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Joint Multiuser Detection of Multidimensional
Constellations Over Fading Channels
Jinchen Bao, Zheng Ma, Member, IEEE, George K. Karagiannidis, Fellow, IEEE,
Ming Xiao, Senior Member, IEEE, and Zhongliang Zhu
Abstract— We investigate the error performance of multidimensional constellations in the multiple access and broadcast
channels. More specifically, we provide closed-form expressions
for the pairwise error probability (PEP) of the joint maximum
likelihood detection, for multiuser signaling in the presence of
additive white Gaussian noise and Rayleigh fading. Arbitrary
numbers of users and multidimensional signal sets are assumed,
while the provided formula for the PEP is a function of the
dimension-wise distances of the multidimensional constellation.
Furthermore, a useful upper bound on the average symbol
error probability is also obtained through the union bound. The
analysis is applied to the sparse code multiple access systems. The
analytical results are validated successfully through simulations,
and show their importance in the multidimensional constellation
design.
Index Terms— Multidimensional constellations, average
symbol error probability (ASEP), multiple access (MAC)
channels, broadcast
(BC) channels, joint maximum
likelihood (ML) detection, sparse code multiple access (SCMA).

I. I NTRODUCTION

M

ULTIDIMENSIONAL constellations allow larger minimum Euclidean distance between constellation points
and signal space diversity, thus, attracting attention by some
recent techniques, as in sparse code multiple access (SCMA),
where multidimensional sparse constellations were proposed
for the fifth generation (5G) wireless networks [1]–[3]. The
performance evaluation of multidimensional signal sets is an
important tool in the constellation design. In general, it is
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difficult to derive the exact average symbol error probability (ASEP), since the integration involves a decision cell
of a multidimensional signal point. Therefore, to the best
of our knowledge, even for the structured lattice constellations, there is not a known closed-form formula for the
ASEP.
Motivated by the success of some code domain
non-orthogonal multiple access techniques, e.g. low density
signature (LDS) [4] and SCMA, we investigate the
performance of multidimensional constellation in multiuser
communications. Joint multiuser detection can be efficiently
used in such systems, due to its excellent performance
in mitigating multiuser interference. Compared with other
detectors, such as the decorrelator, the minimum mean-square
error (MMSE) and the successive interference cancellation (SIC), a joint detector is proposed, in order to convert
an interference-limited transmission system into a noiselimited one [4]–[7]. This guarantees the performance in the
presence of large number of users, since these multiple access
techniques fall into the scope of sparsely spread system
which supports overloaded access. A detailed discussion on
multiuser detection of such systems can be found in [4].
Moreover, it is pointed out the need to use nonlinear detectors,
e.g. a maximum likelihood (ML) detector, to preserve the
structure of the multidimensional constellations.
A. Literature
Various research works have been presented in the open
literature, which evaluate the performance of multidimensional
signal sets, or the performance of multiuser joint detection, based on certain approximations or bounds. The error
performance of multidimensional lattice type constellations or
constellations with signal space diversity were studied by using
sphere bounds [8], [9], integration cell approximations [10]
and union bounds [11]–[13]. Furthermore, exact formulae
for the ASEP for a type of special structured constellations,
were derived in [14]. However, all the above works rely on
the fundamental structure of the constellation, and refer to
single user scenarios. For example, the authors of [8] and [9]
proposed upper and lower bounds on ASEP for regular
lattice constellations, based on a combinatorial geometrical
approach, while in [11] and [12], the performance of signal
space diversity for bit-interleaved coded systems are analyzed
through union bounds. It should be noted here that the authors
in [13] provided a union bound on the error probability
for multidimensional constellations together with an exact
expression for the pairwise error probability (PEP). However,

0090-6778 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

162

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 65, NO. 1, JANUARY 2017

this expression holds only when all the components of
dimension-wise distances are equal or distinct. Also, we note
that in [15] was presented a similar expression for the PEP
of space-time block codes, but assuming a totally different
system model.
Regarding joint detection, it has been extensively studied in
the past in various communication systems, as code-division
multiple access (CDMA), multiuser multiple-input multipleoutput (MIMO), and sparsely spread multiple access. For
example, one of the most referenced works is [6], which
provides a comprehensively summary on multiuser detection for CDMA systems. Regarding other published works,
in [16] it was proved that the asymptotic minimum bit error
rate (BER) property of the ML multiuser detection approaches
the minimum BER for each individual user. Furthermore,
the authors in [17] analyzed the BER of ML and joint
minimum-distance detector with the use of trellis coded
modulation (TCM). The works [18] and [19] investigated
the error performance of joint ML multiuser detection with
diversity arrays, for both perfect and imperfect channel state
information. In [7], the performance of the joint ML detectors
as well as the joint minimum-distance detectors were analyzed,
and showed that the performance of joint detection is limited
by the signal-to-noise ratio (SNR) rather than the signalto-interference ratio (SIR). However, the above literature
on joint detection has typically focused on two-dimensional
(complex) constellations, such as quadrature amplitude modulation (QAM) or phase shift keying (PSK). Finally, the
authors in [5], [20], and [21] investigated the performance
of the message passing algorithm (MPA) detector for sparsely
spread CDMA, LDS and SCMA systems, based on asymptotic
analysis, extrinsic information transfer (EXIT) charts and
simulations, respectively.

While this work focuses on uncoded constellations, the
analysis can also be extended to bit-interleaved coded systems,
by taking into account the weight distribution of codewords
for a certain error-correcting coding scheme [23].

B. Contribution
In this paper, we study the error performance of arbitrary
multidimensional constellations, by assuming uplink multiple
access (MAC) and downlink broadcast (BC) channels in independent Rayleigh fading. Closed-form expressions for the PEP
in MAC and BC scenarios are presented for any type of signal
sets and an arbitrary number of users. Furthermore, we provide
tight upper bounds for the ASEP of joint ML detection, by
considering independent channels without inter-dimensional
interference among multidimensional symbols. The analysis
can be efficiently applied to other wireless systems, such as
MIMO, while the proposed upper bounds can be used for
the joint detection of multiuser constellations over additive
white Gaussian noise (AWGN) and Rayleigh fading channels.
Especially for fading channels, the formula for the ASEP is
given in terms of dimension-wise distance, which is defined
as the dimensional distance between two multidimensional
signal points. Note that the dimension-wise distance is an
important metric for the performance evaluation of multidimensional constellations, better than Euclidean distance. This
is because constellations with the same Euclidean distance
may have different distance distributions in each dimension,
which affects the product distance and the modulation diversity
order [2], [13], [22].

C. Structure
The rest of the paper is organized as follows. In Section II,
we provide a closed-form expression for the PEP of multidimensional constellations of a single user in Rayleigh fading
for all type of signal sets. In Section III, we extend the
results to MAC and BC channels and derive exact analytical
expressions and upper bounds for the PEP, by considering joint
multiuser detection. Section IV presents a universal bound
for the ASEP of joint detection for multiple users signaling,
while Section V investigates the practical applications of the
proposed theoretical analysis in a SCMA system. Finally,
Section VI provides some numerical results and simulations
to verify the analysis, while concluding remarks are given in
Section VII.
D. Notations
In what follows, we use bold letters to denote column
vectors or matrices. For a matrix or vector, the operations
[·]t , [·]† and  ·  denote transpose, conjugate transpose and
Euclidean norm, respectively. The shorthand form CN (m, σ 2 )
denotes the probability density function (PDF) of a complex
Gaussian random variable (RV) with mean m and variance σ 2 .
SimilarlyRay(σ 2 ) represents the PDF of a Rayleigh RV with
mean σ π2 . Furthermore, Exp( λ1 ) represents the PDF of an

exponential RV with mean λ and χ 2 (L) is the PDF of a
Chi-square RV with L degrees of freedom. We use E[x] to
denote the mean of a random variable x, and use diag(h) to
denote the diagonal matrix, where the k-th diagonal element
corresponds to the k-th entry of vector h.
II. PEP OF A S INGLE U SER E MPLOYING
M ULTIDIMENSIONAL C ONSTELLATION

In this section we study the PEP for the single user case,
since, as we show later, the PEP for MAC and BC fading
channels can be derived from the single user channel.
We consider communication over a fading channel without
inter-symbol interference. The transmitted message/symbol is
represented by the vector x, x = [x[1], · · · , x[K ]]t , which is
from a K -dimensional complex constellation/signal set, X . Let
h = [h[1], · · · , h[K ]]t , where h[k], k = 1, · · · , K , are independent and identically distributed (i.i.d) RVs, which represent
the fading coefficients over the K -dimensional symbols. The
AWGN vector is denoted by n = [n[1], · · · , n[K ]]t , with each
component being i.i.d and distributed according to CN (0, N0 ).
The received signal vector has the following representation
y = diag(h)x + n.

(1)

If we assume that the channel state is perfectly estimated at
the receiver, then the ML detection performs the computation
of the metric
x̂ = arg min y − diag(h)x.
x∈X

(2)
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Without loss of generality, we assume xa is transmitted. Thus,
the conditional PEP, defined as the probability that received
vector y is closer to xb than to xa for a fixed channel gain h,
is given by [24]
⎞
⎛
2
 diag(h)(xa − xb ) ⎠
P{xa → xb |h} = Q ⎝
,
(3)
2N0
∞
2
where, Q(x) = √1 x e−t /2 dt, is the well-known Gaussian
2π
function [25]. The average PEP can be derived by averaging
over the distribution of h as
⎡ ⎛
⎞⎤
2

diag(h)
⎠⎦,
(4)
P{xa → xb } = Eh ⎣ Q ⎝
2N0
where  = xa − xb .
Denote, δk = |x a [k] − x b [k]|, the k-th dimension-wise
distance between xa and xb (next we call δk as subdistance),
then the distance metric
K

 diag(h)2 =

|δk h[k]|2

A. One or More Sets of Repeated Subdistances
Assume that there are repeated values among the set
{δ12 , · · · , δ 2K }, such that they can be divided into M (1 ≤ M ≤
K ) groups, and each group contains the collection of a certain
2 . Furthermore, we assume that {δ 2 , · · · , δ 2 } is ordered
value δm
1
K
in such a way that the first M elements are different with
each other and are denoted by the vector, δ = [δ12 , · · · , δ 2M ]t .
t
Moreover, let r = [r1 , · · · , r
M ] be the the number of
rm = K . Then, rm is the
repetitions in each group with
m

2.
number of subdistances in {δ12 , · · · , δ 2K } that equals to δm
Definition 1: We define the parameter

Ar,δ =



π/2
0


exp −

x2
2 sin2 θ


dθ,

(6)

holds that
P{xa → xb } =

1
π


0




|δk h[k]|2
Eh[k] exp −
dθ.
4N0 sin2 θ
k=1

Then, we can derive closed-form expressions for the PEP
for different fading distributions, such as the Ricean and the
Nakagami-m. In this paper, we focus on Rayleigh fading, and
next we present a more efficient approach.
Without loss of generality, we assume that the channel
gain is normalized such that E[|h[k]|2 ] = 1, where h[k] ∼
Ray( 12 ) for k = 1, · · · , K . Then, the scaled channel coef-

δ2
ficient δk h[k] ∼ Ray( 2k )
Thus,  diag(h)2 is the

×

Note that b and c are special cases of a.

m,l

(8)

1
1
− 2
2
δm
δj

j =1, j  =m

−(r j +i j )
,


i m = 0, i j ≥ 0 ∀ j .

(9)

j =1

(10)

Next, we provide the main result regarding the PEP.
Theorem 1: The average PEP, of the K -dimensional symbols xa and xb , with dimension-wise distances δ12 , · · · , δ 2K , is
given by
Prep {xa → xb }
M

rm

= Ar,δ

×

k

a) the general case, where distinct and repeated subdistances
coexist;
b) identical subdistances, with δ12 = · · · = δ 2K = δ 2 ;
c) unequal subdistances for all k such that δ12 = · · · = δ 2K .

−2rm
δm
,

where the vector i = [i 1 , · · · , i M ]t is created from the set m,l
of all nonnegative integer partitions of l − 1 (with i m = 0).
The set m,l is defined as

M
t
M
i j = l − 1,
m,l = i = [i 1 , · · · , i M ] ∈ Z ;

and |δk h[k]|2 ∼ Exp( 2δ12 ) [25].

squared norm of K independent
complex Gaussian RVs with zero mean and different variances,
or the sum of K exponential RVs with different means,
which follows Gamma or Generalized Chi-squared distribution [27], [28]. In the following, we consider three cases for
 diag(h)2 , depending on the distinctness of δ1 , · · · , δ K :

M

m=1

i∈



K
π/2 

(7)

δk−2 =

as the reciprocal of the squared product distance [2], [22]
between two K -dimensional symbols.
Definition 2: For positive integers l, m and vectors r and δ,
we define the parameter


M

ij + rj − 1
l+1
Bm,l,r,δ = (−1)
ij

k=1

1
Q(x) =
π

K

k=1

(5)

is a weighted sum of K independent RVs, if there are no zero
subdistances. It is straightforward that by using the Gaussian
probability integral [26],
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2L
δm
Bm,rm −L+1,r,δ
m=1 L=1

1 − μm
2

L

L−1 
k=0

where


μm =

L −1+k
k



2
δm
.
2
4N0 + δm

1 + μm
2

k
,

(11)

(12)

Proof: The proof is given in Appendix A.

Theorem 1 is a generalization of a number of results
in the literature [2], [13], which is valid for any kind of
multidimensional signal sets. Note that the multidimensional
constellations can be constructed through several ways. For
example, the signal-space diversity scheme [2], spreading over
two-dimensional modulations [5], the multidimensional
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mapping with BPSK/QPSK signaling [29], and the multiple antenna signaling can be viewed as multidimensional
constellations.

The average PEP in (11) is reduced to [13]
K

Pdist {xa → xb } =
k=1

B. Identical Subdistance
In the extreme case of identical subdistances, holds that
 diag(h)2 = δ 2 h2 .

(13)

By using the law of large numbers,
K

h2 =

|h[k]|2 → K as K → ∞,

(14)

k=1

where → means limit. In this case, the Rayleigh fading
channel tends to be an AWGN channel, due to the modulation diversity [2] of multidimensional constellations. More
precisely, the metric  diag(h)2 is the squared norm of
K i.i.d complex Gaussian RVs, which follows a Chi-square
distribution χ 2 (2K ). Then, the average PEP in (11) is reduced
to [2]


1−μ K
Pident {xa → xb } =
2


K −1 
1+μ k
K −1+k
×
, (15)
k
2
k=0

2
where μ = 4Nδ +δ 2 .
0
Following (13.4-18) in [25], for small N0 or large SNR, the
PEP in (15) can be approximated with1

  K
N0
2K − 1
Pident,asy{xa → xb } ≈
.
(16)
K
δ2
Note that while the expression in (15) is a basic component
of the PEP in (11), the asymptotic approximations in (16) can
not be used in (11), since the PEP is a summation of terms
with positive and negative values.
An example of this case is the K -fold repetition coding,
which is used over two-dimensional modulations to build
multidimensional constellations. In fact, this is exactly the
scenario for a MIMO channel, where K antennas are used
either for diversity or for multiplexing [24], [30].
C. Unequal Subdistances
This is another extreme case, where M = K and r1 = r2 =
· · · = r M = 1. This scenario corresponds to some algebraic
rotated lattice constellations, since the probability for equal
subdistances is small. The metric  diag(h)2 is the squared
norm of K independent complex Gaussian RVs with different
variances. So, it follows generalized Chi-square distribution
with PDF given by [28]

f dist

x; δ12 , · · ·

, δ 2K





K

1

=
k=1

δk2


n=1,n =k 1 −

K

δn2
δk2

e

−

x
δk2


where μk =

1 − μk
2



K


δk2

n=1,n =k

δk2 − δn2

,

(18)

δk2
.
4N0 +δk2

It should be noted that the extreme cases b and c,
presented above, have been also addressed in [13]. However,
the analysis in [13] ignores the contribution of the equal
terms in {δ12 , · · · , δ 2K }, due to the complexity of the algebraic
approach. Therefore, these results are not general, and cannot
be applied in critical constellations like QAM, which is
commonly used in MIMO MAC scenarios.
III. PEP OF J OINT M ULTIUSER D ETECTION
In this section, we extend the single user scenario to MAC
and BC case, and show that the PEP of joint ML detection
can be expressed as that of the single user case, presented in
Section II.
A. System Models for MAC and BC Channels
We consider J users employing K -dimensional constellations transmitted over a MAC channel. The K -dimensional
message are transmitted over K resources (e.g., time slots,
orthogonal frequency division multiplexing (OFDM) tones or
spatial streams). Then, the vector signal at the receiver is
given by
J

H j x j + n = HX̄ + n,

y=

(19)

j =1


t
where x j = x j [1], · · · , x j [K ] , represents the transmitted
symbol from the j -th user, and X̄ = [x1t , x2t , · · · , xtJ ]t , is
the K J -dimensional combined transmitted signal vector. The
vector, y = [y[1], · · · , y[K ]]t , denotes the K -dimensional
channel output signal at the receiver. The equivalent channel
matrix H with size K × K J is given by
H = [H1 , H2 , · · · , H J ] K ×K J ,

(20)

where H j is the K × K matrix representing channel gain
between user j and the receiver.
For the downlink BC channel, signals from multiple users
are superimposed at the transmitter, so that they experience
the same fading. Considering a single receiver for simplicity,
the received signal vector is given by
J

x j + n.

y = H1

(21)

j =1

.
(17)

1 For quite small N , the large SNR approximation gives (1+μ)/2 ≈ 1, and
0
using the the Taylor series expansion of μ, holds that (1 − μ)/2 ≈ N0 /δ 2 .

We assume that the K -dimensional symbols are transmitted
over K time slots or K OFDM tones, without inter-carrier
interference. In (20) and (21), H j becomes a diagonal matrix,
with the channel coefficients located at the diagonal positions,
i.e. H j = diag(h j ) for all j and h j = [h j [1], · · · , h j [K ]]t .
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B. PEP of Joint ML Detector over MAC Fading Channels
The received signal vector in (19) can be written into a row
vector representation as
y t = h† X + nt .

(22)

Useless zeros are omitted in (22) and it is reordered, such that


h† = h 1 [1], · · · , h J [1] | · · · | h 1 [K ], · · · , h J [K ]
(23)


!
"
!
"
h[K ]t

h[1]t

and the transmitted symbol matrix is given by
⎡
⎤
x[1]
0
⎢
⎥
..
,
X=⎣
⎦
.
0
x[K ] K J ×K

(24)

is the collection of compowhere x[k] = [x 1 [k], · · · , x J
nents from J users’ transmitted symbols at the k-th resource,
and h[k] = [h 1 [k], · · · , h J [k]]t are their corresponding
channel gains for k = 1, · · · , K .
Under the assumption of perfect channel estimation at the
receiver, the joint ML detection of all users is the same with
the joint minimum distance decoding as
%
%
%
%
(25)
X̂ = arg min %yt − h† X% .
X

The PEP between the transmitted matrix Xa and Xb
conditioned on channel gain h† is given by
⎞
⎛
† 2
h
⎠,
P{Xa → Xb |h† } = Q ⎝
(26)
2N0
where  = Xa − Xb .
Definition 3: Let x j,a [k] and x j,b [k] be the k-th entries of
the j -th user’s signal vector, corresponding to Xa and Xb ,
respectively. The k-th dimension-wise distance for the uplink
MAC channel is defined as
J

J

|x j,a [k] − x j,b [k]|2 =

|δ j [k]|2 ,

j =1

(27)

j =1

with k = 1, · · · , K , and δ j [k] = x j,a [k] − x j,b [k].
Theorem 2: Let λ̂ = [λ̂21 , · · · , λ̂2M ]t be the vector of
M (1 ≤ M ≤ K ) distinct dimension-wise distances among
the set {λ21 , · · · , λ2K }, and let r = [r1 , · · · , r M ]t be the the

rm = K . For
number of repetitions for each λ̂2m such that
m

J users using K -dimensional constellations in the Rayleigh
MAC channel, the average PEP is given by
Pjml {Xa → Xb }
M

rm

λ̂2L
m Bm,rm −L+1,r,λ̂

= Ar,λ̂

×

m=1 L=1

1 − μm
2

L

L−1 
k=0

where


μm =

L −1+k
k

λ̂2m
4N0 + λ̂2m



1 + μm
2

Proof: See Appendix B.

It should be noted that the PEP of a joint multiuser
detector is actually identical as that of the PEP of a single
user transmitting over a fading channel, where an equivalent
K -dimensional constellation is employed and the squared
subdistances being λ21 , · · · , λ2K . This implies that the norms
of channel coefficients of all users |h 1 [k]|, · · · , |h J [k]| take
values close to the average |ĥ[k]|.
C. PEP of Joint ML Detector Over BC Fading Channels
J
Let X =
j =1 x j be the superimposed signal of J users
at the input of a BC channel. In the case of absence of
interference between K resources, the received signal vector,
y = diag(h)X + n,

[k]]t

λ2k =

165

k
, (28)

(30)

is exactly
 Jthe same with that in the single user case in (1),
where
j =1 x j is used as the K -dimensional transmitted
symbol.
Definition 4: Let Xa and Xb be two superimposed signals,
and x j,a [k] and x j,b [k] are the k-th entries of the j -th user’s
signal vector corresponding to Xa and Xb , respectively. The
k-th dimension-wise distance for the downlink BC channel is
defined as
& J
&
&
&2
&
&
( &2 & J
'
2
&
&
&
τk = &
δ j [k]&& ,
(31)
x j,a [k] − x j,b [k] & = &
j =1

j =1

with k = 1, · · · , K , and δ j [k] = x j,a [k] − x j,b [k].
Theorem 3: The PEP of a Rayleigh BC channel is the same
as that in (11), after the substitution of δk2 with τk2 .
Proof: Since the system model is similar with that of the
single user case, by using (3) and (4), holds that
⎡ ⎛
⎞⎤
 diag(h) (Xa − Xb ) 2
⎠⎦
P{Xa → Xb } = Eh ⎣ Q ⎝
2N0
⎡ ⎛
⎞⎤
K
2 |h[k]|2
τ
k=1 k
⎠⎦.
= Eh ⎣ Q ⎝
(32)
2N0
As h[1], · · · , h[K ] are independent Rayleigh distributed RVs,
the PEP has the similar expression as in (4), after the substi
tution of δk2 with τk2 . This completes the proof.
It should be noted that, while the PEP of a BC channel can
be evaluated through the same expression as that in the MAC
case, τk2 is different from the dimension-wise distance λ2k in
MAC channel, due to the absent of cross components δ j [k] ×
δi [k], j = i, between different users. This is because in the
MAC channel, the receiver distinguishes the multiuser signals
by exploiting the differences among the channel coefficients,
and only the amplitude of the differences δ j [k] contributes
to the PEP. However, in the BC case, since the receiver exploits
the differences among the multiple users’ signals to perform
the joint detection, both the amplitude and signs of δ j [k] will
influence the result of PEP.
D. PEP Over the AWGN Channel

.

(29)

For the AWGN channel, where h j [k] is a constant for all
j and k (assume that |h j [k]| = c), the expressions of the
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received signal vector in (22) for MAC and (30) for BC
channels are the same. Then, it is straightforward to derive
the PEP as
⎞
⎛
K
c2 k=1
τk2
⎠,
Pawgn {Xa → Xb } = Q ⎝
(33)
2N0
where τk2 is defined in (31).
E. Upper Bounds on PEP
In the constellation design, sometimes it is sufficient and
easier to optimize the performance through a bound or an
approximation of PEP. The exact PEP in (28) is a little complicated for large K , due to the large number of enumerations
in m,l , when calculating Bm,rm −L+1,r,λ . An alternative way
to evaluate (28) is to use an upper bound for the Q-function
as [31]
N

ai e−bi x , for x > 0,
2

Q(x) ≤

(34)

i=1

where N, ai , bi are constants.2 Note that the upper bound
in (34) tends to the exact value as N increases.
For the MAC and BC fading channels, since X = |ĥ[k]|2
is an exponential RV with unit mean, holds that
 ∞
1
, for t ≤ 1, (35)
et x e−x d x =
E X [et X ] =
1−t
0
and

)

P{Xa → Xb } ≤ Eĥ
N

=



N

ai exp −
i=1
K


ai
i=1
N

=

ai
i=1

bi

)
Eĥ[k]

k=1
K


K

2
2
k=1 λk |ĥ[k]|



2N0

bi λ2 |ĥ[k]|2
exp − k
2N0

2N0
.
2N0 + bi λ2k
k=1

By choosing N = 1, a1 = b1 =
bound with a scaling factor of 0.5 as
Pch {Xa → Xb } ≤

1
2

*

*

(36)

we get the Chernoff

K
1  4N0
.
2
4N0 + λ2k
k=1

(37)

In general, the Chernoff bound may be a little loose, but this
does not affect the optimization criteria in the constellation
design. It is obvious from (37) that a good direction is to
design multidimensional multiuser constellations, such that λ2k
to span
 Kin as2 many dimensions as possible and in order to
make k=1
λk as large as possible. If for any signal pair Xa
and Xb , all the λ2k are positive, then the maximal diversity
order of K can be achieved. A tight and simple bound is to
1
, a2 = 14 , b1 = 12 , b2 = 23 , which is
choose N = 2, a1 = 12
denoted as Pub .
2 The bound is based on finite partition of the integrating interval [0, π/2]

in (6), the subintervals can be chosen arbitrarily to obtain a good bound. The
values of N , ai and bi depend on the partition strategy of the integrating
interval, which are independent with the variable x.

IV. A U NIVERSAL B OUND OF ASEP FOR J OINT ML
D ETECTION OF M ULTIPLE S IGNALS
A commonly used approach for the error performance
analysis is the evaluation of the ASEP by using a union
bound, assuming that the symbols are equiprobably transmitted. In general, the ASEP is dominated by the nearest
neighbors of symbols, which result in a tight upper bound.
However, it is quite difficult (if not impossible) to find the
nearest neighbors in multiuser scenarios. To deal with this,
we take into account all possible constellation points that
contribute to the ASEP.
size for J users,
Let M1 , · · · , M J be the constellation 
respectively. We define {X} as the set of all Jj=1 M j possible
combined symbols of J users, and let Xa , Xb ∈ {X} be two
j
j
different elements of {X}. Denote xa and xb the transmitted
symbols of the j -th user corresponding to Xa and Xb . Then,
j
j
there are M j possible values for xa and xb . Note that in
j
j
this paper xa and xb are K -dimensional vector signals with
complex entries. Following the approach in [18] for multiple
signals and [32] for MIMO channels, the ASEP for the
j -th user with joint ML detection of J users’ signals is upper
bounded by
⎞
⎛
P j (e) ≤  J

j =1

Mj

⎟
P {Xa → Xb }⎠.

⎜
⎝

1
Xa

j

(38)

j

Xb ,xb  =xa

The difference between (38) and that of the union bound
in [18] and [32] is that in our case, the combined symbols
Xa and Xb are matrices for the MAC channel, or the sum of
J K -dimensional signals for the BC channel, whereas in the
literature they are usually a J -dimensional vector of J signals.
The ASEP of the system can be obtained by taking
 the mean
of all the single user ASEPs, namely P(e) = 1J Jj=1 P j (e).
The P(e) will be equal to any P j (e) when all users employ
the same constellation.
On the right
 hand side of (38), the summation over Xa
will add up Jj=1 M j terms and the summation over Xb will

add up (M1 − 1) Jj=2 M j terms. Thus, there will be up to

(M12 − M1 ) Jj=2 M 2j PEPs in (38), which is intractable for
large constellation size and number of users. However, we
can simplify it by using the symmetry of the dimension-wise
distances. For example, consider the ASEP for the first user
P1 (e) here. The upper bound of P1 (e) can be decomposed into
the summation of two parts as
J

1

j =1

Mj

P {Xa → Xb }
Xa

+ J

Xb ,xb1  =xa1 ,
2
[xb ,··· ,xbJ ]=[xa2 ,··· ,xaJ ]

1

j =1

Mj

P {Xa → Xb } .
Xa

Xb ,xb1  =xa1 ,
[xb2 ,··· ,xbJ ] =[xa2 ,··· ,xaJ ]

(39)
The first part in (39) is the union bound of the probability
of the event that all users’ signals are correctly detected
except for the first user, namely the ASEP for the first user
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with single user detection in the absence
of interference. This

part is a summation of (M1 − 1) Jj=1 M j PEPs, while only
1
2 M1 (M1 −1) different PEP values should be calculated, due to
the the symmetry of the subdistance for the first user. The second part is the probability of the event that the errors happen
for the first user and for at least one 
user among {2,· · · , J },
which is the summation of (M1 − 1)( Jj=2 M j − 1) Jj=1 M j
PEPs, but only one-fourth of them should be considered.
A further simplification can be achieved for the MAC channel
by considering more decompositions of the second part.
The union bound in (38) can be used in many other
j
j
scenarios. For example, if we substitute the constraint xb = xa
with Xb = Xa , then (38) becomes the union bound for the joint
ASEP of multiple users.
V. A PPLICATION TO S PARSE C ODE M ULTIPLE
ACCESS S YSTEMS
SCMA is a code/frequency domain non-orthogonal multiple
access technique [3], [21], [33]–[35], which makes generalizations to the LDS multiple access, providing additional
coding gain over LDS by introducing multidimensional complex codebooks/constellations. One of the main features of
SCMA is the sparseness of multidimensional codewords,
which allows overloading for multiple users and gets good
spectrum efficiency. At the same time, the sparseness of
codewords decreases the interference per resource/dimension,
which enables the low complexity MPA in complex domain,
while keeping ML-like performance.
This multiple access scheme requires that the multiuser
codebooks are uniquely decodable at the receiver. Thus, a
careful design of multiple multidimensional codebooks is
necessary. Till now, to our best knowledge, the optimal
design criterion of multiple codebooks is unknown. A suboptimal multi-stage optimization approach is used to build
multidimensional codebooks [35]. Thus, the evaluation of error
performance for SCMA is a critical tool for the joint design
of multiple codebooks.
Considering the fundamental model, where J simultaneously users/layers transmit the information symbols,
x1 , · · · , x J , over a MAC or BC fading channel, where x j is
a K -dimensional sparse complex codeword for j = 1, · · · , J .
We assume that each user utilizes only one layer. Let, h j ,
be the channel gain vector between the receiver and the j -th
transmitter for the MAC channel, or the channel gain between
the transmitter and the j -th receiver for the BC channel.
Assume that the K -dimensional symbols are transmitted over
K OFDM subcarriers or K time slots, such that there is no
interference between dimensions. Then, the received signals
are the same with those in (22) and (30) for MAC and BC
channels, respectively.
Denote the index of layers that contribute to the k-th
resource by
.
(40)
φk = j : x j [k] = 0 for j = 1, · · · , J .
Then,



where Vec[{S}] denotes stacking all the elements in the
set {S} into a column vector with fixed order. Let, δ j [k],
be the dimension-wise difference at the k-th dimension in
 = Xa − Xb for user j , as defined in (27) and (31). Then,
δ j [k] = 0, for all j ∈
/ φk .
The dimension-wise distances for the MAC and BC
channels become [36]
λ2k =

|δ j [k]|2 ,
j ∈φk

τk2

&
&
=&

&2
&
δ j [k]& ,

(42)

j ∈φk

for j = 1, · · · , K , respectively. Thus, the PEPs of joint ML
detection over Rayleigh fading channel for
be
 SCMA can
2 for
|δ
[k]|
evaluated by substituting λ2k in (28) with
j
j
∈φ
k

the MAC channel and | j ∈φk δ j [k]|2 for the BC channel [36].
Therefore, for AWGN channel with channel gain c, the PEP
is given by
⎛/
&2 ⎞
&
0 
&
0 c2 K &&
⎜1
k=1
j ∈φk δ j [k]& ⎟
⎟. (43)
⎜
Pawgn {Xa → Xb } = Q ⎝
⎠
2N0
Next, we give an example to illustrate the above analysis.
Example 1: The factor graph matrix [3] is used to indicate
the relationship between the SCMA layers and resources.
The columns of the matrix correspond to users and the rows
correspond to resources, and the element “1” at the k-th row
and j -th column denotes the j -th layer uses the k-th resource.
So, φk corresponds to the set of column indices with element
“1” at the k-th row. Considering a SCMA system following a
factor graph matrix
⎡
⎤
1 0 1 0 1 0
⎢0 1 1 0 0 1⎥
⎥
F=⎢
(44)
⎣ 1 0 0 1 0 1 ⎦,
0 1 0 1 1 0
which implies that 6 users are multiplexed over 4 resources
(K = 4, J = 6). Each resource is shared by 3 users (d f = 3)
and each user uses 4-dimensional complex codebook, while
occupies only two effective resources. For this factor graph
matrix, the transmitted symbol for the first user is given by
⎡
⎤
⎤ ⎡
x 1 [1]
x 1 [1]
⎢ x 1 [2] ⎥ ⎢ 0 ⎥
⎥
⎥ ⎢
(45)
x1 = ⎢
⎣ x 1 [3] ⎦ = ⎣ x 1 [3] ⎦,
x 1 [4]
0
and the set of index of users sharing the first resource is, φ1 =
{1, 3, 5}. Thus, the channel gains and symbol components at
the first resource are
⎤
⎤
⎡
⎡
h 1 [1]
x 1 [1]
h[1] = ⎣ h 3 [1] ⎦ , x[1] = ⎣ x 3 [1] ⎦,
(46)
h 5 [1]
x 5 [1]
and the received signal at the first resource is given by



x[k] = Vec {x j [k] : j ∈ φk } ,


h[k] = Vec {h j [k] : j ∈ φk } ,
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y[1] = h[1]t x[1] + n[1] =
(41)

h j [1]x j [1] + n[1].
j ∈φ1

(47)
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In general, SCMA codebooks of all users are constructed
from a common mother constellation [35], with some layerspecific operations over this constellation to get their own
layer’s codebook. These layer-specific operations include
dimension permutation, phase rotation and so on. Some fundamental properties, such as the Euclidean distance of the
mother constellation, are the same since we assume equal
rates for all users. The layer operation loss their efficiency
in the uplink MAC fading channels, due to the distinctness
of each user’s channel gain, which equivalently means that
all users employ the same constellation. If the factor graph
matrix is regular as that in (44), every user will suffer from the
same interference from other users. Then, the system results
in the same performance for all users, while for other cases,
the ASEP is asymmetric for each user.
The MPA detection is believed to be an efficient approach
for SCMA systems [3]. Theoretically, the MPA detector is
asymptotically equivalent to the optimal maximum a posteriori (MAP) detector [37], [38] (or ML conditioned on equal
probably transmissions) for a sparsely spread system with long
signatures. The analytical bounds, proposed in this paper, work
for ML detector as well as for the MPA detector.

Fig. 1. ASEP of joint ML detection of 2/4/6 users with LDS and BPSK
signaling over Rayleigh MAC channels.

VI. N UMERICAL R ESULTS AND S IMULATIONS
A. LDS MAC
We first consider the LDS MAC system, since it can be
viewed as a special case of SCMA, for which repetition
coding together with two-dimensional constellation are used
to construct the multidimensional mother constellation. The
signature matrix is the same with that in (44), which serves
up to 6 users with 4 chips (K = 4, J = 6). We investigate
the performance of BPSK and QPSK constellations for 2, 4
and 6 users over Rayleigh fading channels. Each user’s data
are spreaded and phase rotated following the scheme in [39].
The error performance of a joint ML detector as well as a
MPA detector are provided. The MPA detector performs 6
iterations totally, in order the a posteriori probability to be
accurate enough.
Figs 1 and 2 show the numerical results and simulations
for the ASEP of BPSK and QPSK constellation, respectively.
It is evident that both bounds, Pjml and Pub , are tight for large
SNR, and they are asymptotically loose as the constellation
size increase. It can be seen that the bounds become looser at
low SNR for increased number of users. This is because as
the number of users increases, more error events are involved
and more PEPs are calculated for the evaluation of ASEP, and
the union bound becomes looser. This is obvious at low SNR
region since the value of PEP is relative large.
B. SCMA
We use the 4-dimensional 4-ary sparse codebooks defined
in [35] for each user and a factor graph matrix as (44). The
system is characterized by 6 maximum layers, a collision level
of at most 3 layers (row weight d f = 3) per resource and a
maximum overloading factor (J/K ) of 150%. We consider
the union bounds of ASEP over AWGN and Rayleigh fading
channels for 2, 4 and 6 user cases. For the Rayleigh fading

Fig. 2. ASEP of joint ML detection of 2/4/6 users with LDS and QPSK
signaling over Rayleigh MAC channels.

channel, we give analytical results for the ASEP, corresponding to exact PEP Pjml , the upper bound on PEP Pub , and the
scaled Chernoff bound Pch , respectively.
Results for AWGN channels are shown in Fig. 3. The
analytical bound of a joint ML detector closely coincides with
the simulation curves for large SNR. The bound is quite tight
for values of ASEP below 10−3 , even for 6 users. Thus, this
bound is sufficient for the analysis and design of a signal
constellation in AWGN. Surprisingly, there are bends for the
ASEP curves of a ML detector and analytical bound for the 6
user case. The performance turns better than expected within
the SNR region from 12 dB to 18 dB, which is due to the
sparse codebooks. This phenomenon happens if the distance
profile of the multiuser codebooks are uneven. For example,
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Fig. 3.

ASEP of joint ML detection of SCMA codebooks in AWGN.
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Fig. 5. ASEP of joint ML detection of 4 layers SCMA codebooks over
Rayleigh MAC channels.

Fig. 4. ASEP of joint ML detection of 2 layers SCMA codebooks over
Rayleigh MAC channels.

Fig. 6. ASEP of joint ML detection of 6 layers SCMA codebooks over
Rayleigh MAC channels.

a quite small distance exists while the others are very large.
In general, the ASEP of a constellation in AWGN channels is
proportional to the summation
of the distances
√
of Q-function
d and SNR, i.e. P(SNR) ∝ d Q( d SNR), where d is the
set of distances among the constellation points. If there is a
large difference between two distance components, P(SNR)
is not a convex function and a bend appears in the P(SNR)
vs SNR curves in log-log scale at low SNR. The theoretical
bound is still quite close to the actual ASEP within the bend
region. It can be seen from Fig. 3 that there is nearly 0.4 dB
gap between the performance of the MPA detector and the
ML detector at the SNR of 14 dB. The performance of the
MPA detector is improved asymptotically and approaches that
of ML detector at high SNRs.

Figs 4-6 present the performance for 2, 4 and 6 users over
Rayleigh fading channels, respectively. All the bounds are
asymptotically tight as SNR increases. The analytical bound
Pjml is quite tight for values of ASEP below 10−3 for all
numbers of users, and the gap between Pjml and the exact
ASEP is almost constant at high SNRs, when the number of
users increases. Moreover, the bounds become looser at low
SNRs as the number of users increases. The upper bound Pub
shows superiority over all the other bounds, since it is much
easier to calculate than Pjml while it has only a little difference.
It should be noted that the scaled Pch is much looser compared
to Pub . As expected, the MPA detector shows exactly the same
performance as the ML detector for any number of users and
any values of SNR over Rayleigh fading channels.
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VII. C ONCLUSIONS
We have studied the joint detection of multiple users’ signals
using multidimensional signal sets. Closed-form expressions
for the PEP are derived for Rayleigh fading channel as well
as the MAC and BC channels, while some upper bounds of
the PEP are provided. Novel upper bounds for the ASEP are
obtained through the union bound approach and are valid for
any kind of multidimensional constellations and any number
of users.
The analytical bounds for the ASEP are validated successfully through simulations of the LDS and SCMA codebooks,
which turn out to be asymptotically tight for high SNRs in
both AWGN and Rayleigh fading scenarios. The proposed
bounds can be efficiently used for the analysis and design of
multidimensional constellations in multiuser communication
scenarios.
A PPENDIX A
P ROOF OF T HEOREM 1

t

Considering the metric in (5). Denote h1t , · · · , htM
the reordered channel vector of h, such that hm =
[h m,1 , · · · , h m,rm ]t is the collection of channel gains that have
2 in  diag(h)2 . Let
the same coefficient δm
rm

X m = hm 2 =

|h m,l |2 ,

(48)

l=1

then, X m as the sum of the squares of 2rm independent
Gaussian RVs, is Chi-square distributed with 2rm degrees of
freedom, namely X m ∼ χ 2 (2rm ). Thus
M

 diag(h)2 =

2
δm
Xm

(49)

m=1

is a linear combination of M independent χ 2 -distributed RVs
with 2r1 , · · · , 2r M degrees of freedom, and it has a PDF given
by [27], [28]
M

rm

f rep (x; r, δ) = Ar,δ
m=1 l=1

Bm,l,r,δ rm −l − δx2
x
e m.
(rm − l)!

(50)

Note that the PDF in (50) is also a linear combination of
multiple PDFs of χ 2 -distributed RVs. Then, the PEP in (4)
can be obtained as
Prep {xa → xb }

 ∞ 
x
=
Q
f rep (x; r, δ)d x
2N0
0

 ∞ 
M rm
− x2
Bm,l,r,δ
x
= Ar,δ
Q
x rm −l e δm dx
(rm − l)! 0
2N0
m=1 l=1

M rm
2 rm −l+1
(1 − μm )δm
= Ar,δ
Bm,l,r,δ
2
m=1 l=1


rm −l 
1 + μm k
rm − l + k
×
.
(51)
k
2
k=0

where the last step follows from (13.4-15) in [25]. Substituting
l with rm − L + 1, (11) is proved.

A PPENDIX B
P ROOF OF T HEOREM 2
For the conditional PEP in (26), averaging over all channel
realizations leads
⎡ ⎛
⎞⎤
† 2
h
⎠⎦
P{Xa → Xb } = Eh ⎣ Q ⎝
2N0
⎡ ⎛
⎞⎤
† † h
h
⎠⎦.
(52)
= Eh ⎣ Q ⎝
2N0
The matrix † is Hermitian and thus can be diagonalized
by a unitary transformation as
† = U U† ,

(53)

where U is a unitary matrix and
is a diagonal matrix, i.e.
= diag(λ̃21 , · · · , λ̃2K J ) with λ̃2k being the ordered eigenvalues
of † . Note that † is of rank K and the first K
eigenvalues are
J

λ̃2k = [k]2 =

|δ j [k]|2 , for k = 1, · · · , K ,

(54)

j =1

where [k] is the k-th column of  and δ j [k] is defined
in (27). Obviously, the first K eigenvalues are equal to the
K dimension-wise distances defined in (27), namely λ̃2k = λ2k
for k = 1, · · · , K .
We define ĥ† = h† U = [ĥ[1], · · · , ĥ[K J ]]. Then, ĥ has the
same distribution as h, since multiplying with unitary matrix
U doesn’t change the amplitudes. Thus, the average PEP is
⎡ ⎛
⎞⎤
K
2 |ĥ[k]|2
λ
k=1 k
⎠⎦. (55)
P{Xa → Xb } = Eĥ ⎣ Q ⎝
2N0
This is similar to (4), since the components λk ĥ[k] are i.i.d
λ2
and follow Ray( 2k ). Then the PEP can be evaluated in a
similar manner and the result is the same as that in (11). This
concludes the proof.
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