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Abstract—Cooperative diversity systems with optimal and sub-
optimal antenna and relay selection have been paid significant
attention for more than half a decade. However, optimal antenna
and relay selection strategies require global channel state informa-
tion (CSI), which is a cumbersome process. In this paper, we pro-
pose a diversity-optimal and three suboptimal transmit–receive
antenna and relay selection strategies, named S1, S2, and S3, for
decode-and-forward cooperative relaying systems, equipped with
Nt and Nr antennas at the source (S) and the destination (D),
respectively, and considering a multirelay scenario. Furthermore,
we study the symbol error probability (SEP) for these strate-
gies, assuming M -ary phase-shift keying signaling over Rayleigh
fading channels. In addition, we perform diversity order analy-
sis through closed-form asymptotic SEP expressions. Since the
proposed suboptimal strategies, i.e., S2 and S3, involve the so-
called switch-and-examine combining scheme, we compare the
complexity of S1, S2, and S3 in terms of the average number of
CSI required at D to select the best transmit–receive antenna pair
and relay. From the derived SEP expressions, it can be concluded
that all three suboptimal strategies achieve the same diversity
order of NtNr + N , where N is the number of relays, except
for the case when the switching threshold signal-to-noise ratio
(SNR) is much lower than the average SNR in S2 and S3. Finally,
the diversity-optimal strategy achieves full diversity order of
NtNr + N min(Nt,Nr).

Index Terms—Antenna and relay selection strategies, decode-
and-forward (DF), M -ary phase-shift keying (MPSK), Rayleigh
fading, switch-and-examine combining (SEC), symbol error prob-
ability (SEP).

I. INTRODUCTION

COOPERATIVEcommunications have emerged as a poten-
tial candidate for achieving improved error performance

due to distributed spatial diversity gain. Amplify-and-forward
(AF) and decode-and-forward (DF) are the two prominent
relaying protocols, whereby the source (S) can transmit to the
destination (D) through randomly distributed relay nodes. The
performance of single-input–single-output DF-relaying-based
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cooperative diversity systems has been extensively investigated
in the literature [1]–[8]. Owing to ease of implementation, most
of the work on performance analysis is focused on the DF relay-
ing system. Specifically, in [1]–[3], the symbol error probability
(SEP) of a cooperative diversity system equipped with a single
DF relay was studied over Rayleigh fading channels, whereas
in [4]–[6], various DF selection strategies were analyzed. More
specifically, in [2]–[6], it was observed that full diversity order
can be achieved only if the channel state information (CSI)
of all links is available at the destination. However, in the
case of a multirelay scenario, the estimation of CSI of all
the links is a high-complexity process. Therefore, distributed
switched diversity combining schemes, such as switch-and-
stay combining and switch-and-examine combining (SEC)
schemes, which require less CSI at D, have been proposed for
cooperative diversity systems in [7] and [8], respectively.

For more than a decade, the cooperative multiple-input
multiple-output (MIMO) system has acquired significant atten-
tion. In [9]–[11], the performance of the DF relaying MIMO
system with beamforming and orthogonal space–time block
code (OSTBC) techniques was studied. However, these tech-
niques increase the system complexity, since more than one
radio frequency chain or antenna should be active for the
OSTBC technique, and both amplitude and phase informa-
tion of the channels is required at the transmitter for the
beamforming technique. Therefore, to reduce the complexity,
antenna selection strategies were proposed. The performance
analysis of antenna and relay selection strategies is being
actively investigated for cooperative diversity systems, and
various suboptimal and optimal antenna and relay selection
strategies were proposed in [12]–[17]. In [12], approximate SEP
and outage probability expressions were derived for suboptimal
and optimal transmit antenna selection (TAS) strategies that
were considering a cooperative MIMO system with a single
AF relay. The optimal TAS selects the transmit antenna, which
maximizes the postprocessing signal-to-noise ratio (SNR) at D,
and this D requires the CSI of all links. In the case of suboptimal
TAS, based on the CSI of source-to-destination (SD) and relay-
to-destination (RD) links, best transmit antennas for S and relay
nodes are selected, respectively.

In [13] and [14], the performance of joint relay and antenna
selection strategies for dual-hop multirelay AF and DF relaying
MIMO systems, respectively, was studied through SEP and out-
age probability expressions. In [15], a multirelay DF relaying
MIMO system with a direct SD link was considered. However,
only the TAS strategy at S was proposed without receive an-
tenna and relay selection. Furthermore, two suboptimal antenna
selection strategies were proposed in [16] for a single-relay
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cooperative MIMO system, and upper bounds on SEP were
derived over Rayleigh fading channels. More recently, in [17],
a joint antenna and path selection technique for the single-DF-
relay cooperative MIMO system was proposed. It was observed
that the proposed technique is diversity optimal and achieves
full diversity order. Here, the path selection was performed
first, and after that, based on the maximum instantaneous SNR
values of SD, source-to-relay (SR), and RD links, the transmit–
receive antenna pair was selected. Furthermore, the switched-
diversity-combining-based transmit–receive antenna selection
strategy was proposed in [18] for a MIMO scenario, and the
performance was studied over Rayleigh fading channels.

A. Motivation

The main motivation of this paper can be summarized as
follows.

• The literature lacks in the SEP analysis of optimal and
suboptimal antenna and relay selection strategies for the
DF system with a direct SD link, which considers a
multirelay scenario. Furthermore, most of the works in
the multirelay scenario are limited to AF and dual-hop DF
MIMO systems without a direct SD link.

• The optimal antenna and relay selection strategies pro-
posed for the AF and DF relaying systems require CSI
knowledge of all the links at D. Therefore, there is a need
to examine the performance of suboptimal antenna and
relay selection strategies.

• The performance analysis of the SEC-based antenna se-
lection strategy is limited to MIMO systems. However,
to the best of our knowledge, SEC-based antenna selec-
tion strategies have not been explored for a cooperative
diversity scenario.

B. Contribution

The main contribution of this paper is as follows.

• The average end-to-end SEP expressions are derived for
three different suboptimal antenna and relay selection
strategies that consider a DF multirelay system with a
direct SD link over slow, flat, and independent Rayleigh
fading channels, which assume M -ary phase-shift keying
(MPSK) signaling.

• For the sake of comparison, a closed-form, upper bound
expression for the average SEP of a diversity-optimal
strategy is derived, instead of a complex exact expression.

• Closed-form asymptotic SEP expressions are derived for
the proposed strategies to evaluate the diversity order.

• A complexity comparison of all the proposed strategies
in terms of the average number of CSI required at D is
performed by means of Monte Carlo simulations.

C. Benefits of the Proposed Strategies

• The suboptimal antenna selection strategies require less
communication overhead compared with the diversity-
optimal antenna selection strategy proposed in our work

as well as that in [17], since the CSI of SR and RD links
is not required in selecting the best antenna pair.

• The proposed suboptimal strategies select the best an-
tenna pair from the instantaneous SNR values of NtNr

SD links, where Nt and Nr denote the number of transmit
and receive antennas at S and D, respectively. However,
there could be other possible ways of selecting the best
antenna pair. Similar to [16], the source antenna could
be selected based on the best SD or SR links, and the
destination antenna could be selected based on the best
RD links. If the antenna pair is selected based on the best
SD and RD links, then the instantaneous SNR values of
NtNr SD links and NNr RD links are required (i.e., total
NtNr +NNr links), where N is the number of relays. In
addition, if the same is selected based on the best SR and
RD links, then the instantaneous SNR values of NNt SR
links and NNr RD links are required.

• Hence, the antenna selection strategies proposed in our
work based on SD links alone require less CSI to se-
lect the antenna pair compared with both strategies pro-
posed in [16], however, at the expense of performance
degradation.

• As two of the proposed strategies employ the SEC
scheme, the number of channel estimations is consider-
ably reduced in comparison with other proposed schemes
in the literature.

D. Structure and Notations

The rest of this paper is organized as follows. The system
model of a multirelay cooperative diversity system considering
multiple antennas at S and D is given in Section II. In Section III,
diversity-optimal and three suboptimal strategies are discussed.
The average and asymptotic SEPs of all the proposed strategies
are derived over Rayleigh fading channels in Section IV. The
impact of outdated/delayed CSI is discussed in Section V, fol-
lowed by numerical results and discussions in Section VI.
Finally, the concluding remarks are given in Section VII.

Let us denote strategies I, II, and III as S1, S2, and S3, respec-
tively, for convenience. Moreover, unless otherwise mentioned,
(·)∗ and | · | denote the complex conjugate and absolute value
operations, respectively, and Γ(·) indicates the gamma integral
function. Moreover, γ(·, ·) and Γ(·, ·) denote the lower and
upper incomplete gamma functions, respectively.

II. SYSTEM MODEL

We consider a communication network consisting of a source
(Si), employed with Nt transmit antennas, where i = 1, 2, . . . ,
Nt, N single-antenna DF relay (Rj) nodes, where j = 1, 2,
. . . , N , and a single destination node (Db) with Nr receive an-
tennas, where b = 1, 2, . . . , Nr, with the presence of the direct
SD link, as shown in Fig. 1. A practical scenario of the model
under consideration could be a mobile node (Si), which com-
municates with the base station (Db), with the help of other
randomly distributed mobile nodes (Rj). We assume symbol-
by-symbol transmission, where, in the first phase, the selected
kth transmit antenna broadcasts the baseband information
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Fig. 1. Multi-DF-relay system with single-antenna relay nodes and multiple
antennas at the source and destination nodes.

symbol s to all the relay nodes and D. The symbol s belongs
to an MPSK constellation with energy 2Es in the signal space
S ′ (i.e., S ′ = {S ′

1, . . . , S
′
M}, s ∈ S ′), where S ′

n =
√

2Es ×
exp(−j2π(n− 1)/M), n=1, . . . ,M, j=

√
−1. Let us assume

that the cth receive antenna is selected at D. The received com-
plex baseband information symbols at Rj and Dc are, respec-
tively, given by

rSkRj
= hSkRj

s+ nSkRj
(1)

rSkDc
= hSkDc

s+ nSkDc
(2)

where hSkRj
and hSkDc

indicate the fading channel coefficients
between Sk and Rj and between Sk and Dc, respectively, and
nSkRj

and nSkDc
represent the additive white Gaussian noise

(AWGN) at Rj and Dc, respectively. The decision rule for
detecting the received baseband information symbol at Rj is
given by

ŝj = arg
{
max
s∈S′

Re
(
s∗ h∗

SkRj
rSkRj

)}
. (3)

It is assumed that hSkRj
is known at Rj . In phase II, the

selected relay Rl forwards the detected symbol ŝl to D. The re-
ceived complex baseband information symbol at Dc is given by

rRlDc
= hRlDc

ŝl + nRlDc
(4)

where hRlDc
indicates the fading channel coefficient between

Rl and Dc, and nRlDc
represents the AWGN at Dc. All the

fading channel coefficients above are modeled as zero-mean
complex Gaussian random variables (RVs), and so, their abso-
lute values follow Rayleigh distribution. Moreover, the AWGN
noise is modeled as a complex Gaussian RV with zero mean
and variance of 2N0.

Let us define γSD, γSRl
, and γRlD as the instantaneous SNR

values of SD, lth SR, and lth RD links, respectively, which are
given by γSD = (Es/N0)|hSD|2, γSRl

= (Es/N0)|hSRl
|2, and

γRlD = (Es/N0)|hRlD|2. Furthermore, since |hSD|, |hSRl
|,

and |hRlD| follow a Rayleigh distribution, |hSD|2, |hSRl
|2, and

|hRlD|2 follow an exponential distribution. Therefore, the in-
stantaneous SNR of SD, lth SR, and lth RD links also follow an
exponential distribution with mean equal to their correspond-
ing average SNR values, which are denoted by γ̄SD, γ̄SRl

,

and γ̄RlD, respectively. Finally, it is assumed that the CSI of
SR, SD, and RD links remains almost constant during the two
phases of symbol transmission.

III. ANTENNA AND RELAY SELECTION STRATEGIES

A. Diversity-Optimal Strategy

The following are the steps involved in selecting the best
antenna pair and relay.

• Step 1: First, the maximum instantaneous SNR values of
SD, RD, and SR links are evaluated. After that, the SD
link (i.e., direct path) or the source-to-relay-to-destination
(SRD) link (i.e., cooperative path) is selected based on the
following decision rule:

γsel = max
(
γSkDc

, min
j∈{1,...,N}

(
γSkRj

, γRjDc

))
. (5)

• Step 2: If the SD link is chosen, the transmit–receive
antenna pair is selected based on the instantaneous SNR
values of the best SD links and is given by

{k, c} = argmax
1≤i≤Nt,1≤b≤Nr

(γSiDb
) . (6)

• Step 3: If the lth SRD link is chosen, then the kth source
antenna and the cth destination antenna are selected based
on the instantaneous SNR values of the best lth SR and
RD links, respectively, and are given by

{k} = argmax
1≤i≤Nt

(γSiRl
)

{c} = argmax
1≤b≤Nr

(γRlDb
) . (7)

The proposed antenna and relay selection strategy is similar
to the path and antenna selection strategy discussed in [17].
However, as already mentioned, the work in [17] is restricted
to the single-relay cooperative MIMO system. Moreover, the
proposed strategy in our work is not SNR optimal as selection
combining (SC) is employed in combining SD and SRD links.
However, it is diversity optimal since it achieves full diversity
order of NtNr +N min(NtNr) similar to the optimal scheme
proposed in [15] for a multirelay cooperative MIMO system.

B. Suboptimal Strategy I

• Step 1: In suboptimal strategy I (S1), we choose the
transmit–receive antenna pair based on the instantaneous
SNR values of the best SD links as follows:

{k, c} = argmax
1≤i≤Nt,1≤b≤Nr

(γSiDb
) . (8)

• Step 2: After choosing the antenna pair, the best relay in
the cooperative path or the direct path is selected based on
the following decision rule:

γsel = max
(
γSkDc

, min
j∈{1,...,N}

(
γSkRj

, γRjDc

))
. (9)
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Since the transmit–receive antenna pair for the direct and co-
operative paths is chosen based on the instantaneous SNR
values of the best SD links alone, the scheme is suboptimal.

C. Suboptimal Strategy II

In suboptimal strategy II (S2), the antenna selection decision
rule remains the same as that of S1 and is given by (8). The
following are the steps involved in S2 for selecting the antenna
pair and relay.

• Step 1: In the guard period before each transmission
phase, S from each transmit antenna sends ready-to-send
(RTS) packets to D.

• Step 2: From the received RTS packets, D estimates the
CSI of all SD links and evaluates the instantaneous SNR
values. Then, the transmit–receive antenna pair is selected
based on (8).

• Step 3: If γSkDc
> γt, where γt denotes the switching

threshold SNR value, D sends a positive acknowledge-
ment (ACK) to S to start the transmission phase along
with the information of the selected transmit antenna.

• Step 4: S from the kth transmit antenna sends a positive
flag message to all the relay nodes. After receiving the
same from Sk, all the relays will enter into idle mode
during that particular transmission. The baseband infor-
mation symbol is transmitted from Sk, and the received
signal at Dc is given by (2).

• Step 5: If γSkDc
< γt, then D sends a negative ACK

to S along with the information of the selected transmit
antenna.

• Step 6: Sk broadcasts an RTS packet to all the relay nodes.
After receiving the packet, all the relay nodes start a timer.

• Step 7: Let us assume that the timer of the lth relay node
gets expired first. Then, Rl updates the value of counter
l = l + 1. If l �= N , then Rl estimates the CSI of the SR
link (i.e., hSkRl

) and transmits the estimate along with the
RTS packet to D. By overhearing the RTS packet from
another relay node, all the other relay nodes update the
value of counter l = l + 1 without sending anything and
will go into listening mode.

• Step 8: After receiving the RTS packet, D estimates the
CSI of the RD link at the cth receive antenna and evaluates
γl = min(γSkRl

, γRlDc
).

• Step 9: If γl > γt, then D sends a positive ACK to the lth
relay node to decode and forward the signal received from
S in the second orthogonal phase of transmission. More-
over, the lth relay node sends a positive flag message to all
the other relay nodes and S. After receiving the flag mes-
sage from the lth relay node, S will start the transmission
phase, and the other relay nodes, which are in the listening
mode, will enter into idle mode. During the first and sec-
ond phases of the transmission, the received signals at the
relay node and D in the cooperative path are, respectively,
given by (1) and (4).

• Step 10: If γl < γt, the lth relay node will be negatively
acknowledged by D. Then, the lth relay node sends a
negative flag message to all the other relay nodes to start

their timer. The relay node whose timer gets expired next
will continue the same process as already mentioned in
Steps 7–9.

• Step 11: If l = N in Step 7, it implies that both direct and
N − 1 cooperative paths fail to satisfy the threshold SNR
condition. Hence, the last relay node, without estimating
the CSI of the SR link, sends a positive flag message to all
the other relay nodes and S. After receiving the flag mes-
sage from the lth relay node, S will start the transmission
phase. Hence, the last cooperative path is selected without
being examined.

D. Suboptimal Strategy III

In suboptimal strategy III (S3), both antenna and relay selec-
tion will be performed with the help of the SEC scheme. The
possible transmit–receive antenna pair is given by

{k, c} = [{1, 1}, . . . , {1, Nr}, . . . , {Nt, 1}, . . . , {Nt, Nr}] .

The following are the steps involved in S3 for selecting the
antenna pair and relay.

• Step 1: Here, S sends an RTS packet from the first antenna
to D. From the received packet, if γS1D1

> γt, then
{k, c} = [{1, 1}]; else, γS1D2

will be evaluated. Likewise,
the transmit–receive antenna selection process will conti-
nue similar to the SEC scheme until {k, c} = [{Nt,
Nr − 1}]. If γSNtDNr−1

< γt, then {k, c} = [{Nt, Nr}].
After selecting the antenna pair, D sends the information
related to the selected transmit antenna.

• Step 2: See Steps 6–8 in Section III-C.
• Step 3: If γl > γt, then D sends a positive ACK to the lth

relay node. Moreover, the lth relay node sends a positive
flag message to all the other relay nodes. After receiving
the flag message, all other relay nodes, which are in the
listening mode, will enter into idle mode.

• Step 4: If γl < γt, the lth relay node will be negatively
acknowledged by D. Then, the lth relay node sends a
negative flag message to all the other relay nodes to start
their timer. The relay node whose timer gets expired next
will continue the same process as already mentioned in
Steps 2 and 3.

• Step 5: After selecting the cooperative path (assuming
that the lth relay node is chosen), it is compared with
the direct path according to the decision rule max(γSkDc

,
min(γSkRl

, γRlDc
)). Note that if the threshold SNR con-

dition is not satisfied for NtNr − 1 direct and N − 1
cooperative paths, then l = N , and {k, c} = [{Nt, Nr}].

• Step 6: Finally, after selecting the cooperative or the direct
path, D asks S to start the transmission phase.

Note that S2 does not compare the direct path with the coop-
erative path similar to S3 according to the decision rule given
in Step 5. If γSkDc

> γt, then S2 neglects the cooperative path.
However, in S3, although γSkDc

> γt, it compares the direct
path with the best cooperative path for the transmission. More-
over, it seems that choosing the best antenna pair and relay by
comparing them with γt could take time to work in S2 and S3
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when compared with the optimal strategy. However, the delay
in examining a particular path is compensated by the number
of channel estimations required to select the best antenna pair
and relay, as the delay is considerably reduced in S2 and S3
compared with the diversity-optimal strategy and S1. The SEC
scheme in S2 and S3 can be implemented in a centralized
manner, and D acts as a centralized node in communicating
the selected relay node and transmit antenna index back to the
transmitting nodes and fixing the threshold SNR value before
examining the links.

E. Probability Density Function and Cumulative
Density Function

Since the instantaneous SNR of the SD, SR, and RD links
follow an exponential distribution, the corresponding probabil-
ity density function (pdf) and cumulative distribution function
(cdf) are given by

fγii
(t) =

1
γ̄ii

exp

(
−t

γ̄ii

)
, Fγii

(t) = 1 − exp

(
−t

γ̄ii

)
(10)

where ii∈{SRl, RlD, SD}. Let δSR=max(S1Rl, . . . , SNt
Rl),

δRD = max(RlD1, . . . , RlDNr
), and δSD = max(S1D1, . . . ,

SNt
DNr

) represent the maximum instantaneous SNR values of
the lth SR, lth RD, and SD links, respectively. The cdf of δii,
where ii ∈ {SR,RD, SD}, for the SR, RD, and SD links are,
respectively, given by

FδSR(t) =

{
1 − exp

(
−t

γ̄SR

)}Nt

FδRD
(t) =

{
1 − exp

(
−t

γ̄RD

)}Nr

FδSD(t) =

{
1 − exp

(
−t

γ̄SD

)}NtNr

. (11)

Furthermore, the pdf of δii for the SR, RD, and SD links are,
respectively, given by

fδSR(t) =
Nt exp

(
−t
γ̄SR

)
γ̄SR

{
1 − exp

(
−t

γ̄SR

)}Nt−1

fδRD
(t) =

Nr exp
(

−t
γ̄RD

)
γ̄RD

{
1 − exp

(
−t

γ̄RD

)}Nr−1

fδSD(t) =
NrNt exp

(
−t
γ̄SD

)
γ̄SD

{
1 − exp

(
−t

γ̄SD

)}NrNt−1

.

(12)

Let us define an RV Vj , which is given by Vj = min(γSRj
,

γRjD), and the corresponding cdf can be expressed as

FVj
(t)=1 −

∞∫
t

∞∫
t

fγSRj
(t3)fγRjD

(t2) dt2 dt3=1 − exp(−Ajt)

(13)

where Aj = (1/γ̄SRj
) + (1/γ̄RjD). Let us define another RV

δ, which is given by δ = min(δSR, δRD), and the corresponding
cdf can be expressed as [17, eq. (6)]

Fδ(t) = FδSR(t) + FδRD
(t)− FδSR(t)FδRD

(t). (14)

Differentiating (13), the pdf of Vj can be expressed as

fVj
(t) = Aj exp(−Ajt). (15)

Similarly, differentiating (14), the pdf of δ can be expressed as
[17, eq. (6)]

fδ(t)=fδSR(t) (1− FδRD
(t)) + fδRD

(t) (1−FδSR(t)) . (16)

IV. PERFORMANCE ANALYSIS

A. Diversity-Optimal Strategy

An upper bound on the conditional SEP of MPSK signaling
conditioned on the instantaneous SNR of any given link γ is
given by [19, eq. (8.24)]

Pe(γ) ≤
M − 1
M

exp
(
−γ sin2

( π

M

))
. (17)

Note that the end-to-end SEP is obtained by assuming γ̄SR =
γ̄SiRj

, γ̄RD = γ̄RjDb
, and γ̄SD = γ̄SiDb

. The average SEP of
the direct SD link based on the decision rule given by (5) can
be expressed as

P opt
eSD =

∞∫
0

Pe(t1) fδSD(t1) (Fδ(t1))
N dt1. (18)

Substituting (12), (14), and (17) in (18), the upper bound on (18)
in closed form is given by

P opt
eSD ≤ NtNr(M − 1)

M γ̄SD

NtNr−1∑
m=0

(
NtNr − 1

m

)
(−1)m

×
{

NtN∑
n=0

(
NtN
n

)
(−1)n

sin2
(

π
M

)
+ m+1

γ̄SD
+ n

γ̄SR

+

NrN∑
p=0

(
NrN
p

)
(−1)p

sin2
(

π
M

)
+ m+1

γ̄SD
+ p

γ̄RD

}
. (19)

The conditional error probability of the SRD link
[1, eq. (21)] is then expressed as1

PeSRD(γSR, γRD)=Pe(γSR)+Pe(γRD)− Pe(γSR)Pe(γRD).
(20)

The average SEP of the SRD link based on the decision rule
given by (5) can be expressed as (21), shown at the bottom
of the next page. Equation (21) is divided into four smaller
terms. After substituting (11), (12), (14), and (20) in (21), the
upper bounds on A1(·, ·) and A2(·, ·) in closed form after
simplification are given by (81a) and (82a), respectively, in

1Note that the final term in [1, eq. (21)] is omitted, since it will not add any
significant change in the end-to-end average SEP, and our simulation results
exactly agree with the computed SEP values as well.



9046 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 65, NO. 11, NOVEMBER 2016

the Appendix. The upper bound on the end-to-end SEP of the
diversity-optimal strategy by adding the individual SEPs of the
SD and SRD links is given by

P opt
e ≤ P opt

eSD + P opt
eSRD. (22)

From (22), we derive the closed-form asymptotic SEP ex-
pression by applying high-SNR approximations such as 1 −
exp(t1/γ̄ii) ≈ (t1/γ̄ii), and sin2(π/M) + (1/γ̄ii) ≈ sin2(π/M).
After simplification, the asymptotic SEP of the diversity-optimal
strategy that skips detailed derivation steps is given by

P
opt
asy
e =

NtNr(M − 1)
M

×
{

Γ(NtNr+NtN){
sin2

(
π
M

)
γ̄
}NtNr+NtN

+
Γ(NtNr+NrN){

sin2
(

π
M

)
γ̄
}NtNr+NrN

}

+O

(
1

γ̄NtNr+Nr+NtN

)
+O

(
1

γ̄NtNr+Nt+NrN

)
(23)

where f(x)=O(g(x)) if limx→0f(x)/g(x) = 0. By neglecting
the least significant higher-order terms, from (23), it is inferred
that the diversity order is equal to NtNr +N min(Nt, Nr).

B. S1

The conditional SEP of MPSK signaling conditioned on γ is
given by [19, eq. (8.22)]

Pe(γ) =
1
π

φ0∫
0

exp (−χ(φ)γ) dφ (24)

where φ0 = π(M − 1)/M , and χ(φ) = sin2(π/M)/ sin2(φ).
Note that the end-to-end SEP of S1 is obtained by assum-
ing γ̄SD = γ̄SiDb

. The average SEP of the SD link can then
be obtained by averaging (24) over the pdf of the exponen-
tial distribution given by (10) under the condition γSkDc

>
maxj∈1,...,N (min(γSkRj

, γRjDc
)), and the average is given by

PeSD = Nt Nr

∞∫
0

Pe(t1) fγSD
(t1) (FγSD

(t1))
(NtNr)−1

×
N∏
j=1

(
FVj

(t1)
)
dt1. (25)

Then, we define the following quantities:

∑̂N−1

n=0
=

N−1∑
n=0

(−1)n

n!
,

N∑
k1=1
k1 �=l

· · ·
N∑

kn=1
kn �=l︸ ︷︷ ︸

k1,k2,...,kn are all distinct

∑̄N

n=0
=

N∑
n=0

(−1)n

n!
,

N∑
k1=1

· · ·
N∑

kn=1︸ ︷︷ ︸
k1,k2,...,kn are all distinct

αp,n =
n∑

p=1

Akp
. (26)

After substituting (24), (10), and (13) in (25), we expand the
term

∏N
j=1(FVj

(t1)) by using [5, eq. (9)]. After solving the
integral, the average SEP of the SD link is given by

PeSD =
Nt Nr

π γ̄SD

NtNr−1∑
m=0

∑̄N

n=0

(
NtNr − 1

m

)

× (−1)m
φ0∫
0

{χ(φ) + ε(n,m)}−1 dφ (27)

where ε(n,m) = ((m+ 1)/γ̄SD) + αp,n.
The average SEP of the SRD link is obtained by averaging

(20) over an exponential distribution of the SR and RD links un-
der the condition γSkDc

< min(γSkRl
, γRlDc

). Hence, the av-
erage SEP is given by (28), shown at the bottom of the next
page. Let us consider Part-A of (28), which is divided into three
smaller terms. The first term is given by

I1 (γ̄SRl
, γ̄RlD) =

∞∫
0

∞∫
t3

Pe(t3) fγSRl
(t3) fγRlD

(t2)

×
N∏
j=1
j �=l

FVj
(t3)

t3∫
0

fγSD
(t1)(FγSD

(t1))
(NtNr)−1 dt1 dt2 dt3. (29)

Substituting (24), (10), and (13) in (29), the obtained expression
is expanded by using binomial expansion. After solving the

P opt
eSRD = N

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∞∫
0

∞∫
t3

PeSRD(t3, t2)fδSR(t3)fδRD
(t2) (Fδ(t3))

N−1 FδSD(t3) dt2dt3

︸ ︷︷ ︸
A1(γ̄SR,γ̄RD)+A2(γ̄SR,γ̄RD)

+

∞∫
0

∞∫
t2

PeSRD(t3, t2)fδSR(t3)fδRD
(t2) (Fδ(t2))

N−1 FδSD(t2) dt3dt2

︸ ︷︷ ︸
A1(γ̄RD,γ̄SR)+A2(γ̄RD,γ̄SR)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (21)
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integrals, the final expression is given by

I1 (γ̄SRl
, γ̄RlD)

=

1
π

1
γ̄SRl

1
γ̄SD

m+1
γ̄SD

NtNr−1∑
m=0

∑̂N−1

n=0

(
NtNr − 1

m

)
(−1)m

×
φ0∫
0

{
(χ(φ) +Al+ αp,n)

−1− (χ(φ) + ζ(n,m))−1
}
dφ

(30)

where ζ(n,m) = Al + αp,n + ((m+ 1)/γ̄SD). The second
term of Part-A can be obtained by substitutingPe(t2) forPe(t3)
in (29), and the final expression is given by

I2(γ̄SRl
, γ̄RlD)

=

1
π

1
γ̄SRl

1
γ̄SD

1
γ̄RlD

m+1
γ̄SD

NtNr−1∑
m=0

∑̂N−1

n=0

(
NtNr − 1

m

)
(−1)m

×
φ0∫
0

(χ (φ, γ̄RlD))−1
{
(χ(φ) +Al + αp,n)

−1

− (χ(φ) + ζ(n,m))−1
}
dφ

(31)

where χ(φ, γ̄ii) = χ(φ) + 1/γ̄ii. The third term of Part-A can
be obtained by substitutingPe(t2)Pe(t3) forPe(t3) in (29), and
the final expression is given by

I3 (γ̄SRl
, γ̄RlD, φ1, φ2)

=

1
π

1
γ̄SRl

1
γ̄SD

1
γ̄RlD

m+1
γ̄SD

NtNr−1∑
m=0

∑̂N−1

n=0

(
NtNr − 1

m

)
(−1)m

×
φ0∫
0

φ0∫
0

(χ (φ2, γ̄RlD))−1

×
{
(χ(φ1, φ2) +Al + αp,n)

−1

− (χ(φ1, φ2) + ζ(n,m))−1
}
dφ1dφ2 (32)

where χ(φ1, φ2) = (sin2(π/M)/ sin2(φ1)) + (sin2(π/M)/
sin2(φ2)).

Similar to Part-A, the rest of the three terms in Part-B of (28)
can be written as follows:

I ′1 = I2 (γ̄RlD, γ̄SRl
)

I ′2 = I1 (γ̄RlD, γ̄SRl
)

I ′3 = I3 (γ̄RlD, γ̄SRl
, φ2, φ1) . (33)

From (27) and (30)–(32), it is observed that the expressions are
not in closed form and are represented in the form of simple
integrals, which can be numerically evaluated. The error events
in the SD and SRD links are mutually exclusive. Therefore, we
obtain the end-to-end SEP by adding the individual SEPs of the
SD and SRD links, which is given by

Pe1 = PeSD +
N∑
l=1

PeSRlD. (34)

From (34), it is difficult to perform diversity order analysis,
since the expressions are not in closed form. Therefore, we
derive the closed-form asymptotic SEP expression for S1 by
considering binary phase-shift keying (BPSK) signaling, and
perform diversity order analysis from the asymptotic SEP
expression.

Theorem 1: By considering the BPSK signaling over in-
dependent and identically distributed (i.i.d.) Rayleigh fading
channels, the asymptotic SEP expression for S1 is given by

P asy
e1

=
2N−1 Γ(NtNr +N − 0.5)√

π γ̄NtNr+N
(NtNr +N)

+O

(
1

γ̄NtNr+N+1

)
. (35)

Proof: The upper bound on the conditional error proba-
bility of BPSK signaling is given by

Pe(γ) ≤ exp(−γ)/
√

4 π γ. (36)

Assuming γ̄ = γ̄SD = γ̄SRj
= γ̄RjD and A = Aj , where j =

1, 2, . . . , N , we substitute (36) in (25) and (28). After approx-
imating the terms 1 − exp(−At1) ≈ At1, 1 − exp(t1/γ̄) ≈
t1/γ̄, and 1 + (1/γ̄) ≈ 1 under the high-SNR condition and ne-
glecting a few insignificant terms, the closed-form asymptotic
expression for the i.i.d. case is given by (35).

PeSRlD = Nt Nr

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∞∫
0

∞∫
t3

PeSRlD(t3, t2)fγSRl
(t3)fγRlD

(t2)

N∏
j=1
j �=l

FVj
(t3)

t3∫
0

fγSD
(t1) (FγSD

(t1))
(NtNr)−1 dt1dt2dt3

︸ ︷︷ ︸
Part−AI1(γ̄SRl

,γ̄RlD)+I2(γ̄SRl
,γ̄RlD)−I3(γ̄SRl

,γ̄RlD
,φ1,φ2)

+

∞∫
0

∞∫
t2

PeSRlD(t3, t2)fγSRl
(t3)fγRlD

(t2)

N∏
j=1
j �=l

FVj
(t2)

t2∫
0

fγSD
(t1) (FγSD

(t1))
(NtNr)−1 dt1dt3dt2

︸ ︷︷ ︸
Part−B I′1+I′2−I′3

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(28)
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Corollary 1: From (35), it is inferred that the diversity order
of S1 is Nt Nr +N .

C. S2

The average SEP of the SD link is obtained by averaging
(24) over the exponential distribution of the SD link under the
condition γSkDc

> γt, and the average is given by

P ′
eSD = Nt Nr

∞∫
γt

Pe(t1) fγSD
(t1) (FγSD

(t1))
(NtNr)−1 dt1.

(37)

After substituting (24) and (10) in (37) and solving the integrals,
the average SEP of the SD link is given by

P ′
eSD =

NtNr

πγ̄SD

NtNr−1∑
m=0

(
NtNr − 1

m

)
(−1)m

×
φ0∫
0

exp (−γt {χ(φ) + (m+ 1)/γ̄SD})
{χ(φ) + (m+ 1)/γ̄SD}

dφ. (38)

The average SEP of the SRD link is obtained by averaging
(20) over the exponential distribution of the SR and RD links
under the condition γSkDc

< γt. Since we employ SEC com-
bining at D for S2, we assume that the lth relay is selected,
where l �= N , under the condition min(γSkRj

, γRjDc
) < γt,

where j = 1, . . . , l− 1, and min(γSkRl
, γRlDc

) > γt. Consid-
ering the conditions mentioned, the average SEP of the lth SRD
link is given by

P ′
eSRlD

= NtNr

l−1∏
j=1

FVj|! (γt)

γt∫
0

fγSD
(t1)(FγSD

(t1))
(NtNr)−1 dt1

×
∞∫

γt

∞∫
γt

PeSRlD(t3, t2)fγSRl
(t3)fγRlD

(t2) dt2 dt3

︸ ︷︷ ︸
J1+J2−J3

.

(39)

By substituting (20), we split (39) into three terms. The first
term J1 is given by

J1 =

∞∫
γt

∞∫
γt

Pe(t3) fγSRl
(t3) fγRlD

(t2) dt2 dt3. (40)

Substituting (24) and (10) in (40) and solving the integrals,
we get

J1 =
1
π

1
γ̄SRl

exp

(
−γt
γ̄RlD

) φ0∫
0

exp (−γt χ (φ, γ̄SRl
))

× {χ (φ, γ̄SRl
)}−1 dφ. (41)

The second and third terms are obtained by substituting Pe(t2)
andPe(t2)Pe(t3), respectively, forPe(t3) in (40). After solving
the integrals, J2 and J3 are, respectively, given by

J2 =
1
π

1
γ̄RlD

exp

(
−γt
γ̄SRl

)

×
φ0∫
0

exp (−γt χ (φ, γ̄RlD)) {χ (φ, γ̄RlD)}−1 dφ.

J3 =
(J1 J2)

(exp(−Alγt))
. (42)

After solving the outer integral in (39) using binomial expan-
sion, the final expression for P ′

eSRlD
is given by

P ′
eSRlD

= NtNr

l−1∏
j=1

FVj
(γt)

1
γ̄SD

NtNr−1∑
m=0

(
NtNr − 1

m

)
(−1)m

×

⎧⎨
⎩

1 − exp
(
−γt

{
m+1
γ̄SD

})
m+1
γ̄SD

⎫⎬
⎭(J1+ J2− J3). (43)

We assume that the N th relay is selected under the condition
min(γSkRj

, γRjDc
) < γt, where j = 1, 2, . . . , N − 1. Consid-

ering the aforementioned condition, the average SEP of the N th
SRD link is given by

P ′
eSRND = NtNr

N−1∏
j=1

FVj
(γt)

γt∫
0

fγSD(t1)(FγSD
(t1))

(NtNr)−1 dt1

×
∞∫
0

∞∫
0

PeSRND(t3, t2)fγSRN
(t3)fγRND

(t2) dt2 dt3

︸ ︷︷ ︸
J′
1+J′

2−J′
3

. (44)

By substituting (20), we split (44) into three terms. Similar to
J1, J2, and J3, we solve J ′

1, J ′
2, and J ′

3 for which the final
expressions are given by

J ′
1 =

1
π

1
γ̄SRN

φ0∫
0

{χ (φ, γ̄SRN
)}−1 dφ

J ′
2 =

1
π

1
γ̄RND

φ0∫
0

{χ (φ, γ̄RND)}−1 dφ

J ′
3 =J ′

1 × J ′
2. (45)

After solving the outer integral in (44) using binomial expan-
sion, the final expression for P ′

eSRND is given by

P ′
eSRND = NtNr

N−1∏
j=1

FVj
(γt)

1
γ̄SD

NtNr−1∑
m=0

(
NtNr − 1

m

)
(−1)m

×

⎧⎨
⎩

1 − exp
(
−γt

{
m+1
γ̄SD

})
m+1
γ̄SD

⎫⎬
⎭(J ′

1 + J ′
2− J ′

3) . (46)
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From (38), (43), and (46), the end-to-end SEP expression for
S2 is given by

Pe2 = P ′
eSD +

N−1∑
l=1

P ′
eSRlD

+ P ′
eSRND. (47)

It is important to note that the individual terms in (47) are not
in closed form. Therefore, to perform diversity order analysis,
a closed-form asymptotic SEP expression is derived.

Theorem 2: By considering BPSK signaling for S2 over i.i.d.
Rayleigh fading channels, the asymptotic SEP expression is
given by

P asy
e2 ≈ 2N−1 γ

NtNr+(N−1)
t

γ̄NtNr+N
+O

(
1

γ̄NtNr+N+1

)
. (48)

Proof: First, we substitute (36) in (37). After approximat-
ing 1−exp(−t1/γ̄SD) ≈ t1/γ̄SD and 1 + (1/γ̄SD) ≈ 1 under the
high-SNR condition, the closed-form asymptotic SEP expres-
sion for the SD link, considering BPSK signaling, is given by

P ′asy
eSD =

Nt Nr Γ(NtNr − 0.5, γt)
2
√
π (γ̄SD)NtNr

. (49)

Assuming that γ̄SR = γ̄SRj
and γ̄RD = γ̄RjD , j = 1, 2, . . . , N ,

we substitute (36) in (20), and the resultant expression is
substituted in (39). After approximating (39) by using 1+
(1/γ̄SR)≈1, 1 + (1/γ̄RD) ≈ 1, 1 − exp(−t1/γ̄SD) ≈ t1/γ̄SD,
and 1 − exp(−Aγt) ≈ Aγt under the high-SNR condition, the
asymptotic SEP expression for the lth SRD link considering
BPSK signaling is given by

P ′asy
eSRlD

= Nt Nr (Aγt)
l−1 γ

(
NtNr,

γt
γ̄SD

)
× (Jasy

1 + Jasy
2 − Jasy

3 ) (50)

where Jasy
1 = exp(−γt/γ̄RD) Γ(0.5, γt)/2

√
π γ̄SR, Jasy

2 =
exp(−γt/γ̄SR) Γ(0.5, γt)/2

√
π γ̄RD, and Jasy

3 = (Γ(0.5,
γt))

2/4πγ̄SR γ̄RD. After high-SNR approximation, the asymp-
totic SEP expression for the N th SRD link is given by

P ′asy
eSRND = Nt Nr (Aγt)

N−1 γ

(
NtNr,

γt
γ̄SD

)

×
{

1
2

(
1

γ̄SR
+

1
γ̄RD

+
1

2 γ̄RD γ̄SR

)}
. (51)

We add the individual asymptotic SEPs of the SD, lth SRD,
and N th SRD links to get the end-to-end asymptotic SEP of
S2 for BPSK signaling in closed form. After removing the in-
significant terms and approximating γ(NtNr, γt/γ̄SD) ≈ (γt/
γ̄SD)

NtNr/NtNr under the high-SNR condition [20, eq. (30)],
the simplified asymptotic SEP expression for the i.i.d. case (i.e.,
γ̄ = γ̄SD = γ̄SR = γ̄RD) in closed form is given by (48).

Corollary 2: From (48), it is inferred that the diversity order
of S2 is equal to Nt Nr +N . Moreover, it is important to note
that the asymptotic SEP given by (48) is valid except for the
case when γt � γ̄.

For the case when γt � γ̄, all the links will be acceptable,
and S2 eventually chooses the direct SD link. Hence, the

asymptotic expression for the mentioned case is given by (49),
and the diversity order of S2 is equal to NtNr.

D. S3

The average SEP of the SD link is obtained by consid-
ering the following conditions: 1) γSkDc

> γt; 2) γSk′Dc′ <
γt, where {k′, c′} = [{1, 1}, . . . , {k, c− 1}]; 3) min(γSkRj

,
γRjDc

) < γt, where j=1, . . . , l− 1, and l �= N ; 4) min(γSkRl
,

γRlDc
) > γt; and 5) γSkDc

> min(γSkRl
, γRlDc

). The average
SEP of the SD link incorporating the aforementioned conditions
is given by

Pe3SD =

NtNr∑
p=1

(FγSD
(γt))

p−1
N−1∑
l=1

l−1∏
j=1

FVj
(γt)

×
∞∫

t6

∞∫
γt

Pe(t1) fγSD
(t1) fVl

(t6) dt6 dt1. (52)

We substitute (24), (10), and (15) in (52) and after solving the
integrals, the final expression is given by

Pe3SD=

NtNr∑
p=1

(FγSD
(γt))

p−1
N−1∑
l=1

l−1∏
j=1

FVj
(γt)

×

⎧⎨
⎩ Al

πγ̄SD

φ0∫
0

{χ(φ, γ̄SD)}−1exp{−γt(χ(φ, γ̄SD) +Al)}

× {χ(φ, γ̄SD) + Al}−1 dφ

⎫⎬
⎭ . (53)

Assuming that l = N and {k, c} �= [{Nt, Nr}], we derive the
average SEP of the SD link by considering the following condi-
tions: 1) γSkDc

> γt; 2) γSk′Dc′ < γt, where {k′, c′} = [{1,
1}, . . . , {k, c− 1}]; 3) min(γSkRj

, γRjDc
) < γt, where j =

1, 2, . . . , N − 1; and 4) γSkDc
> min(γSkRN

, γRNDc
). The

average SEP of the SD link is given by

P ′
e3SD

=

NtNr−1∑
p=1

(FγSD
(γt))

p−1
N−1∏
j=1

FVj
(γt)

×
∞∫

γt

t1∫
0

Pe(t1) fγSD
(t1) fVN

(t7) dt7 dt1. (54)

After substituting (24), (10), and (15) in (54) and solving the
integrals, the average SEP expression is given by

P ′
e3SD=

NtNr−1∑
p=1

(FγSD
(γt))

p−1
N−1∏
j=1

FVj
(γt)

× 1
πγ̄SD

φ0∫
0

exp {−γt χ(φ, γ̄SD)} {χ(φ, γ̄SD)}−1

− exp{−γt(χ(φ, γ̄SD) +AN)}{χ(φ, γ̄SD) +AN}−1dφ.
(55)
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Assuming that l = N and {k, c} = [{Nt, Nr}], the average
SEP of the SD link can be expressed as

P ′′
e3SD

= (FγSD
(γt))

NtNr−1
N−1∏
j=1

FVj
(γt)

×
∞∫
0

t1∫
0

Pe(t1) fγSD
(t1) fVN

(t7) dt7 dt1. (56)

After solving the integrals in (56), the average SEP expression
for the SD link is given by

P ′′
e3SD

=
(FγSD

(γt))
NtNr−1 ∏N−1

j=1 FVj
(γt)

πγ̄SD

×
φ0∫
0

(
{χ(φ, γ̄SD)}−1 − {χ(φ, γ̄SD) + AN}−1

)
dφ. (57)

From (53), (55), and (57), the average SEP of the SD link for
S3 is given by

P ′′
eSD = Pe3SD + P ′

e3SD
+ P ′′

e3SD
. (58)

The average SEP of the SRD link is obtained by averag-
ing (20) over the exponential distribution of the SR and RD
links by considering the following conditions: 1) γSkDc

> γt,
where {k, c} �= [{Nt, Nr}]; 2) γSk′Dc′ < γt, where {k′, c′} =
[{1, 1}, . . . , {k, c− 1}]; 3) min(γSkRj

, γRjDc
) < γt, where

j = 1, . . . , l− 1; 4) min(γSkRl
, γRlDc

) > γt, where l =
1, 2, . . . , N ; and 5) min(γSkRl

, γRlDc
) > γSkDc

. Hence, the

average SEP expression for the SRD link is given by (59),
shown at the bottom of the page, and we split the expression
into six terms. The first term B1 is given by

B1 (γ̄SRl
, γ̄RlD) =

∞∫
γt

∞∫
t1

∞∫
t3

Pe(t3) fγSRl
(t3)

× fγRlD
(t2) fγSD

(t1) dt2 dt3 dt1. (60)

Substituting (24) and (10) in (60) and solving the integrals
results in

B1 (γ̄SRl
, γ̄RlD)

=

φ0∫
0

exp {−γt (χ(φ, γ̄SD) +Al)}
πγ̄SRl

γ̄RlD (χ(φ) +Al) (χ(φ, γ̄SD) +Al)
dφ. (61)

The second term B2 and the third term B3 can be obtained by
substituting Pe(t2) and Pe(t2)Pe(t3), respectively, for Pe(t3)
in (60). After solving the integrals, B2 and B3 are given,
respectively, by (62) and (63), shown at the bottom of the page.
From (63), χ(φ1, φ2, γ̄ii)=(sin2(π/M)/sin2(φ1)) + (sin2(π/
M)/ sin2(φ2)) + (1/γ̄ii). The final three terms B′

1, B′
2, and

B′
3 can be written from B1(·, ·), B2(·, ·), and B3(·, ·, ·, ·), as

given by

B′
1 =B2 (γ̄RlD, γ̄SRl

)

B′
2 =B1 (γ̄RlD, γ̄SRl

)

B′
3 =B3 (γ̄RlD, γ̄SRl

, φ2, φ1) . (64)

Pe3SRD =

NtNr−1∑
p=1

(FγSD
(γt))

p−1
N∑
l=1

l−1∏
j=1

FVj
(γt)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∞∫
γt

∞∫
t1

∞∫
t3

PeSRlD(t3, t2) fγSRl
(t3) fγRlD

(t2) fγSD
(t1) dt2 dt3 dt1

︸ ︷︷ ︸
B1(γ̄SRl

,γ̄RlD)+B2(γ̄SRl
,γ̄RlD)−B3(γ̄SRl

,γ̄RlD
,φ1,φ2)

+

∞∫
γt

∞∫
t1

∞∫
t2

PeSRlD(t3, t2) fγSRl
(t3)fγRlD

(t2)fγSD
(t1)dt3 dt2 dt1

︸ ︷︷ ︸
B′

1+B′
2−B′

3

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (59)

B2 (γ̄SRl
, γ̄RlD) =

φ0∫
0

exp {−γt (χ(φ, γ̄SD) +Al)}
πγ̄SRl

γ̄RlD γ̄SD (χ(φ) +Al) (χ (φ, γ̄RlD)) (χ(φ, γ̄SD) +Al)
dφ (62)

B3 (γ̄SRl
, γ̄RlD, φ1, φ2) =

φ0∫
0

φ0∫
0

exp {−γt (χ(φ1, φ2, γ̄SD) +Al)} dφ2dφ1

π2 γ̄SRl
γ̄RlD γ̄SD (χ(φ1, φ2) +Al) (χ (φ2, γ̄RlD)) (χ(φ1, φ2, γ̄SD) +Al)

(63)
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From (59), it is observed that we have not considered the
case {k, c} = [{Nt, Nr}]. Assuming that {k, c} = [{Nt, Nr}],
the average SEP of the SRD link is obtained by considering the
following conditions: 1) γSk′Dc′ < γt, where {k′, c′}=[{1, 1},
. . . , {Nt, Nr − 1}]; 2) min(γSNtRj

, γRjDNr
) < γt, where j =

1, . . . , l− 1; 3) min(γSNtRl
, γRlDNr

) > γt, where l �= N ; and
4) min(γSNtRl

, γRlDNr
) > γSNtDNr

. The average SEP expres-
sion for the SRD link is given by (65), shown at the bottom
of the page. We split (65) into six terms. Since the derivation
steps are similar to (59), we skip that expression so that the
final expressions are given by (66)–(69). Thus

C1 (γ̄SRl
, γ̄RlD)

=
1

πγ̄SRl

φ0∫
0

(
exp {−γt (χ(φ) +Al)}

χ(φ) +Al

−exp {−γt (χ(φ, γ̄SD) +Al)}
χ(φ, γ̄SD) +Al

)
dφ (66)

C2 (γ̄SRl
, γ̄RlD)

=
1

πγ̄SRl
γ̄RlD

φ0∫
0

(
exp {−γt (χ(φ) +Al)}
χ (φ, γ̄RlD) (χ(φ) +Al)

− exp {−γt (χ(φ, γ̄SD) +Al)}
χ (φ, γ̄RlD) (χ(φ, γ̄SD) +Al)

)
dφ

(67)

C3 (γ̄SRl
, γ̄RlD, φ1, φ2)

=
1

π2γ̄SRl
γ̄RlD

×
φ0∫
0

φ0∫
0

{
exp {−γt (χ(φ1, φ2) +Al)}
χ (φ2, γ̄RlD)(χ(φ1, φ2) +Al)

− exp {−γt(χ(φ1, φ2, γ̄SD) +Al)}
χ (φ2, γ̄RlD)(χ(φ1, φ2, γ̄SD) +Al)

}
dφ1dφ2

(68)

C ′
1 = C2 (γ̄RlD, γ̄SRl

) , C ′
2 = C1 (γ̄RlD, γ̄SRl

)

C ′
3 = C3 (γ̄RlD, γ̄SRl

, φ2, φ1) . (69)

It is observed that (65) does not consider the case l = N .
Therefore, assuming that l = N and {k, c} = [{Nt, Nr}], the
average SEP expression for the SRD link after skipping detailed
derivation steps is given by (70), shown at the bottom of the
page. The final expressions for all the six terms, skipping the
detailed derivation steps, are given by

D1 (γ̄SRN
, γ̄RND)

=
1

πγ̄SRN

φ0∫
0

{
(χ(φ) +AN)

−1− (χ(φ, γ̄SD) +AN)
−1
}
dφ

(71)

P ′
e3SRD = (FγSD

(γt))
NtNr−1

N−1∑
l=1

l−1∏
j=1

FVj
(γt)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

t3∫
0

∞∫
γt

∞∫
t3

PeSRlD(t3, t2) fγSRl
(t3) fγRlD

(t2) fγSD
(t1) dt2 dt3 dt1

︸ ︷︷ ︸
C1(γ̄SRl

,γ̄RlD)+C2(γ̄SRl
,γ̄RlD)−C3(γ̄SRl

,γ̄RlD
,φ1,φ2)

+

t2∫
0

∞∫
γt

∞∫
t2

PeSRlD(t3, t2) fγSRl
(t3) fγRlD

(t2) fγSD
(t1) dt3 dt2 dt1

︸ ︷︷ ︸
C′

1+C′
2−C′

3

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (65)

P ′′
e3SRD = (FγSD

(γt))
NtNr−1

N−1∏
j=1

FVj
(γt)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

t3∫
0

∞∫
0

∞∫
t3

PeSRND(t3, t2) fγSRN
(t3) fγRND

(t2) fγSD
(t1) dt2 dt3 dt1

︸ ︷︷ ︸
D1(γ̄SRN

,γ̄RND)+D2(γ̄SRN
,γ̄RND)−D3(γ̄SRN

,γ̄RND,φ1,φ2)

+

t2∫
0

∞∫
0

∞∫
t2

PeSRND(t3, t2) fγSRN
(t3) fγRND

(t2) fγSD
(t1) dt3 dt2 dt1

︸ ︷︷ ︸
D′

1+D′
2−D′

3

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (70)



9052 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 65, NO. 11, NOVEMBER 2016

D2 (γ̄SRN
, γ̄RND)

=
1

πγ̄SRN
γ̄RND

φ0∫
0

(χ (φ, γ̄RND))−1

×
{
(χ(φ) +AN )−1 − (χ(φ, γ̄SD) +AN )−1

}
dφ (72)

D3 (γ̄SRN
, γ̄RND, φ1, φ2)

=
1

π2γ̄SRN
γ̄RND

φ0∫
0

φ0∫
0

(χ (φ2, γ̄RND))−1

×
{
(χ(φ1, φ2) +AN )−1

− (χ(φ1, φ2, γ̄SD) +AN )−1
}
dφ1 dφ2 (73)

D′
1 = D2 (γ̄RND, γ̄SRN

) , D′
2 = D1 (γ̄RND, γ̄SRN

)
D′

3 = D3 (γ̄RND, γ̄SRN
, φ2, φ1) . (74)

Finally, from (59), (65), and (70), the average SEP of the SRD
link for S3 is given by

P ′′
eSRD = Pe3SRD + P ′

e3SRD + P ′′
e3SRD. (75)

The individual terms in P ′′
eSD and P ′′

eSRD are not given in
closed form and are represented in the form of simple integrals,
which can be numerically evaluated. From (58) and (75), the
average end-to-end SEP of S3 is given by

Pe3 = P ′′
eSD + P ′′

eSRD. (76)

Neglecting the Pe3SD and P ′
e3SD

terms under the high-SNR
condition, the asymptotic SEP of the SD link depends on the
P ′′
e3SD

term. Using high-SNR approximations as mentioned in
S1 and S2, the simplified asymptotic SEP of the SD link for the
i.i.d. case is given by

P ′′asy
e3SD

=
2N−2 γ

(NtNr)+N−2
t

γ̄NtNr+N
. (77)

The asymptotic SEP of the SRD link also mainly depends
on the P ′′

e3SRD term, which is given by (70). After high-SNR
approximations, the simplified asymptotic SEP of the SRD link
is given by

P ′′asy
e3SRD =

2N−2 γ
(NtNr)+N−2
t

γ̄NtNr+N
+O

(
1

γ̄NtNr+N+1

)
. (78)

After summing (77) and (78), the end-to-end asymptotic SEP of
S3 in closed form for BPSK signaling is given by

P asy
e3

=
2N−1 γ

(NtNr)+N−2
t

γ̄NtNr+N
+O

(
1

γ̄NtNr+N+1

)
. (79)

Neglecting the least significant higher-order term from (79),
it is inferred that the diversity order of NtNr +N can be
achieved using S3. However, similar to S2, the diversity order
is obtained except for the case when γt � γ̄. For the mentioned
case, γS1D1

> γt and min(γS1R1
, γR1D1

) > γt, and SC will
be employed between the SD and SRD links. Therefore, the
diversity order for the case when γt � γ̄ will be reduced to 2.

Fig. 2. Threshold SNR optimization for different average SNR values by
considering S2, assuming that M = 4 and N = Nt = Nr = 3.

V. IMPACT OF OUTDATED/DELAYED CSI

In the case of the antenna selection strategy, the CSI of SD
links is estimated at D, and from the instantaneous SNR values
of SD links, the transmit–receive antenna pair is selected. The
selected transmit antenna index is sent back to the transmitter
via a noiseless feedback link. Although perfect CSI of SD links
is estimated at D, due to nonzero feedback delay and delay due
to relay selection in the guard period, the transmit antenna at S
and path selection at D could be chosen based on outdated CSI
of SD links. Hence, the relationship between outdated/delayed
CSI ĥSkDc

and actual hSkDc
is given by [21]

hSkDc
= ρ ĥSkDc

+
√

1 − ρ2w (80)

where ρ is the correlation coefficient between the outdated and
actual channel, and w is modeled as a complex Gaussian RV
with zero mean and unit variance. Here, ρ = 1 means path, and
antenna selection is based on actual CSI with no delay, and
ρ = 0 means no CSI is available; therefore diversity gain cannot
be obtained. The impact of the delayed/outdated CSI is studied
using Monte Carlo simulation.

VI. NUMERICAL RESULTS AND DISCUSSIONS

First, all of the SEP performance curves except those in
Fig. 8 are plotted by assuming that γ̄ = γ̄SD = γ̄RjD = γ̄SRj

,
where j = 1, 2, . . . , N . The optimum values of the threshold
SNR (i.e., γopt

t ) for different values of the average SNR, which
minimize the average SEP values, are numerically obtained as
shown in Fig. 2. It is observed that as the value of average
SNR increases, the optimum switching threshold SNR value
also increases.

The SEP performance curves for four different values of γt
are shown for S2 and S3 in Figs. 3 and 4, respectively, assuming
a quaternary phase-shift keying (QPSK) modulation scheme.
From the figures, it is observed that with γt = γopt

t , systems
perform the best. Moreover, as the value of γt increases, degra-
dation in the SEP performance also increases. From the plots, it
is noticed that the exact SEP values well agree with the simu-
lated SEP values.

In Fig. 5, the asymptotic and exact SEP performance curves
are compared for the diversity-optimal and suboptimal strate-
gies by considering the BPSK signaling scheme that assumes
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Fig. 3. SEP performance of S2 for four different threshold SNR values,
assuming that M = 4 and Nt = Nr = N = 2.

Fig. 4. SEP performance of S3 for four different threshold SNR values,
assuming that M = 4 and Nt = Nr = N = 3.

γt = γopt
t and γt = 16 dB for S2 and S3, respectively. From

the figure, it is observed that the asymptotic and the exact
SEP performance curves closely agree with each other in the
high-SNR region. It is also inferred that the diversity order
of NtNr +N and NtNr +N min(Nt, Nr) is obtained for the
suboptimal and diversity-optimal schemes, respectively. From
the asymptotic SEP performance of S2 plotted in Fig. 6, it is
inferred that with γt = 10.5 dB, S2 offers diversity order of
NtNr +N in the region of operation of interest. Moreover, the
diversity order of S2 converges to NtNr in the region where
γt � γ̄ for the γt = 5 dB case.

Given the complicated form of SEP expression, it is evi-
dent that the optimization cannot be analytically conducted by
deriving a closed-form expression for γopt

t . Since performing
numerical optimization of γt for all average SNR values will
be complicated at D, we suggest a less complicated method to
determine the value of γt. Instead of finding the optimum values
of γt for all average SNR values, we can determine the optimum
value of γt for one particular high-SNR value similar to [22].
For example, the optimum value of γt, which minimizes the
average SEP, for γ̄ = 35 dB by considering S2 that assumes
M=2, N = 2, Nt = 2, andNr = 1 is equal to 10.5 dB. Hence,
by fixing γt = 10.5 dB, the diversity order of NtNr +N is
obtained in Fig. 6. As γt is fixed, degradation in the diversity

Fig. 5. Comparison of asymptotic and exact SEP values of suboptimal and
diversity-optimal schemes, considering M = 2.

Fig. 6. Comparison of asymptotic and exact SEP values of S2, assuming that
M = 2, N = Nt = 2, and Nr = 1.

order might be observed at the very high-SNR region above
40 dB for the γt = 10.5 dB case. Since in practical systems the
receiver does not operate at a very high SNR, the effect in those
scenarios can be neglected. Moreover, by fixing γt < γ

opt/35
t ,

where γ
opt/35
t denotes the optimum value of γt for γ̄ = 35 dB,

degradation in the diversity order is obtained in the region of
operation of interest as shown in Fig. 6 for the γt = 5 dB case.
The reason for degradation in the diversity order is already
discussed while deriving the asymptotic SEP expression for S2.
Note that the SEP performance of the γt = 5 dB case is better
than that of the γt = 10.5 dB case in the low-SNR region less
than 20 dB. However, in the high-SNR region above 20 dB, per-
formance improvement is observed for the γt = 10.5 dB case.

Therefore, by fixing γt ≥ γ
opt/35
t , performance improve-

ment in the high-SNR region along with diversity benefit is
obtained compared with that in the γt < γ

opt/35
t case. Further-

more, by fixing γt < γ
opt/35
t , performance improvement in the

low-SNR region along with degradation in the diversity order is
obtained. Because of diversity order degradation, less CSI esti-
mations will be required at D compared with the γt ≥ γ

opt/35
t

case. Finally, by fixing the threshold SNR value, determining
the optimum values for all average SNR values can be avoided,
however, at the expense of performance degradation.
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Fig. 7. Comparison of simulated and theoretical SEP values over identical
fading channels, assuming that M = 4 and Nt = Nr = N = 2.

Fig. 8. Comparison of simulated and theoretical SEP values over nonidentical
fading channels assuming that Nt = Nr = N = 2.

TABLE I
NUMBER OF CSI REQUIRED AT D FOR IDENTICAL FADING SCENARIO,

ASSUMING γt = γopt
t , M = 4, AND N = Nt = Nr = 3

In Figs. 7 and 8, simulated and theoretical SEP values are
compared over identical and nonidentical Rayleigh fading sce-
narios, respectively, assuming that γt=γopt

t . From both figures,
it is observed that for all the suboptimal strategies, the simulated
SEP values obtained from Monte Carlo simulations well agree
with the theoretical SEP values. Moreover, the upper-bound
SEP performance curve of the diversity-optimal strategy closely
agrees with the exact performance curve obtained from the
Monte Carlo simulations.

In Fig. 7, it is observed that S1 performs better than S2 and
S3. Note that the antenna and relay selection decision rules used
in S1 select the best antenna pair and relay among NtNr + 2N
links. Since S2 and S3 require less than NtNr + 2N links to
select the best antenna pair and relay, degradation in the SEP
performance is observed compared with S1. In addition, the
average number of CSI required at D is compared in Table I

Fig. 9. Average SEP performance of S1 and S3 with outdated/delayed CSI of
the SD link, assuming that Nt = Nr = N = 2.

for the identical Rayleigh fading scenario, and the tabulated
values are obtained from Monte Carlo simulations. The average
number of CSI required at D for S1 is comparatively higher
than S2 and S3, as shown in Table I. Therefore, considerable
improvement in the SEP performance of S1 is obtained at the
cost of increase in the complexity of the system.

It is also inferred from Fig. 7 that the SEP performance of
S2 is better than that of S3. It is worth noting that the antenna
selection decision rule for S2 is given by (8), and the decision
rule for S3 is based on the SEC scheme. Since the antenna selec-
tion decision rule employed in S2 selects the best antenna pair
among all possible NtNr SD links in contrast to the SEC-based
antenna selection rule employed in S3, the SEP performance of
S2 is better than that of S3 with more CSI requirement at D, as
shown in Table I. Finally, the SEP performance of the diversity-
optimal strategy is also compared with all the suboptimal strate-
gies in Fig. 7, and considerable performance improvement (i.e.,
more than 2 dB at 10−4) is observed in the case of the diversity-
optimal strategy compared with the suboptimal strategies. How-
ever, the diversity-optimal strategy requires the CSI of NtNr +
NNt +NNr links at D to achieve the improved error perfor-
mance compared with the suboptimal strategies, which require
CSI of maximum NtNr + 2N links at D, as shown in Table I.

In Fig. 8, the SEP performance curves are plotted and com-
pared over nonidentical Rayleigh fading channels, assuming
that Nt = Nr = N = 2 and M = 2 and 4. Findings from the
numerical results that consider the nonidentical average SNR
scenario among S-R channels (i.e., γ̄SR1

= γ̄1 and γ̄SR2
= γ̄2,

where γ̄1 = γ̄/16, γ̄2 = γ̄/4, and γ̄ = γ̄SD = γ̄RjD) reveal that
the SEP performance of S2 is better than that of S3, similar to
the identical fading scenario. In addition, for the case assuming
nonidentical channel behavior among R-D channels (i.e.,
γ̄R1D = γ̄1 and γ̄R2D = γ̄2, where γ̄1 = γ̄/15, γ̄2 = γ̄/2, and
γ̄ = γ̄SD = γ̄SRj

), the performance trends are similar to those
of the previous case. Furthermore, as expected, S1 performs
better than S2 and S3 for all the cases. Finally, the Monte Carlo
simulation results well agree with the theoretical SEP values.

Fig. 9 shows the impact of the outdated/delayed CSI of the
SD link on the average SEP performance of BPSK and QPSK
modulation schemes that consider S1 and S3, respectively.
From the performance curves, it is inferred that the outdated
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A1(γ̄SR, γ̄RD) ≤
NtNr(M−1)
M γ̄SRγ̄RD

NtNr∑
m=0

Nr−1∑
k=0

Nt−1∑
r=0

(
NtNr

m

)(
Nr−1

k

)(
Nt−1

r

)

× (−1)m+k+r

⎧⎨
⎩

Nt(N−1)∑
p=0

(
Nt(N − 1)

p

)
(−1)p(

sin2
(

π
M

)
+ r+1

γ̄SR

)(
sin2

(
π
M

)
+ m

γ̄SD
+ p+r+1

γ̄SR
+ k+1

γ̄RD

)
+

Nr(N−1)∑
q=0

(
Nr(N − 1)

q

)
(−1)q(

sin2
(

π
M

)
+ r+1

γ̄SR

)(
sin2

(
π
M

)
+ m

γ̄SD
+ r+1

γ̄SR
+ q+k+1

γ̄RD

)
⎫⎬
⎭ (81a)

A2(γ̄SR, γ̄RD) ≤
NtNr(M − 1)
M γ̄SRγ̄RD

NtNr∑
m=0

Nr−1∑
k=0

Nt−1∑
r=0

(
NtNr

m

)(
Nr − 1

k

)(
Nt − 1

r

)

× (−1)m+k+r γ̄SR
r + 1

⎧⎨
⎩

Nt(N−1)∑
p=0

(
Nt(N − 1)

p

)
(−1)p(

sin2
(

π
M

)
+ m

γ̄SD
+ p+r+1

γ̄SR
+ k+1

γ̄RD

)
+

Nr(N−1)∑
q=0

(
Nr(N − 1)

q

)
(−1)q(

sin2
(

π
M

)
+ m

γ̄SD
+ r+1

γ̄SR
+ q+k+1

γ̄RD

)
⎫⎬
⎭ (82a)

CSI degrades the SEP performance to a greater extent. For ex-
ample, outdated CSI with ρ = 0.9, which S1 requires more than
4-dB SNR to achieve an SEP value of 10−3 when compared
with the ρ = 1 case. Furthermore, the performance degradation
is more significant for ρ ≥ 0.5.

Based on the SC decision rule, the direct or the cooperative
path is selected in the case of the diversity-optimal strategy, S1,
and S3. If the direct path is chosen, the symbol will be transmit-
ted in one time slot. However, if the cooperative path is selected,
spectral efficiency is reduced to half because two time slots are
required. Moreover, the probability of selection of either the
direct or the cooperative path is equal for the diversity-optimal
strategy, S1, and S3. In the case of S2, the direct path is com-
pared with the threshold SNR, and if the condition is satisfied,
then the cooperative path is neglected. Note that the direct path
is also compared with the threshold SNR in S3. However, if
the condition is satisfied, the direct path will be compared with
the best cooperative path, which satisfies the threshold SNR
condition unlike S2. In addition to that, for the case when γt �
γ̄, all the links will be acceptable, and S2 eventually chooses
the direct SD link most of the time. Therefore, S2 is the most
spectrally efficient strategy compared with other strategies.

VII. CONCLUSION

In this paper, the average SEP expressions are de-
rived for a diversity-optimal and three different suboptimal
transmit–receive antenna and relay selection strategies that
consider a DF multirelay system over Rayleigh fading chan-
nels, assuming MPSK signaling. Moreover, the diversity order
analysis is performed by deriving the closed-form asymptotic
SEP expressions. From the derived asymptotic expressions,
it is observed that the diversity-optimal strategy achieves full
diversity order of NtNr +N min(Nt, Nr). However, all three
suboptimal strategies achieve diversity order of NtNr +N ,
except for the case when γt � γ̄ in S2 and S3. By considering
S2 and S3, the diversity order for the case when γt � γ̄ is equal
to NtNr and 2, respectively. Since the suboptimal strategies

do not require the CSI of the SR and RD links in selecting
the best antenna pair, the implementation complexity is less
compared with the diversity-optimal strategy at the expense of
performance degradation. From the SEP performance compar-
ison, it is observed that S1 achieves better SEP performance
compared with S2 and S3 over identical and nonidentical
Rayleigh fading channels. However, S1 requires more CSI at
D to achieve better SEP performance. Furthermore, S2 outper-
forms S3 in terms of the SEP performance at the cost of more
CSI requirement at D for both identical and nonidentical fading
scenarios.

APPENDIX

UPPER-BOUND EXPRESSIONS FOR

DIVERSITY-OPTIMAL STRATEGY

After simplification, the upper bounds onA1(·, ·) andA2(·, ·)
in closed form are given by (81a) and (82a), shown at the top of
the page.
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