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Abstract—The aim of this paper is to develop link layer trans-
mission schemes for hybrid optical wireless (OW)/radio frequency
(RF) systems, with constraints on both per-link and total average
power consumption at the transmitter. In this context, we adopt
a timeslot structure with a queue for storing the data packets
for transmission and model the hybrid channel as an erasure
channel with parameters varying along the time-slots according
to a Markov chain. Then, a stochastic optimization problem is
formulated, where intelligent decisions regarding the number of
the packets admitted in the queue and the power levels used in
every link, are taken by the hybrid transmitter in each slot. The
objective of this formulation is to design a control policy that
maximizes the transmitter throughput, while satisfying the power
constraints as well. A solution is offered by using the Lyapunov
optimization framework and an on-line transmission algorithm is
developed. The proposed transmission algorithm takes decisions
based only on the status of the queue and the statistical parameters
of the OW/RF channel in each time-slot, without requiring any
knowledge of the underlying Markov chain of the channel process,
or the statistics of the packet arrival process. Furthermore, in
order to alleviate the requirement for full feedback at the trans-
mitter, i.e., feedback for every successfully received packet, which
is critical for the accurate queue update, we extend our analysis
and incorporate reduced-feedback coding schemes. The proposed
transmission policy in this scenario still meets the throughput
objective and satisfies the power consumption constraints, while a
tradeoff between transmission delays and feedback requirements
is revealed.

Index Terms—Hybrid optical wireless/radio frequency systems,
link layer design, Lyapunov optimization, power constraints,
throughput maximization, reduced feedback coding.
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I. INTRODUCTION

O PERATING at unlicensed optical frequencies, optical
wireless (OW) systems offer the potential of broadband

capacity in low cost and over distances of up to a few kilometers
[1], [2]. However, despite their significant advantages, OW
systems are susceptible to atmospheric effects which limit their
performance. A prominent way that has been suggested for
combating these effects is to use a license-free radio frequency
(RF) channel in conjunction with an OW channel [3]. The
incentive for implementing such hybrid OW/RF systems is
that the two channels are not affected in the same way by
atmospheric effects. Specifically, several studies [3]–[5] have
shown that fog is the main degrading factor in OW links,
while rain does not significantly affect the performance. On the
contrary, RF links are susceptible to heavy rain conditions and
oxygen absorption, whereas fog has no particular effect.

A. Related Work-Motivation

Capitalizing on the complementary behaviour of RF and
OW channels, multiple transmission techniques suitable for
hybrid OW/RF systems have been reported (see [6] and the
references therein). However, only few of them dealt with link
layer issues, i.e., how to efficiently transmit data streams, which
are divided into packets and protected via a cyclic redundancy
check (CRC) code, through the hybrid OW/RF channel. In [3],
a commercially available transmission technique was presented
where the same packets are transmitted through both links but
only the packets that are deemed more reliable are kept at the
receiver. Despite its minimal feedback requirements (when the
packets are corrupted from both links), this scheme does not
fully exploit the hybrid OW/RF channel, since the maximum
achieved throughput is limited to the higher throughput between
the two links. In order to address this issue, an efficient packet
coding scheme based on Raptor codes was implemented in [7].
By continuously sending encoded packets through both OW
and RF links, this coding scheme was shown to increase the
achievable throughput near the capacity limits of the hybrid
OW/RF channel, requiring limited feedback. However, any
average transmission power constraints that may exist at the
hybrid transmitter are not considered in [7].

The assumption of unlimited power consumption at the trans-
mitter is not always valid. For example, power restriction issues
arise when hybrid OW/RF links are used in wireless sensor
networks [8], [9], or for the communication between moving
entities (such as unmanned aerial vehicles, HAPs or satellites)

0733-8716 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



CHATZIDIAMANTIS et al.: THROUGHPUT-OPTIMAL LINK-LAYER DESIGN IN POWER CONSTRAINED SYSTEMS 1973

Fig. 1. The system model under consideration.

and fixed-point stations [10], [11]. In this case, not only the
restrictions on the maximum average transmitted power of each
link, imposed from hardware constraints and safety regulations,
but also the limitations on the total average power consumption
of the transmitter, must be taken into account.

B. Contribution

In this paper, we propose link-layer transmission policies that
can be applied in hybrid OW/RF transmitters with constraints
on the average power consumption. To the best of the authors’
knowledge, it is the first time that such a design is proposed
in hybrid OW/RF systems and can be efficiently applied in the
case of power constrained hybrid transmitters. In this context,
we assume a timeslot structure together with a queue for
storing the data packets for transmission and model the hybrid
OW/RF channel as an erasure channel with statistical parame-
ters varying along the time-slots according to a Markov chain.
Then, we seek transmission policies that take intelligent per-slot
control decisions at the transmitter, regarding the number of the
packets admitted in the queue and the power levels used in each
link. The objective is to maximize the achievable throughput,
while satisfy both the per-link transmission and total power
constraints imposed to the hybrid transmitter.

In particular, the contributions of the paper are summarized
as follows:

• A solution to the above mentioned stochastic optimiza-
tion problem is offered using the framework of Lyapunov
optimization techniques [12], [13]. An on-line control al-
gorithm is developed that dynamically adapts the control
decisions by observing the queue size and the statistical
parameters of the OW/RF channel in each time-slot. The
main advantage of the developed transmission policy is
that it does not require any knowledge of the underlying
Markov chain of the channel process, which in practice
may be hard or impossible to be obtained. Its perfor-
mance is investigated in terms of throughput and average
queue backlog, and analytical bounds are derived which
illustrate its throughput optimality.

• In order to alleviate the requirement of full feedback
at the transmitter, i.e., feedback for every successfully
received packet, necessary for the accurate update of the
queue size, the proposed transmission policy is modified
to include the reduced-feedback coding schemes, where
linear combinations of the data packets are transmitted

instead of the actual data packets [7], [14]–[16]. The
difficulties in the design of such transmission algorithms
stem from the fact that the queue is not updated in every
slot, but only when feedback is received. In addition,
the hybrid system model under consideration, which
involves the concurrent use of two parallel links with
totally different characteristics (data rates and erasure
probabilities), introduces extra complexity to this design.
The proposed policy addresses such issues and its per-
formance is investigated in terms not only of throughput
and average queue backlog, but feedback requirements
as well. Analytical bounds for these metrics are derived,
which reveal the throughput optimality and the trade-
off between feedback requirements and average queue
backlog.

C. Structure

The remainder of the paper is organized as follows. In
Section II, the system model is introduced with details on
the system structure and the channel model. In Section III,
the stochastic optimization problem that arises is formulated
and the Lyapunov optimization methodology along with the
proposed transmission algorithm and its performance bounds,
are presented. In Section IV, the modified policy that includes
reduced-feedback coding schemes is described and its perfor-
mance along with certain implementations issues are investi-
gated. Numerical results are illustrated in Section V and, finally,
concluding remarks are provided in Section VI.

II. SYSTEM AND CHANNEL MODEL

A. Transceiver Design

The system model structure is depicted in Fig. 1. In par-
ticular, we consider a hybrid OW/RF transmitter, which is
composed of an admission control mechanism that determines
which packets will be transmitted or discarded, a queue which
stores the packets to be transmitted, a scheduler that divides
the incoming sequence of packets into two subsequences, ac-
cording to a predefined pattern depending on the data rates
supported by each transmission subsystem, and the OW and
RF transmission subsystems used for the packet transmission.
At the receiver end, the packets received correctly by each
subsystem, are reordered and the original packet sequence is
composed. Since correctly received packets are determined
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through the CRC code applied to each packet, both OW and
RF links can be modeled as erasure channels with erasure
probabilities εOW and εRF , respectively [7]. Next, we discuss
how these probabilities can be calculated by the transmitter,
based on some known system and channel parameters.

B. Timeslot Structure

We assume that the transmitter operates over a slot based
structure. Namely, the timeline is divided into successive non-
overlapping slots, where the slot is denoted as t = 0, 1, 2, . . .

and corresponds to the time interval [t, t + 1); t and t + 1 are
called the “beginning” and the “end” of the slot, respectively.
During slot t, new packets arrive at the transmitter according to
an independent and identically distributed (i.i.d.) arrival process
A(t) with mean rate λ packets per slot and A(t) ≤ Amax, where
Amax is a finite constant.

The parameters affecting the channel erasure probabilities
or equivalently the successful packet transmission, compose
the channel state s, which is defined in the Section II-D. The
channel state process s(t) remains constant within a time slot,
and evolves according to a general homogeneous, aperiodic and
irreducible discrete time Markov chain with a finite state space
S. Hence, the stationary distribution of s(t) is given by

Pr (s(t) = i) = πi, (1)

where πi represents the steady state probability distribution of
the Markov chain over states i ∈ S.

C. Power Constraints

Let P1(t) and P2(t) denote the power levels used for trans-
mission in the OW and RF subsystems in slot t. These power
allocations are chosen from the sets P1 and P2, satisfying max-
imum instantaneous power constraints imposed from hardware
limitations. Hence,

P1(t) ≤ P1,max and P2(t) ≤ P2,max, (2)

where P1,max and P2,max represent the maximum power levels
used for transmission in OW and RF subsystems respectively,
imposed by safety regulations [17, Sec. 2.1.2]. Furthermore,
we seek transmission policies that select appropriate power
allocations subject to the limitation on the total average power
consumption of the hybrid transmitter. To this end, the follow-
ing constraint needs to be satisfied

lim sup
t→∞

1

t

t−1∑
τ=0

E {f1 (P1(τ )) + f2 (P2(τ ))} ≤ P̂, (3)

where P̂ is the average electrical power consumed by hybrid
transmitter and E{·} denotes expectation. In addition, f1(·) and
f2(·) are non-decreasing functions with respect to the trans-
mission power levels, that determine the electrical power con-
sumed by the OW and RF subsystems, respectively. In general,
the structure of these functions depends on the technology
employed by each transmission subsystem. A relevant mea-
surement campaign, regarding the total power consumption of

OW and RF transmission subsystems for specific transmission
powers and technologies, has been performed in [8].

D. Channel Model

Due to the insertion of the CRC in every packet, the erasure
channel model is used for describing both OW and RF channels.
By erasure, we define the event that the received power is below
a pre-defined threshold which determines whether a transmitted
packet is successfully received or not [3]. The probabilities of
the erasure events for each link depend on the power level used
in each link and the state of the hybrid OW/RF channel which
is defined as

s =
{

L, υ, C2
n, αoxy, αrain, K

}
, (4)

where L is the link distance (in km), υ and C2
n are the weather

dependent attenuation coefficient (in 1/km) and the refractive-
index structure parameter of the OW link, αoxy and αrain are
the attenuation coefficients for the RF link caused by oxygen
absorption and rain respectively, and K is the fading parameter
of the RF link.1 Next, we describe the mode of operation of
the OW and RF transmission subsystems and derive the erasure
probabilities for each link as a function of the channel state and
the transmission power levels.

1) Transmission Through the OW Subsystem: We consider
an OW subsystem which employs intensity modulation at the
transmitter and direct detection at the receiver. Assuming P1 as
the transmitted optical power level and s as the channel state,
the erasure probability of the OW link is given by

εOW(P1, s) = Pr{h1P1 ≤ Psens} = Pr

{
h1 ≤ Psens

P1

}
, (5)

where h1 denotes the channel gain of the OW link, while Psens

is the sensitivity of the photodetector which ensures that CRC
is successfully decoded.

Due to atmospheric effects, the channel gain of the OW link
can be modeled as

h1 = h̄1h̃1, (6)

where h̄1 accounts for path loss due to weather effects and
geometric spread loss, and h̃1 represents irradiance fluctuations
caused by atmospheric turbulence. The path loss coefficient can
be calculated by combining the Beer Lambert’s law [1] with the
geometric loss formula [7, Eq. (9)], yielding

h̄1 =
(

erf

( √
πD√

2θTL

))2

exp(−υL), (7)

where erf (·) is the error function, 2D is the aperture diameter
and θT is the optical beam’s divergence angle (in mrad). Under
a wide range of atmospheric conditions, turbulence induced
fading is statistically described by the well known Gamma-
Gamma distribution, whose atmospheric parameters α and β

1To facilitate the analysis, we assume that s is limited to a finite set of
practical values, i.e., S is assumed to be a finite state space.
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are calculated based on L, C2
n and the wavelength of the optical

carrier λ1 [1] according to

α =

⎛
⎜⎜⎜⎜⎝exp

⎛
⎜⎜⎜⎜⎝

0.49σ 2
R(

1 + 1.11σ
12
5

R

) 7
6

⎞
⎟⎟⎟⎟⎠ − 1

⎞
⎟⎟⎟⎟⎠

−1

(8)

and

β =

⎛
⎜⎜⎜⎜⎝exp

⎛
⎜⎜⎜⎜⎝

0.51σ 2
R(

1 + 0.69σ
12
5

R

) 7
6

⎞
⎟⎟⎟⎟⎠ − 1

⎞
⎟⎟⎟⎟⎠

−1

, (9)

where σ 2
R is the Rytov variance given by

σ 2
R = 1.23C2

n

(
2π

λ1

) 7
6

L
11
6 . (10)

Based on the above and using [18, Eq. (7)], the erasure
probability of the OW link can be analytically evaluated by

εOW(P1, s) = 1

�(α)�(β)
G2,1

1,3

[
αβPsens

h̄1P1

∣∣∣∣ 1
α, β, 0

]
, (11)

where �(·) is the Gamma function [19, Eq. (8.310)] and Gm,n
p,q [·]

is the Meijer’s G-function [19, Eq. (9.301)].
2) Transmission Through the RF Subsystem: We will as-

sume that the RF transmission subsystem uses a line-of-sight
(LOS) link in the millimeter wave band. If P2 is the transmitted
RF power, the erasure probability of the RF link for a given
channel state s, is defined as

εRF(P2, s) = Pr{γRF ≤ γth}, (12)

where γRF is the instantaneous signal-to-noise ratio (SNR) at
the RF receiver and γth is a threshold that ensures no errors are
detected by the CRC. The instantaneous SNR of the RF link is
defined as

γRF = P2gEs

σ 2
2

h2
2, (13)

where h2 is the fading gain of the RF link, g is the average path
loss, P2 is the transmitted RF power, Es is the average energy
of the modulation alphabet, and finally σ 2

2 is the variance of the
zero mean circularly symmetric complex Gaussian noise.

Assuming a carrier frequency of 60 GHz, the average path
loss attenuation of the RF link is given by [20, Eq. (7)]

g[dB] = Gt + GR − 20 log10

(
4πL

λ2

)
− αoxyL − αrainL, (14)

where Gt and Gi denote the transmit and receive antenna
gains, respectively and λ2 is the wavelength of the RF system.
Furthermore, due to the LOS characteristic, the fading gain,
h2, is Ricean distributed [20], with the fading parameter, K,
depending on various link parameters, such as link distance and
antenna height.

Fig. 2. The number of packets transmitted within a time slot.

Based on the above and using [21, pp. 420], the erasure
probability of the RF link can be analytically evaluated by

εRF(P2, s) = 1 − Q1

⎛
⎜⎝√

2K,

√√√√2(1 + K)γth
P2gEs

σ 2
2

⎞
⎟⎠ , (15)

whereQ1(·, ·) is the first-order Marcum function [21, Eq. (4.34)].

E. Available Controls and Queueing Dynamics

Let Q(t) ∈ {1, 2, 3, . . . } represent the state of the queue of
the hybrid transmitter at slot t.

At the beginning of each slot, resource allocation decisions
are taken, i.e., (P1(t), P2(t)) are selected from the sets P1 and
P2 respectively. Based on these resource allocation decisions,
the number of the packets that depart from the queue of the
hybrid transmitter is determined. Assuming full feedback at
the transmitter, i.e., feedback for every successfully received
packet, a packet is removed from the queue of the hybrid
transmitter only when correctly received. Thus, the departures
from the queue in each time-slot can be modeled as a random
process μ(t), depending on the channel state and the power
levels P1(t) and P2(t) used for transmission by each subsystem.
This process can be written as

μ(t) = μ1(t) + μ2(t), (16)

where μ1(t) and μ2(t) are the stochastic processes that rep-
resent the numbers of packets successfully transmitted from
the OW and RF transmission subsystems, respectively, and
removed from the queue. These processes can be expressed
as μ1(t) = ρ1l1(P1(t), s(t)) and μ2(t) = 1l2(P2(t), s(t)), where
1l1(P1(t), s(t)) and 1l2(P2(t), s(t)) are indicator functions that
represent the random success/failure transmission outcomes of
each transmission subsystem, when the channel state is s(t)
and the optical and RF transmission power levels are P1(t)
and P2(t), respectively. Moreover, ρ is a scaling parameter
that accounts for the different transmission rates supported by
each subsystem, i.e., ρ = ROW

RRF
, where ROW and RRF are the

transmission rates supported by the OW and RF subsystems,
respectively. Since in most cases, OW systems can support
higher data rates than their RF counterparts, we can assume that
ρ ≥ 1. Moreover to simplify the discussion, we assume that ρ

is integer.2 A pictorial representation of the difference in data
rates between the transmission subsystems is depicted in Fig. 2,
where the slot duration is selected so that RRF = 1 packet/slot.

2In case that fewer than ρ + 1 packets exist in the queue at a given time-slot,
“dummy” packets are inserted and transmitted.
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The probabilities of successful transmission for each sub-
system, denoted as �1(P1(t), s(t)) and �2(P2(t), s(t)), are
assumed to be non-decreasing functions with respect to the
transmission powers and are determined through the erasure
probabilities of each link, according to

�1 (P1(t), s(t)) =E {1l1 (P1(t), s(t))}
= 1 − εOW (P1(t), s(t)) (17)

and

�2 (P2(t), s(t)) =E {1l2 (P2(t), s(t))}
= 1 − εRF (P2(t), s(t)) . (18)

At the end of each time-slot, the admission control decision
is taken and R(t), i.e., the number of the data packets arrived in
the slot and admitted into the queue, is determined, where

0 ≤ R(t) ≤ A(t). (19)

In view of the above, the queue evolves as [12]

Q(t + 1) = [Q(t) − μ(t)]+ + R(t), (20)

where [x]+ = max[x, 0].

III. DESIGN OBJECTIVE AND TRANSMISSION ALGORITHM

The major challenge in the design of the hybrid transmitter
is to maximize its throughput by taking the appropriate control
decisions in each time-slot and ensuring that the average power
constraints are satisfied. In what follows, we describe the sto-
chastic optimization problem that arises for the system model
under consideration and suggest a solution based on the well-
known Lyapunov optimization framework [12].

A. Design Objective

Consider any policy that makes admission control R(t) and
power allocation (P1(t), P2(t)) decisions. A policy is called
admissible if the queue of the hybrid transmitter is mean-
rate stable, i.e., the output long-term rate of the queue should
be equal with the input rate, the constraint of the maximum
number of admissible packets given by (19) is satisfied for every
time-slot, and the power constraints of (2), (3) are satisfied.
Under an admissible policy, the hybrid transmitter obtains a
long-term average transmission throughput

R̄ = lim inf
t→∞

1

t

t−1∑
τ=0

E {R(τ )} . (21)

Our goal is to select an admissible policy that maximizes the
throughput. By denoting as γ the joint admission control and
power allocation decision and � the set that contains every

possible possible, this can be stated by the following stochastic
optimization problem, named OPT, as

max .γ∈� R̄

s.t. R̄ ≤ μ̄

P1(t) ≤ P1,max and P2(t) ≤ P2,max,

P̄tot ≤ P̂,

0 ≤ R(t) ≤ A(t) ∀ t

P1(t) ∈ P1 and P2(t) ∈ P2 ∀ t, (22)

where

μ̄ = lim sup
t→∞

1

t

t−1∑
τ=0

E {μ(t)} , (23)

P̄tot = lim sup
t→∞

1

t

t−1∑
τ=0

E {f1 (P1(τ )) + f2 (P2(τ ))} (24)

and f1(·) and f2(·) are the functions, defined in (3), that relate
the electrical power consumption of OW and RF transmission
subsystems with the respective transmission powers.

Based on well known results on stochastic network op-
timization [12], [13], in order to obtain an optimal control
policy for OPT, it is sufficient to consider only the class of
stationary, randomized policies that take control actions based
on a stationary probability distribution over the control action
set, ignoring past history. Let υ∗ denote the optimal value of the
objective in OPT. Then, we have the following lemma.

Lemma 1: If the set of admissible policies is non-empty, there
exists a stationary, randomized policy STAT that takes control
decisions in every time slot purely as a (possibly randomized)
function of the current channel state s(t), while satisfying the
constraints Rstat(t) ≤ A(t), Pstat

1 (t) ∈ P1 and Pstat
2 (t) ∈ P2 for

all t, and providing the following guarantees:

R̄stat =υ∗

R̄stat ≤ μ̄stat (25)

f̄1
(
Pstat

1

) + f̄2
(
Pstat

2

) ≤ P̂,

where R̄stat, μ̄stat, f̄1(Pstat
1 ) and f̄2(Pstat

2 ) denote the long-term
time averages of the correspondingparameters under this policy.

The above Lemma can be clarified using the following case
study.

Example 2: We consider a hybrid OW/RF system with P1 =
{0, P1,max}, P2 = {0, P2,max} and S = {i0}. A stationary policy
takes randomized decisions based on the following probabilities

x = Pr
{
P1(t) = P1,max, P2(t) = 0

}
,

y = Pr
{
P1(t) = 0, P2(t) = P2,max

}
,

z = Pr
{
P1(t) = P1,max, P2(t) = P2,max

}
and

w = Pr {P1(t) = 0, P2(t) = 0} .
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TABLE I
HYBRID SYSTEM PARAMETERS [3], [20], [26]

Furthermore, the average number of the packets that depart
from the queue when this policy is applied, is given by

μ̄ = xρ�1(P1,max, i0) + y�2(P2,max, i0)

+ z
(
ρ�1(P1,max, i0) + �2(P2,max, i0)

)
. (26)

Based on Lemma 1, the optimal stationary policy, i.e., STAT
policy, will maximize the average number of both admitted in
the queue and transmitted packets, leading to

Rstat = μstat = υ∗. (27)

Thus, the admission control decision under this policy is deter-
mined as

Rstat(t) =
{

A(t) w.p. υ∗
λ

0 else
(28)

resulting in

R̄stat = E {A(t)} υ∗

λ
= υ∗ (29)

Moreover, the control probabilities used by the STAT policy,
and υ∗ are calculated according to

max. xρ�1(P1,max, i0) + y�2(P2,max, i0)

+ z
(
ρ�1(P1,max, i0) + �2(P2,max, i0)

)
s.t. (x + z)f1(P1,max) + (y + z)f2(P2,max) ≤ P̂

x + y + z ≤ 1 (30)

where υ∗ is the optimum value of the objective function. The
above optimization problem is a linear-programming problem
that can be efficiently solved through standard algorithms [22].
For the system model parameters provided by Table I and
P̂ = 90 mW, the values of x = 0, y = 0.3 and z = 0.7 were
obtained from the solution of (30), irrespective of the channel
state conditions provided by Table II.

TABLE II
CHANNEL STATE PARAMETERS [20]

It should be noted that only a single state in S is assumed in
the above example. In the more general case where there are
multiple channel states, the conventional techniques to solve
OPT require extensive knowledge of the channel state statistics
which may be difficult or impossible to be obtained. In order to
avoid such a requirement, we apply the Lyapunov optimization
framework [12] that is based only on the observations of the
channel state and the queue size in each time slot.

B. Minimizing the Variable-Slot “Drift Plus Penalty”

In the general Lyapunov optimization framework, a “Drift
Plus Penalty” expression is derived which is minimized for
every time slot [12], [13]. In our case, since the channel state
is modulated by a discrete time Markov-chain, indicating that
it is non i.i.d., over the time-slots, we employ a slight variation
of this method where a variable-slot “Drift Plus Penalty” ex-
pression is minimized. For the optimization problem OPT, this
expression is derived in what follows.

Initially, we define the virtual queue, H(t), which evolve as

H(t + 1) =
[
H(t) − P̂

]+ + f1 (P1(t)) + f2 (P2(t)) . (31)

If the designed control policy makes virtual queue mean rate
stable, the long-term average power constraint of (3) is satisfied.

Let �(t) = {Q(t), H(t)} represent the system queue backlog
at slot t and L(�(t)) denote the quadratic Lyapunov function
which is defined as

L (�(t)) = 1

2
Q2(t) + 1

2
H2(t). (32)

Furthermore, we designate the state i0 ∈ S as the renewal
state of S. Hence, the sequence {Tr}∞r=0, that represents the
recurrences times to state i0, is i.i.d., with E{Tr} and E{T2

r }
being finite constants given by [23]

E{Tr} = E{T} = 1

πi0
(33)

and E{T2
r } = E{T2} for all r, where T is a random variable that

follows the stationary distribution of Tr .
Denoting by tr the time of the rth revisitation to state i0,

where tr = ∑r−1
j=0 Tj, we define the variable-slot Lyapunov drift

as the expected change in the Lyapunov function from renewal
time tr to renewal time tr+1 conditioned on �(tr), i.e.,

� (�(tr)) = E {L (�(tr+1)) − L (�(tr)) |�(tr)} . (34)

According to the T-slot Drift lemma presented in [12, pp. 73]
and using (20) and (31), the variable-slot Lyapunov drift can be
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upper bounded by (35),

� (�(tr))≤ BE
{

T2
r |�(tr)

}

+ Q(tr)E

{
tr+Tr−1∑

τ=tr

(R(τ ) − μ(τ)) |�(tr)

}

+ H(tr)E

{
tr+Tr−1∑

τ=tr

(
f1(P1(τ))+f2 (P2(τ ))−P̂

)
|�(tr)

}

(35)

where B is a finite constant that satisfies for all t

B ≥ 1

2

(
R2(t) + μ2(t)

)
+ 1

2

(
P̂2 + (f1 (P1(t)) + f2 (P2(t)))

2
)

.

(36)

Taking (2) into consideration, the fact that the functions f1(·)
and f2(·) are non-decreasing, R(t) ≤ Amax and μ(t) ≤ ρ + 1, it
follows that the above equation can be satisfied by choosing

B = 1

2

(
A2

max + (ρ + 1)2 + P̂2 + (
f1(P1,max) + f2(P2,max)

)2
)

.

(37)

By adding the penalty term −VE{∑tr+Tr−1
τ=tr R(τ )|�(tr)} to

both sides of (35), where V is a utility-delay trade-off parame-
ter, and after some basic algebraic manipulations, the variable-
slot “Drift Plus Penalty” expression is derived as (38), shown at
the bottom of the page.

According to the Markov modulated processes theorem
presented in [12, pp. 77], the right-term of Eq. (38) can be mini-
mized by observing �(t) and s(t) in every time slot and oppor-
tunistically minimizing the expectations. This is achieved by the
Hybrid Transmitter Control (HTC) algorithm, described below.

C. HTC Algorithm

In each time-slot t ∈ {1, 2, 3, . . . }, after observing �(t) and
s(t) do the following:

1) Admission Control: Choose the number of admitted pack-
ets according to

R(t) =
{

A(t) if Q(t) ≤ V

0 else
(39)

2) Resource Allocation: Choose the power allocation con-
trols (P1(t), P2(t)) that solve the following optimization
problems:

max. ρQ(t)�1 (P1(t)) − H(t)f1 (P1(t)) (40)
s.t. P1(t) ∈ P1

and

max . Q(t)�2 (P2(t)) − H(t)f2 (P2(t)) (41)
s.t. P2(t) ∈ P2

3) Queue Update: After choosing the appropriate controls,
update queues according to (20), (31).

The following theorem returns bounds for the performance of
the HTC algorithm, in terms of average transmission through-
put and maximum queue size.

Theorem 3: Suppose the HTC algorithm is implemented over
all time-slots t ∈ {1, 2, 3, . . . } with initial conditions Q(0) = 0,
H1(0)=H2(0)=H3(0)=0 and with a control parameter V >0.
Then:

1) The worst case queue backlog is upper bounded by a
constant Qmax for all t given by

Q(t) ≤ Qmax = Amax + V, (42)

2) The long-term time average throughput utility achieved

by the HTC algorithm is within O
(

1
V

)
of the optimal

value, i.e.,

R̄ ≥ υ∗ − BE
{
T2

}
VE{T} , (43)

where υ∗ denotes the optimal value of the objective
in OPT.

Proof: For the first part, suppose that Q(t) ≤ Qmax at the
slot t. We will show that the same holds at the frame t + 1. If
Q(t) ≤ Qmax − Amax, then from (20) we have Q(t + 1) ≤ Qmax,
since R(t)≤A(t)≤Amax. Furthermore, if Q(t)>Qmax−Amax =V ,
then the admission control part of the HTC algorithm chooses
R(t) = 0, resulting in Q(t + 1) ≤ Q(t) ≤ Qmax. The second
part can be directly derived by using the results of the Markov
modulated processes theorem presented in [12, pp. 77]. �

Theorem 3 shows that the long-term time-average throughput

can be pushed to within O
(

1
V

)
of the optimal value with a

trade-off in the worst case queue backlog. By Little’s Theorem,

this leads to an O
(

1
V , V

)
utility-delay tradeoff.

� (�(tr)) − VE

{
tr+Tr−1∑

τ=tr

R(τ )|�(tr)

}
≤ BE

{
T2

r |�(tr)
}

+ (Q(tr) − V)E

{
tr+Tr−1∑

τ=tr

R(τ )|�(t)

}

− E

{
tr+Tr−1∑

τ=tr

H(tr)P̂|�(tr)

}
+ E

{
tr+Tr−1∑

τ=tr

(−Q(tr)μ2(τ ) + H(tr)f2 (P2(τ ))) |�(tr)

}

+ E

{
tr+Tr−1∑

τ=tr

(−Q(tr)μ1(τ ) + H(tr)f1 (P1(τ ))) |�(tr)

}
(38)
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Fig. 3. The modified system model under consideration.

IV. REDUCED-FEEDBACK TRANSMISSION ALGORITHMS

In the previous sections, we have investigated optimal trans-
mission algorithms for hybrid OW/RF systems when there
is full feedback at the transmitter, i.e., the transmitter knows
exactly which packets have been received without errors by the
receiver. However, this full-feedback requirement may not al-
ways be feasible in practice. To this end, transmission schemes
with reduced feedback requirements3 have been developed
[7], [14]–[16], where encoded packets instead of the native
data packets are transmitted and only 1-bit acknowledgement
(ACK) is required when a sufficient number of encoded packets
is correctly received. In this section, we investigate how the
above presented transmission algorithm can be applied in this
modified system setup.

A. Modified System Model

We consider the modified system model depicted in Fig. 3.
The difference compared with the system model illustrated
in Fig. 1 is that the transmitter is additionally equipped with
grouping and encoder blocks prior to the scheduler. Moreover,
the receiver contains a decoder block. The functionality of these
blocks is explained as follows.

Let k be the maximum encoding length4 of the reduced
feedback coding scheme employed by the encoding process.
The grouping block selects from the queue a sequence of native
data packets and divides it into ρ + 1 batches of length ki with
ki ≤ k for i = 1, . . . , ρ + 1. The selection of batch sizes, ki,
depends on the queue size when a batch is created; this issue
is discussed in more detail in Section IV-B. Also, the reason for
constructing ρ + 1 batches instead of a single one, is explained
in Section IV-B. Next, the encoding process produces encoded
packets. Each encoded packet corresponds to a different data
batch and is a random linear combination5 of the packets of the
data batch to which it belongs [14]–[16]. Finally, the transmitter
transmits at most (ρ + 1) encoded packets, one encoded packet
from each data batch, through the OW and RF transmission
subsystems.

3Reduced feedback transmission algorithms offer the benefit of reducing
the rate of the feedback information or equivalently reducing the energy
consuption at the receiver for transmitting feedback information. The latter may
be important in applications with limited power supplies at the receiver.

4In practice, this parameter can be determined by the receiver’s power
supplies required for transmitting the feedback packets.

5We consider that both the generator coefficients and the packets belong to a
field of finite size (see [16] for more implementation details).

At the receiver end, the decoder collects the successfully
received encoded packets that correspond to each data batch.
When the successfully received packets from a particular batch
is sufficient to permit recovery of the original native packets,
i.e., the matrix consisting of the generator coefficients of the
successfully received packets6 is invertible, it informs back the
transmitter, through 1-bit ACK, and this data batch is removed
from the queue. We will assume in the analysis that follows that
the ith data batch is removed from the queue when ki encoded
packets that correspond to this data batch are successfully
received. In principle, the expected number of encoded packets
needed for successfully decoding a batch of k packets may be
slightly higher than k, depending on the inherent structure of
the code and the encoding length. However, by increasing the
encoding length [14], the field size of the generator coefficients
used in the encoding process [15] or both, this difference can
be considered as negligible.

Based on the above, the queue evolves as

Q(t + 1) = [
Q(t) − μ̃(t)

]+ + R(t), (44)

where R(t) is the number of new packets admitted into the
queue in time-slot t and μ̃(t) is defined as

μ̃(t) =
∑
i∈D

ki, (45)

where D denotes the set of the batches that have been success-
fully recovered.

For deriving the performance bounds, we additionally define
a virtual queue, denoted as Qf (t). This queue represents the
number of the encoded packets left to be transmitted in order
to remove the data batches from Q(t) plus the number of
unprocessed data packets, i.e., packets of Q(t) that do not
belong to data batches, in slot t. Hence, it evolves as

Qf (t + 1) =
[
Qf (t) − μ(t)

]+ + R(t), (46)

where μ(t) is defined in (16). Furthermore, it follows from the
definitions that

0 ≤ Q(t) − Qf (t) ≤
ρ+1∑

i

ki ≤ (ρ + 1)k, (47)

for all t.

6Such coefficients are obtained at the receiver either from the headers of the
successfully received packets [7], [16] or by using identical random number
generators at both the transmitter and the receiver [14].
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B. Discussion on the System Model

In this part we discuss certain aspects on the implementation
of the system model described above.

1) The Length of Data Batches: As the queue length stochas-
tically varies over the time, it is possible that at the time-slot
when at least one data batch has been successfully recovered,
the number of the unprocessed data packets of the queue is less
than k. If ki is fixed and equal with k for all i = 1, . . . , (ρ + 1),
the transmitter has to wait until a sufficient number of data pack-
ets is admitted to the queue, resulting in additional transmission
delays. These delays may become significant at low data rates,
where new data packets arrive at the queue less frequently.

This issue is resolved as follows. When an ACK for a
batch that is being processed is received, if the number of the
unprocessed packets in the queue is more than or equal to k, the
batch size for the next batch to be created will be k; otherwise,
the transmitter will adapt the length for the next data batch
to the current number of the unprocessed packets. This option
requires that the receiver knows the number of packets that are
contained in a batch; this number can be placed at the header of
transmitted packets.

2) Transmitting From Multiple Data Batches: The reader
may wonder why data packets are divided in (ρ + 1) batches
instead of one batch. The reason we follow the first approach
is the following. When transmitting encoded packets within
a time-slot only from a single batch, there is a chance that l
encoded packets remain to be successfully received in order to
remove the data batch from the queue, where l < (ρ + 1). If
feedback was available at the transmitter at the beginning of
the slot, the transmitter could send ρ + 1 − l encoded packets
from a new data batch. However, since the transmitter receives
feedback only at the end of a slot, it will transmit (ρ + 1)

encoded packets from the same data batch, resulting in some
loss of throughput. This throughput loss can be made small by
increasing k; however large k implies large decoding delays and
this may be undesirable in certain applications. The proposed
transmission scheme with the multiple batches avoids this loss
of throughput for any k.

C. Reduced Feedback HTC Algorithm

The HTC algorithm presented in Section III-C can be applied
without changes in this modified system setup. The only extra
requirement is that the V parameter of the HTC algorithm needs
to be larger than (ρ + 1)k in order to allow enough packets to be
stored in the queue for creating the data batches. As it is stated
in the next theorem, the long-term time-average throughput of

the HTC algorithm can again be pushed to within O
(

1
V

)
of the

optimal value obtained through the STAT policy,7 with a trade-
off in the worst case queue backlog.

Theorem 4: Suppose a reduced feedback encoding transmis-
sion scheme with maximum length k is applied at the transmit-
ter and the HTC algorithm is implemented over all time-slots
t ∈ {1, 2, 3, . . . }. Assuming initial conditions Q(0) = 0,

7Full-feedback is required in the implementation of the STAT policy for the
accurate queue update.

H1(0) = H2(0) = H3(0) = 0 and a control parameter V > 0, it
holds that:

1) The worst case queue backlog is upper bounded by a
constant Qmax for all t given by

Q(t) ≤ Qmax = (ρ + 1)k + Amax + V (48)

2) The long-term time average throughput utility achieved

by the HTC algorithm is within O
(

1
V

)
of the optimal

value, i.e.,

R̄ ≥ υ∗ − 1

V

(
BE

{
T2

}
E{T} + (ρ + 1)kA

)
, (49)

where υ∗ denotes the optimal value of the objective in
OPT and A = max[Amax, ρ + 1].

Proof: For the complete proof of the theorem, please refer
to the appendix. �

The reduced feedback version of the HTC algorithm also

satisfies the O
(

1
V , V

)
utility-delay tradeoff for a given max-

imum encoding length k. Moreover, for a given throughput
performance, it requires higher values for V compared with the
full feedback case, which increase as the maximum encoding
length k raises. Thus, a tradeoff between delay and feedback
becomes apparent, since the increase of k and V correspond to
feedback decrease and average delay increase, respectively.

V. RESULTS & DISCUSSION

In this section, we present numerical results that illustrate the
performance of the presented algorithm under various weather
conditions. For deriving these results, we assume that the sets
of available transmission power levels are P1 = {0, P1,max} and
P2 = {0, P2,max}, while the maximum average total power con-
sumption at the transmitter is equal with P̂ = 90 mW. Further-
more, the functions f1(·) and f2(·) are assumed to be given by

f1 (P1(t)) = P1(τ )

η1
and f2 (P2(t)) = P2(τ )

η2
(50)

where η1 and η2 denote the wall-plug efficiency of the laser
[24] and the power efficiency factor of the RF transmitter [25],
respectively, and assumed to be equal with η1 = 40% and η2 =
50%. The values of the remaining parameters for the OW and
RF transmission subsystems and channel states are summarized
in Tables I and II. Finally, we assume that Amax = 10 packets.

Fig. 4 illustrates the average throughput achieved by the HTC
transmission algorithm when a single state channel process
is assumed. Specifically, the average number of the packets
admitted in the queue, R̄, is plotted with respect to the mean
rate of the arrival process, assuming V = 100 and various states
that correspond to clear air, moderate rain or haze weather
conditions, i.e., S = {si} with i = 1, 2, 3. As benchmarks, the
average throughput achieved by the RF-only and OW-only
systems, i.e., the RF and OW subsystems respectively that
operate distinctly and have the same average transmission and
total power constraints with the hybrid transmitter, as well as
the throughput of the STAT policy defined in Lemma 1, are
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Fig. 4. Average throughput of a single channel state model.

Fig. 5. V parameter effect on the average queue size for clear air weather
conditions.

plotted in the same graph. It can be observed that the throughput
achieved by the HTC algorithm, which increases linearly with
respect to λ until a certain threshold υ∗ which is the maximum
rate that can be served by the system, is identical with the STAT
policy throughput, in all cases examined. This happens due to
the V parameter value, which is high compared with B and
causes the error in (43) to be sufficiently reduced. Furthermore,
when compared with the throughput achieved by the OW-
only and RF-only systems, the HTC algorithm enhances the
achievable throughput region of the hybrid transmitter without
any additional power. This clearly illustrates that the proposed
transmission scheme efficiently exploits both OW and RF links.

The effects of V parameter on the performance of the HTC
algorithm are investigated in terms of average throughput and
queue size in Figs. 5 and 6, assuming single state channel
process with clear air weather conditions, i.e., S = {s1}. As
it can be observed in Fig. 5, the increase of V results in the
average queue backlog increase, which induces high packet
transmission delays according to the Little’s theorem.8 On the

8The average delays refer to packets that are admitted to the queue by the
admission control.

Fig. 6. V parameter effect on the achieved throughput for clear air weather
conditions.

Fig. 7. Average throughput of a two state channel model.

Fig. 8. Markov chain of a two state channel process.

other hand, Fig. 6 illustrates that the increase of V improves
the throughput achieved by the HTC algorithm, pushing it
arbitrarily close to that of the optimal stationary policy. Thus,

the theoretical O
(

1
V , V

)
utility-delay tradeoff is verified.

Fig. 7 illustrates the performance of the HTC algorithm
assuming a two state channel process with state space S =
{s1, s2}, evolving according to the Markov chain9 of Fig. 8.
In the graph, the performance of the policy that observes the

9The Markov chain model is used for modeling weather conditions, no
matter how fast these change (low values for the transition probabilities between
the states of the Markov chain model slowly varying weather conditions). The
Markov chain model can also be used for modeling more composite channel
effects (such as weather changes in conjunction with movement).
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Fig. 9. Average throughput of reduced feedback HTC algorithm.

Fig. 10. Average queue backlog of reduced feedback HTC algorithm.

channel state and applies the single-state STAT policy in each
state, i.e., the stationary policy derived by Lemma 1 assuming
single state channel process, and the two-state STAT policy
derived by Lemma 1 assuming that the transition probabilities
of the Markov chain are known, are also plotted. It is obvi-
ous that the HTC algorithm achieves substantial throughput
increase compared with the single-state STAT policy. This was
expected since the latter policy does not take the structure of the
Markov chain into account. Furthermore, when compared with
the two-state STAT policy, the HTC algorithm with V = 100
achieves almost identical throughput. It should be noted that
in contrast with the two-state STAT policy, the HTC algorithm
does not require any knowledge of the structure of the Markov
chain, which in many cases it may be hard or impossible to
be obtained. This poses as one of the main advantages of the
proposed algorithm.

Finally, Figs. 9–11 illustrate the performance of the reduced-
feedback HTC algorithm assuming the channel model Markov
chain of Fig. 8. Specifically, the average throughput, the average
queue backlog and the mean feedback rate, i.e., the average
number of ACKs sent back to the transmitter, of the reduced-
feedback HTC algorithm are investigated for two different

Fig. 11. Feedback requirements of reduced feedback HTC algorithm.

sets of parameters k and V , k = 1 V = 100 (corresponds to
full feedback) and k = 20, V = 180. It can be verified from
Fig. 9 that the throughput achieved by the HTC algorithm is
almost identical for both sets of parameters chosen and close
to the performance of the STAT policy. When comparing the
average queue backlog in Fig. 10, the average queue backlog
that corresponds to k = 20 and V = 180 is higher than the
average backlog that corresponds to the full-feedback case. This
was expected due to the maximum queue size bound derived in
(48). On the other hand, Fig. 11 demonstrates that the set of pa-
rameters that corresponds to higher average queue backlog has
less feedback requirements, thus, revealing the tradeoff of the
reduced-feedback HTC algorithm between feedback and delay.
It should be noted that for low data rates (the regime with λ <

0.5) the feedback requirements are the same, irrespective of the
values chosen for the parameters k and V . This is explained
as follows. At low data rates there are not enough packets for
creating full length data batches and the encoding length is
influenced only by the input data rate. However, as the input
data rate increases and approaches υ∗, the possibility that there
are enough packets to create full-length data batches increases
and the effective encoding length approaches k. At this data rate
regime, the merits of reducing feedback requirements as k is
increased, become more apparent.

VI. CONCLUSION

We developed a transmission algorithm for hybrid OW/RF
systems that maximizes their throughput subject to the trans-
mitter per-link and total average power constraints. We used
the Lyapunov Optimization technique to design an online flow
control and resource allocation algorithm, which provides tight
guarantees in terms of power consumption, while its throughput
performance can be pushed arbitrarily close to the optimal value
with a trade-off in the average delay. The major advantage of
the proposed transmission algorithm is that it does not require
knowledge of the underlying Markov chain of the channel pro-
cess, or the statistics of the packet arrival process; it only needs
to observe the channel statistical parameters in each time-slot,
and based on the queue size, it takes the appropriate decisions.
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�
(
�f (tr)

)
− VE

{
tr+Tr−1∑

τ=tr

R(τ )|�f (tr)

}
≤ BE

{
T2

r |�f (tr)
}

+ Q(tr)E

{
tr+Tr−1∑

τ=tr

(R(τ ) − μ(τ)) |�f (tr)

}

− VE

{
tr+Tr−1∑

τ=tr

R(τ )|�f (t)

}
+

(
Qf (tr) − Q(tr)

)
E

{
tr+Tr−1∑

τ=tr

(R(τ ) − μ(τ)) |�f (tr)

}

+ H(tr)E

{
tr+Tr−1∑

τ=tr

(
f1 (P1(τ )) + f2 (P2(τ )) − P̂

)
|�f (tr)

}
(51)

�
(
�f (tr)

)
− VE

{
tr+Tr−1∑

τ=tr

R(τ )|�f (tr)

}
≤ BE

{
T2

r |�f (tr)
}

− VE

{
tr+Tr−1∑

τ=tr

R(τ )|�f (t)

}

+ Q(tr)E

{
tr+Tr−1∑

τ=tr

(R(τ ) − μ(τ)) |�f (tr)

}
+ (ρ + 1)kAE

{
Tr

∣∣∣�f (tr)
}

+ H(tr)E

{
tr+Tr−1∑

τ=tr

(
f1 (P1(τ )) + f2 (P2(τ )) − P̂

)
|�f (tr)

}
(53)

Furthermore, in order to alleviate the requirement for full feed-
back at the transmitter, we modified the proposed algorithm
to comply with hybrid OW/RF systems employing reduced-
feedback coding schemes. It was shown that the throughput per-
formance of the modified transmission policy can also be pushed
arbitrarily close to the optimal value, while a tradeoff between
feedback requirements and average delay was revealed. An in-
teresting direction for future work can be the design of link-layer
policies that offer the optimal throughput and have additional
requirements (such as minimal delay or jitter) as well.

APPENDIX

The first part of the theorem follows directly by combining
(47) with the bound of (42), which refers to the transmitter
queue when there is complete feedback.

The second part of the theorem 4 can be proved using
the variable-slot “Drift Plus Penalty” expression, when the
virtual queue Qf (t) is considered. After defining the system’s
backlog in this case as �f (t) = {Qf (t), H(t)}, it follows, based
on the analysis of Section III-C and (35), that the variable-slot
“Drift plus Penalty” expression for �f (t) at renewal frame tr is
bounded by (51), shown at the top of the page.

Due to (47), it holds that

∣∣∣∣∣
(
Qf (tr) − Q(tr)

) tr+Tr−1∑
τ=tr

(R(τ ) − μ(τ))

∣∣∣∣∣ ≤ (ρ + 1)kTrA (52)

with A = max[Amax, ρ + 1]. Hence, (51) can be rewritten as
(53), shown at the top of the page, which holds for any type
of policies. By applying the reduced feedback HTC algorithm,
the conditional expectations in the right-hand side of the above
inequality are opportunistically minimized.

For deriving the performance bound of (49), we assume that a
stationary policy is applied. Thus, the conditional expectations
in the right-hand side of (53) are turned into pure expectations.
Furthermore, assuming that the set of admissible policies is
non-empty and employing the STAT policy defined in Lemma 1,
(53) can be rewritten as

�
(
�f (tr)

)
− VE

{
tr+Tr−1∑

τ=tr

R(τ )|�f (tr)

}
≤ BE

{
T2

}
− VE{T}υ∗ + (ρ + 1)kAE{T}, (54)

where it has been used, derived based on the renewal-reward
theorem [23, pp. 171], that

E

{
tr+Tr−1∑

τ=tr

Rstat(τ )

}
= E{T}R̄stat = E{T}υ∗. (55)

Taking the expectations of the above, summing the resulting
telescoping series over r ∈ {0, . . . , r∗ − 1} and dividing by
Vr∗E{T}, yields

E {L (� (tr∗))} − E {L (�(0))}
VE{T}r∗ −

E

{∑tr∗−1
τ=0 R(τ )

}
E{T}r∗

≤ BE
{
T2

}
E{T}V − υ∗ + kA(ρ + 1)

V
(56)

Due to the strong law for renewal processes [23, pp. 163], (49)
follows from (56).
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