f is an integer multiple of 1/4K;
otherwise, A (n) is less than one.
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