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Abstract—In this work, optimal energy and resource allocation
for the downlink of an autonomous energy-harvesting base station
is investigated. In particular, the joint maximization of the users’
utilities and the base station’s revenue is considered, while these
hierarchical decision problems are matched to the framework of
a generalized Stackelberg game. Also, an efficient iterative method
is proposed that enables all the players to reach the variational
equilibrium, i.e., the optimal solution of the game. Simulation
results validate the effectiveness of the proposed method.

Index Terms—Energy harvesting, base stations, energy au-
tonomous systems, resource allocation, Stackelberg game.

I. INTRODUCTION

THE deployment of energy-harvesting base stations
(EHBSs) is a promising solution for the reduction of op-

erating expenses in wireless communication networks. EHBSs
use the harvested power from the wind, solar radiation, etc. to
satisfy a part of their energy demand [1], [2]. With advances
in the speed of wireless backhaul that eliminate the need for
wired connection, autonomous energy harvesting base stations
(AEHBSs) are of particular interest, especially for small cells
[3] or for use as relay stations [4]. In [5], a novel method is
proposed that maximizes the energy efficiency in systems with
hybrid EHBSs (HEHBSs), using both the electricity grid and
energy harvesting as power sources. In HEHBSs, user fairness
can be achieved by setting a minimum rate requirement for each
user as a minimum level of satisfaction. However, in an AEHBS
that is solely powered by energy harvesting, this is not always
possible since the BS may not have enough energy [3]. The
probability of meeting this requirement can be increased by
employing larger harvesting and storage equipment; however
this also substantially increases capital expenditures.

In this work, we investigate user fairness in AEHBSs with
minimum energy storage requirements. A novel scheme is pro-
posed, in which the users pay per amount of utilized resources
and energy used for transmission. We define a utility function
for each user, which reflects the user experience and satisfac-
tion, as an alternative fairness requirement. In this framework,
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the users’ objective is to maximize their levels of satisfaction,
while the base station (BS) aims to maximize its revenue,
accommodating all the users over the finite available spectrum.
To find the optimal solution of this hierarchical decision prob-
lem, we use game theoretic tools, and specifically Stackelberg
games [6]. Also, to minimize the storage requirements we
consider that in a specific time frame, the BS can only use
the energy harvested in the previous time frame. Results show
that previously proposed solutions, such as maximizing the total
capacity for a specific amount of energy, are not fair solutions
and do not optimize the users’ experience in an AEHBS.

II. SYSTEM MODEL

We consider a wireless network consisting of N users and
one autonomous energy harvesting base station. The commu-
nication is divided into time frames of duration T , while the
total bandwidth is denoted by B. The communication with
each user occupies a distinct fraction of time and frequency,
so that the signals of different users do not interfere. At the
time instant t within a frame k, the BS transmits to the nth user
with power Pn(t), using the bandwidth fraction wn(t). For the
link between the BS and the nth user, gn(t) and hn(t) denote
the path loss/shadowing coefficient and the small scale fading
coefficient, respectively. The time fraction allocated to the nth

user is denoted by τn.
We assume that the energy consumed by the BS is limited by

the amount of harvested energy, i.e., in time frame k, the BS can
only use the energy that was harvested during the time frame
k − 1, a strategy that creates very low storage requirements. For
notational simplicity, we further assume that the BS consumes
energy only for transmission, which is denoted by E. If En is
the fraction of the energy dedicated for the nth user, it holds
that

∑N
n=1 En ≤ E.

The channel capacity between the BS and the nth user in
a frame k is given by the effective rate (bits per time frame)
that each user can achieve during the frame T , which, assuming
additive white Gaussian noise, is given by [5]

Cn =

∫ T

0

sn(t)wn(t) log2

(
1 +

Pn(t)Gn(t)

wn(t)

)
dt. (1)

In (1), sn(t) ∈ {0, 1} denotes the time allocation with∫ T

0 sn(t)dt = τn, and Gn(t) =
gn(t)|hn(t)|2

N0
, where N0 is the

noise power spectral density. To simplify theoretical studies we
assume that the coherence time and bandwidth of the channel
are larger than T and B respectively (see [7] and references
therein). We also assume that the power transmitted towards
each user is constant, and thus Pn = En

τn
. Therefore all values

are frequency flat and constant within each frame k, that is,
independent of t. The analysis focuses on a specific time frame,
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and t is therefore omitted hereafter. If the time and bandwidth
resources1 for each user are denoted by qn, where qn = τnwn,
then the channel capacity can be simplified to

Cn = qn log2

(
1 +

En

qn
Gn

)
. (2)

The sum of the available resources must satisfy the condition∑N
n=1 qn≤Q, where Q=TB. Hereafter, E={E1, . . . , EN}

and q={q1, . . . , qN} denote the sets of values of the energy and
resource allocation among users within a frame k, respectively.

III. PROBLEM FORMULATION

We assume that the BS charges the users according to the
resources and the transmitted energy they use during a time
frame k. Both the users and the BS want to maximize their util-
ity functions, i.e., their levels of satisfaction and their revenue,
respectively.

A. Objective of the BS

The BS can control the price p1 per utilized energy unit (e.g.,
$/J) and p2 per unit of resources (e.g., $) to maximize its utility
function. The utility function R of the BS captures the revenue
(e.g., $) that the operator can receive by selling its resources
and energy, and it is given by

R = p1

N∑
n=1

En + p2

N∑
n=1

qn. (3)

B. Objective of the Users

The users respond to the prices by demanding a certain
amount of resources and energy, to maximize their utilities,
Un. For each user n ∈ N , where N is the set of all the users,
the utility function corresponds to a level of satisfaction that
a user obtains [8]. The following assumptions are made for
the utility functions of the users: (i) Each is affected by a
satisfaction parameter an of each user. This parameter is
different according to the appliance of the user or the service
it requires, i.e., a smart phone or a tablet that is usually online
will have higher demands for rate than a simple cell phone or
a smart meter. Generally, a higher an implies a higher level
of satisfaction. Thus, Un must be an increasing function with
respect to an. (ii) Each is a decreasing function of the prices p1
and p2, since higher prices lead to a lower level of satisfaction.
(iii) Each reflects the corresponding user’s desire for higher
capacity as well as the saturation of its satisfaction level as
higher capacity is achieved [9]. This is ensured when, apart
from the payment (p1En + p2qn), Un includes a term that is
an increasing and concave function of Cn.

In this work, we consider the following utility function for
the users:

Un=an log2(1+Cn)−p1En−p2qn, an, p1, p2>0. (4)

In the above, the weight an, multiplied by the term quantifying
the rate, captures the satisfaction acquired by the quality of
service, while the subtraction—or equivalently, a negative uni-
tary weight multiplied by the term concerning the payment—

1The term “resource” herein refers to bandwidth/time and not energy.

captures the dissatisfaction induced by the users’ charges.
Therefore, Un is measured in units of satisfaction. Thus, for
a fixed set of prices p1 and p2, the objective of any user n is

max
qn,En

Un(p1, p2, En,E−n, qn,q−n)

s.t. C1 :

N∑
n=1

En ≤ E, C2 :

N∑
n=1

qn ≤ Q, (5)

where E−n and q−n denote the sets E and q, excluding En and
qn, respectively.

IV. STACKELBERG GAME

The hierarchical decision problem presented in Section III
can be effectively solved using a Stackelberg game. In this hier-
archical game, the followers decide in response to the decision
taken by the leader. In this context, at each decision point the
users (the followers) know the prices set by the BS (the leader),
while the BS has knowledge of the users’ strategies, i.e., the
demanded energies and resources. Consequently, the N users
form a lower level game. When this lower level game achieves
an equilibrium, the equilibrium together with the operator (BS)
form the higher level game. Then, the equilibrium of the higher
level is called the Stackelberg Equilibrium (SE) and it is the
solution of the game [6]. This game is defined in its strategic
form as follows:

Γ = {(N ∪BS), {En, qn}n∈N , {Un}n∈N , R, p1, p2} . (6)

A. Generalized Stackelberg Equilibrium

In (5), the amount of resources and energy requested by each
user depend not only on its own strategy (resources and energy
demand) but also on the strategies of the other users, since
they share the same constraints. Thus, the noncooperative game
among the users represents a generalized Nash Equilibrium
problem (GNEP), the solution of which is the generalized Nash
Equilibrium (GNE) [10], [11]. Moreover, since the objective
of the BS is to maximize its utility, R(p1, p2,E

∗,q∗), taking
into account the GNE of the users’ game, the formulated game
Γ represents a generalized Stackelberg game, the solution of
which is the generalized SE (GSE) [12]. The set of strategies
(p∗1, p

∗
2,E

∗,q∗) that constitutes the GSE is given by solving the
following inequalities, where (·)∗ denotes a solution value:

Un

(
p∗1, p

∗
2, E

∗
n,E

∗
−n, q

∗
n,q

∗
−n

)
≥ Un

(
p∗1, p

∗
2, En,E

∗
−n, qn,q

∗
−n

)
, ∀n ∈ N ,

R (p∗1, p
∗
2,q

∗,E∗) ≥ R(p1, p2,q
∗,E∗), C1, C2. (7)

B. Existence and Uniqueness of the GNE

A GNEP can be solved by using a variational inequality
(VI) problem reformulation. The GNEP might have multiple
or even infinitely many solutions; however each solution of
the GNEP is not always a solution of the VI [13]. A solution
of the GNEP which is also a solution of the VI is called a
variational equilibrium (VE) and is considered to be the most
socially stable GNE [11].
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Since F = (∇E1
U1,∇q1U1, . . . ,∇EN

UN ,∇qNUN ) is the
gradient of a scalar function, i.e., F = ∇f with f =

∑N
n=1 Un,

the variational solutions are the solutions of the following
optimization problem [13]:

max
q,E

f(q,E)

s.t. C1, C2. (8)

Then, we present the following theorem.
Theorem 1: For fixed prices p1 and p2, a social VE exists,

which is unique.
Proof: To accommodate the proof of the existence and

uniqueness of a VE, we assume that qn ∈ [ε,Q] and En ∈
[ε, E], where ε, ε → 0+. With the aid of the above assumption,
it can be shown that the Hessian matrix of Un has negative
eigenvalues, so Un is jointly strictly concave with respect to
the optimization variables qn and En. Also, the sum over n
preserves the concavity of the objective function, f , in (8),
while the constraints C1 and C2 are linear. Thus, (8) is strictly
concave, which means that it has a unique solution and so does
the equivalent VI.

C. Solution of the Game

1) Solving the VI: Using the Lagrange multiplier method,
the Lagrangian for the optimization problem (8) is

L = f(q,E)− λ1

(
N∑

n=1

En − E

)
− λ2

(
N∑

n=1

qn −Q

)
(9)

where λ1, λ2 ≥ 0 are the Lagrange multipliers related to
C1, C2, respectively. The values q∗,E∗, λ∗

1 and λ∗
2 that satisfy

the Karush-Kuhn-Tucker (KKT) conditions can be obtained
iteratively as follows: in Layer 1 the users simultaneously
choose their demands for a fixed set of λ1 and λ2, the values
of which are updated in Layer 2 by the BS.

Layer 1 (Solved by the users): From the KKT conditions
it must hold that ∂L

dEn
= 0 and ∂L

dqn
= 0. So, with direct cal-

culations we obtain the optimal values of En and qn in a
distributed way, since they can be calculated in parallel by each
user according to

E∗
n =

⎡
⎣ (eDn − 1)

(
anGne

−Dn

l1
− (ln(2))2

)
DnGn ln(2)

⎤
⎦
ε

, (10)

q∗n =

[
anGne

−Dn

l1
− (ln(2))2

Dn ln(2)

]
ε

, (11)

where [.]ξ = max(., ξ), and Dn is given by

Dn = 1 +W

(
−l1 + l2Gn

el1

)
(12)

where l1 = λ1 + p1 and l2 = λ2 + p2. Moreover, W (x) de-
notes the Lambert W function, also called the omega function or
product logarithm, which gives the principal solution for W (x)
in x = W (x)eW (x). Note that W (x) is a built-in function in
most well-known mathematical software packages.

Layer 2 (Solved by the BS): Using the dual-domain and
subgradient methods, λ1 and λ2 can be obtained by

λ1(ν + 1) =

[
λ1(ν)− ζ1(ν)

(
E −

n∑
n=1

En(ν)

)]
0

(13)

λ2(ν + 1) =

[
λ2(ν)− ζ2(ν)

(
Q−

n∑
n=1

qn(ν)

)]
0

(14)

where ζj(ν), j ∈ {1, 2} are positive step sizes, chosen to satisfy
the diminishing step size rules and ν > 0 is the iteration index.
Since the optimization problem (8) is concave, it is guaranteed
that the iteration between the two layers converges to the
optimal solution of (8) [14], [15].

It is remarkable that by adopting the proposed method, each
user can separately calculate its own optimized demand in
each iteration, and thus the users can reach the VE with no
communication among themselves. In contrast, they are only
required to communicate with the BS, a fact that substantially
reduces the overhead. These benefits fully justify the selection
of the proposed distributed solution method.

2) Optimizing the Prices: From the KKT conditions it holds
that

∂Un

∂En
− λ∗

1 = 0,
∂Un

∂qn
− λ∗

2 = 0. (15)

Since, λ∗
1 ≥ 0 and λ∗

2 ≥ 0, the prices p1 and p2 must satisfy the
following inequalities:

p1 ≤ anGnq
∗
n

(GnE∗
n + q∗n)

(
ln(2) + q∗n ln

(
1 + GnE∗

n

q∗n

))
ln(2)

(16)

p2 ≤
an

(
−GnE

∗
n + (GnE

∗
n + q∗n) ln

(
1 + GnE

∗
n

q∗n

))
(GnE∗

n + q∗n)
(
ln(2) + q∗n ln

(
1 + GnE∗

n

q∗n

))
ln(2)

. (17)

The revenue maximizing prices p∗1 and p∗2 are given by (16) and
(17), respectively, when these hold with equality.

V. RESULTS AND DISCUSSION

For the simulation results, we consider the case gn = 1,
Q = 1 and an chosen randomly and uniformly in the range
of [1,2]. All statistical results are averaged over random values
of hn and an, where hn ∼ CN (0, 1). All the provided results
take into account the effects of the number of users and the
different amount of harvested energy. To do so, we plot the
desired metric versus the harvested energy, E

QN0
, for three cases

for the number of users, i.e., N = 5, 10, 20.
In Fig. 1 the average prices p∗1 and p∗2 are illustrated. It is

seen that the optimal prices increase with the number of users.
This implies that the demand is increasing, while the available
resources and energy are limited. On the other hand, when the
harvested energy increases, the price per unit of energy reduces
(e.g., p∗1 = 0.00109 for N = 5 and E

QN0
= 30 dB), since the

BS has more energy to cover the demand. In contrast to p∗1,
increasing the harvested energy leads to an increase in the opti-
mum price p∗2. This is a notable observation, because it indicates
that the more the transmitted power increases, the smaller the
increase of the users’ utilities is, and thus, instead of demanding
energy, the demand for the other resources increases.
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Fig. 1. Average prices p∗1 and p∗2 per unit of energy and resources, respectively.

Fig. 2. Average revenue R∗ of the base station.

Fig. 3. Comparison of the average utility per user.

Figs. 2 and 3 show the average BS revenue and the av-
erage utility per user, respectively. It can be observed that
when the proposed method (utility maximization) is applied,

by increasing the harvested energy, both R∗
n and U ∗

n also
increase, i.e., when the BS harvests more energy it increases
its revenue, because of the increase of prices in this case,
while the users are more satisfied, since their spectral efficiency
increases. In Fig. 3, in conjunction with the utility maximiza-
tion, two other energy and resource allocation strategies are
illustrated: maximization of the total capacity of the network
(capacity maximization), and equal power and resource sharing
among the users. One can observe that the utility maximization
method outperforms both schemes, reflecting the fairness that is
achieved among users and underscoring the value of the game-
theoretic approach followed in this work.

VI. CONCLUSION

In this paper, we have used a generalized Stackelberg game to
investigate the optimal energy and resource allocation problem
of an autonomous energy harvesting base station. We have
proved existence and uniqueness of a variational equilibrium
for this game. We have also proposed an efficient distributed
algorithm, which can be adopted by the players to maximize
their utility functions. The simulation results have revealed that
by applying the proposed method, the users maximize their
levels of satisfaction while the BS maximizes its revenue for
all values of harvested energy and for an arbitrary number of
users.
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