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Abstract—The synergy between visible light communication
(VLC) and radio frequency (RF) networks has attracted a con-
siderable amount of attention due to the envisioned improvements
compared to conventional systems, mainly in terms of data
rate and coverage. In this paper, we investigate for the first
time the coexistence of VLC and RF networks, assuming that
both networks are served by a common backhaul network, as
well as both perfect and imperfect channel state information
(CSI). In this context, we propose an optimal resource allocation
scheme that maximizes the corresponding data rate, while also
taking into account the fairness among the involved users. This
is of paramount importance because in such heterogeneous
networks, a standard rate maximization approach yields a
severely degraded performance for the weaker users. In order
to provide a tractable solution to the formulated problem, which
is non-convex, we transform this into an equivalent convex one.
Moreover, a simplified power allocation problem is solved, which
provides comparable results with substantially lower complexity.
Finally, extensive simulations illustrate the validity and effective-
ness of the proposed analysis, and provide valuable insights on the
impact of the imperfect CSI on the overall network performance.

Index Terms—Visible light communications, hybrid VLC/RF,
backhaul network, convex optimization, resource allocation, im-
perfect CSI, energy efficiency.

I. INTRODUCTION

In order to address the demands of the next generation
of wireless networks, considerable research and industrial
activity has been devoted in recent years in understanding
different regions of the electromagnetic spectrum with the aim
to exploit them for resolving the expected spectrum scarcity
and enabling massive connectivity. Such regions are primarily
the mmWaves and the visible light spectrum. Based on this,
with the inclusion of mmWaves in the IEEE 802.11ad standard
for Wireless Fidelity (WiFi) and most importantly their use in
the firth generation (5G) of wireless systems, it is natural to
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assume that a possible solution for the forthcoming “spectrum
crunch” is to take advantage of those regions [2]-[5]. In
the same context, it is also recalled that according to [6],
around 80% of the mobile traffic originates from indoors. To
this end, a promising technology for providing indoor data
access is visible light communication (VLC), which takes
advantage of the room illumination to offer particularly high
data rates at a low cost. By exploiting a vast, unregulated, and
free region of the electromagnetic spectrum, VLC can grant
the necessary bandwidth to mitigate the excessive crowding
and interference in the radio frequency (RF) communication
systems. Also, the use of VLC is especially attractive for
RF-sensitive applications, where RF radiation is considered
harmful, e.g., in hospitals [3]. Moreover, the use of (light-
emitting diodes) LED-based transmitters in VLC makes it an
energy-efficient and relatively easy to implement technology.
Furthermore, VLC offers superior physical layer security, since
it is naturally confined in the room with the light source [3].

However, the main drawback of the VLC networking so-
lution is its limited coverage capability, since the optical link
can be easily interrupted by random movement and/or rotation
of the receiver. On the contrary, RF-based solutions can, in
fact, achieve ubiquitous coverage. Also, effective VLC-based
uplink transmission is still under investigation; as a result,
an RF-based uplink is typically considered in most cases in
the state-of-the-art. Consequently, heterogeneous networking
could capitalize on both technologies’ advantages so that
hybrid systems with coordinated use of VLC and RF can fully
exploit the system capacity, while ensuring high coverage. It
is evident that the successful deployment of this synergy has
the potential to effectively support the continuously increasing
quality of service (QoS) requirements.

A. State-of-the-Art

The recent research activity on the optimization of hy-
brid VLC/RF networks has yielded several interesting con-
tributions, e.g., [7]-[22] - and the references therein. More
specifically, the authors in [7] investigated the area spectral
efficiency, taking into account user association in a three-
tier hybrid VLC/RF network considering macro-, femto- and
optical attocells. In [8], the aggregated serving of users from
both the VLC and the RF systems in a hybrid network has been
considered. In the same context, an RF network is presented
in [16] as complementary to VLC, which subsequently forms
a hybrid VLC/RF configuration that improves the outage
probability.



However, despite the paramount importance of channel
estimation errors due to their detrimental effects, analyses with
the assumption of imperfect channel state information (CSI) in
VLC networks are limited in the existing literature [23]-[25].
Specifically, the authors in [23] analyzed a VLC broadcasting
network under imperfect CSI. Furthermore, in [24] and [25],
a multiuser VLC mulitple-input multiple-output (MIMO) sys-
tem with imperfect CSI has been investigated. Nevertheless,
despite the prominence of hybrid VLC/RF networks, to the
best of the authors’ knowledge, the effect of imperfect CSI
on the overall network performance has not been investigated
before.

It is also recalled that in coordinated Heterogeneous Net-
works (HetNets), such as the hybrid VLC/RF network, numer-
ous challenges need to be addressed in order to ensure fairness
among users. Furthermore, in hybrid VLC/RF networks there
is also the need for new coordination and resource allocation
schemes in order to optimize the load balancing of the
network. Specifically, effective handover schemes, between
the two networks, due to VLC’s limited coverage, need to
be designed to ensure full time connectivity. These cases
have been studied extensively in recent years [9]-[14]. In
more detail, Markov decision process was used to study the
vertical handovers between the VLC and RF networks in [9].
In [10], an optimization framework was developed in order
to maximize throughput and user fairness in a dynamic load
balancing scheme, while in [11] a cooperative load balancing
scheme was investigated in order to optimize user fairness. In
[12], fuzzy logic was employed to associate users with either
the RF AP or the VLC AP. Then, the access point selection
takes place in the same manner as it would in a homoge-
neous network, VLC or RF, while evolutionary game theory
was applied to provide the load balancing implementation.
In [14], two algorithms were proposed for the optimization
of access point selection, which were also compared with
each other in terms of fairness, data rate and complexity,
considering the user mobility. In [18], the RF part of the
HetNet was considered in the context of a WiFi network and
the hybrid network was designed and experimentally tested.
More recently, the authors of [19] used learning methods,
such as the multi-armed bandit model for decision making, to
optimize the access point selection. In [20], a hybrid VLC/RF
network was studied as a software defined network (SDN) and
was optimized with respect to energy efficiency and inter-cell
interference. Likewise, Hammouda e? al. presented a cross-
layer analysis of the physical and data-link layers for the
hybrid VLC/RF networks in [21]. Also, the authors of [22]
examined the co-existence of the two networks in terms of
coverage probability. Moreover, the work of Abdelhady et al.,
which focuses on resource allocation for a pure VLC network
with time division multiple access (TDMA) provided valuable
insights for the design of hybrid VLC/RF networks [26].

Finally, VLC/RF networks have been investigated with
respect to wireless power transfer capabilities [27]. In [15],
a hybrid network that employs energy harvesting is studied
in terms of secrecy outage probability. The authors of [17]
studied a hybrid VLC/RF network with a solar panel as a
relay that harvests optical energy from the VLC system and

performs decode and forward operations via an RF link to
the users. Also, the performance of a hybrid RF/VLC ultra-
small cell network with simultaneous lightwave information
and power transfer (SLIPT) in [28] and energy transfer over
the RF band was optimized in [29], assuming multiple users
and optical angle-diversity transmitters.

However, the effect of the limitation concerning the com-
mon backhaul network has not been considered in any of the
aforementioned works. In general, except for Ethernet, a big
range of backhaul technologies and designs can be used, each
of which comes with different installation costs and achievable
performance. In [30], the use of power line communication
(PLC) has been considered as a backhaul network for the
VLC part, since it can be cost-effective. In fact, the proposed
analysis considers PLC because of the convenience provided
by its ubiquitous indoors presence. However, while PLC offers
several advantages, primarily due to its easy implementation
(Plug & Play), it suffers from frequency selective channel
gain, limited bandwidth, and non-Gaussian noise. Therefore,
another proposed implementation for the backhaul network
in the state-of-the-art is the conventional optical fiber [31].
Moreover, optical wireless communication could also be a
viable solution for the backhaul [32], [33].

The joint design of the backhaul and the hybrid VLC/RF
communication system with orthogonal frequency division
multiplexing has been investigated by [34], [35], for a single-
user and multi-user system, respectively, assuming that the
VLC and RF subsystems use different backhaul links with
disjoint rates and perfect channel state information (CSI).
More specifically, in [34], the authors investigated how a PLC
backhaul for the VLC affects the hybrid VLC/RF network
setup, when the aim is to maximize the total rate by optimizing
the transmit power at each of them. On the other hand, in [35]
the weighted sum rate has been optimized, assuming though
that each of the subsystems (i.e., VLC and RF) can offer a
fixed sum rate, which does not depend on the conditions of
the wireless channels. Thus, the main focus of [35] has solely
been on the optimization of the information transmission over
the backhaul link.

B. Motivation and Contribution

In a realistic scenario, the hybrid VLC/RF network will
be served by a single backhaul infrastructure, since a com-
mon subscription line would be available from the network
provider. Also, in contrast to [35], where it was was assumed
that all users can be simultaneously served by both subsystems,
in this paper we assumed that each user is served solely
by one subsystem. This assumption is more practical, since,
for the same user, one subsystem will usually dominate the
other due to fundamentally different wireless propagation
characteristics, while carrier aggregation in such disjoint bands
is still an open issue. Thus, fairness between the users of
the two subsytems becomes of paramount importance, due
to the impact of the heterogeneous wireless channels of the
two subsystems on performance. To the best of the authors’
knowledge, this practical scenario has not been sufficiently
investigated in the state-of-the-art. Moreover, it is worth noting



that the commonly used assumption of perfect CSI is rarely
satisfied in practice, due to feedback delays and position
changes. Motivated by this, in this paper, the effect of channel
estimation errors in the hybrid VLC/RF network is considered.
To this end, the joint resource allocation problem of a multi-
user coordinated VLC/RF network is investigated, under the
practical assumptions of a common backhaul network for the
two subsystems, as well as imperfect channel estimation, in
both VLC and RF networks. Also, resource allocation in such
a HetNet needs to guarantee user fairness, since VLC users can
accumulate the available capacity offered from the backhaul
network, at the expense of the quality of service (QoS) of
the RF users. However, channel estimation errors affect users’
performance significantly and depending on their severity, the
distribution of resources in the hybrid network needs to be
controlled accordingly in order to ensure the required fairness.
We note that this paper is an extension of our conference paper
[1]. Although a similar problem has been investigated in [1],
the provided solution was derived assuming perfect CSI and
only power allocation. Thus, the contributions of this paper
are summarized below:

« An optimization framework is developed that guarantees
fair allocation of the available resources of the RF and
VLC subsystems, i.e., power, bandwidth, and time, when
the total rate is also limited by the backhaul capacity, for
both the cases of perfect and imperfect CSI availability
at the transmitter. More specifically, a joint resource
allocation algorithm is designed that efficiently achieves
the the maximization of proportional fairness.

o The effect of imperfect CSI on the the optimal resource
allocation at each subsystem is quantified and evaluated.

o A simplified resource allocation framework is designed
based on equal distribution of time and bandwidth re-
sources to users, which effectively lowers the complexity
of the original optimization problems.

o Simulation results are presented to validate the proposed
analysis, while some interesting remarks are offered con-
cerning the operation of the hybrid VLC/RF network. It
is shown that in the case of a low backhaul capacity, both
the VLC and the RF systems seem to operate at similar
data rates. However, in cases in which the backhaul
network offers higher capacity, the VLC can enable even
higher data rates, while the RF system reaches a ceiling.
Moreover, the effectiveness of the simplified problem is
proven, showing comparable results with substantially
lower complexity.

C. Structure

The remainder of the paper is organized as follows: In
Section II, the system model is presented and described. In
Section III, the problem is formulated and transformed to a
convex one. The algorithm to solve via convex optimization
methods is analyzed in III-C along with the special case of
perfect CSI. In Section IV, a simplified resource allocation
scheme is examined, based on the peculiarities of the problem
described in III. Finally, simulation results that show the
validity of the proposed analysis are presented in Section V,
while a conclusion is drawn in Section VI.

II. SYSTEM MODEL

We consider the downlink transmission of a coordinated
VLC/RF network, consisting of one VLC access point (AP),
one RF AP, and multiple users, as illustrated in Fig. 1. In this
setup, we assume two users groups, with A" = {1,...,n,...N}
and M = {1,...,m,...M} served by the VLC and RF AP,
respectively. Furthermore, we assume that the two networks
share the same backhaul, the capacity of which is fixed
and equal to Cy, as also depicted in Fig. 1. In addition, it
is assumed that all mobile nodes are equipped with single
antennas/photo-detectors and each user utilizes solely an or-
thogonal communication channel, with B, ¢ and w, 7 denoting
its bandwidth and timeslot duration for the VLC and RF
systems, respectively.

It is also assumed that TDMA and frequency division
multiple access (FDMA) are used for the VLC and RF system,
respectively [36], [37]. However, the following analysis is
not restricted as it is directly applicable to different multiple
access schemes. Note that the use of TDMA for VLC has
been considered in the literature [16], [26], because of its
low complexity. Thus, B corresponds to the bandwidth of
the VLC system, t,, represents the timeslot of user n of the
VLC system, w,, denotes the bandwidth of user m of the RF
system, and 7 = T', where T is the corresponding transmission
frame period. Finally, the present analysis focuses on the
downlink scenario, but it is readily applicable to the uplink
case as well.

8|
Backhaul VLC AP N VLC Users
Network
P
il
RE AP M RF Users

Fig. 1. VLC and RF sharing the same backhaul network.

A. The VLC Sub-network

1) Channel Model: Without loss of generality, a LoS link
is assumed to be always available for VLC users, hence,
according to [38], the NLoS component offers only a small
increase in the received power [16], [17], [33]. It should be
noted though that the presented mathematical analysis is also
valid for the case of both LoS and NLoS channel gains. Thus,
the channel power gain is given by [23], [38]

o = 20T (0)g(0) cos(), m

where L, is the physical area of the photo-detector, d,, is
the transmission distance from the LED to the illuminated



surface of the n-th user’s photo-detector, T5(1)) is the gain of
the optical filter and g(v)) represents the gain of the optical
concentrator, given by [38] and [39], namely

2
e <ah <
g(d)) — {51n2(‘1/f0V)7 0 = 1/1 = \ijova (2)

07 1/} > \I/fova

with n. and Wg,, denoting the refractive index and FOV,
respectively. Also in (1), ro(¢) is the Lambertian radiant
intensity of the LED, given by

1
“—— cos® ¢, 3)

To(p) = o

where ¢ is the irradiance angle, v is the incidence angle, and

1

fm e,
log, cos(® /2)

“

with @, /5 denoting the semi-angle at half luminance.
Assuming a channel estimation h.,, between the n-th user
and the AP, it follows that [25]

where §,, denotes the channel estimation error modeled as a
zero-mean Gaussian random variable with variance ag, ie.,
§ ~ N(0, ag). It is noted here that (5) has been adopted for
indoor VLC systems and is represented as [25]

hn = pnhn + €n, (6)

where p, = Elhn,hn] = cr,zln/azn, while 02 = (1 — pn)oj
[40]. It is noted here that o, and a}% are the variances of the
actual channel and its estimate, resﬁlectively. To give further
insight on this, according to the principal of orthogonality, the
channel estimator (i.e., least mean squares estimator) yields an
estimation error that is orthogonal to the channel realization
h as it can be seen in Fig. 2. Also, we adopt the reasonable
assumption that the channel estimation error follows the same
distribution for all VLC users. The baseband equivalent of the
received signal, y, can then be expressed as

y:hx—i—w:piw:—i—e:c—i—w, @)

where € is a random variable, z is the transmitted signal, and
w denotes the additive noise component.

Fig. 2. Orthogonality principle of channel estimation error.

2) Achievable Rate: Assuming the use of intensity modu-
lation direct detection (IM/DD) scheme, the achievable rate of
the n-th user can be exrepssed by using a lower bound of the
capacity in [41], namely

™

where B is the bandwidth of the VLC system, ¢, is the
.. . [VLC] . .
transmission timeslot of user n, and 7y, is the received

SNR, which can be expressed as [11]

wvie _ (pahanPp)? ©)
" 024 o22P2’

In (9), P, is the transmitted optical power to the n-th user,
o2 is the noise power and, 7 denotes the photodetector’s
responsivity. It is recalled that the denominator of the SNR
is the sum of noise variances if we make the very common
and reasonable assumption that Gaussian codebooks are used.
Note that, the achievable rate of the VLC system is also
limited by the average optical power (lighting constraint), i.e.,

N
Z tnPn S tPava

n=1

and also by the maximum duration of timeslot constraint ¢,

i.e.,
N
Z tn < t.
n=1

(10)

(1)

B. The RF Sub-network

The path loss factor of the link between the RF AP to user
m is denoted by L,,, and it is given by [16] as

L(dy,) = L(dp) + 10k logyo(dym/do),

where L(dy) = 68 dB is the reference path loss at a reference
distance, d,,, is the distance between the RF AP and the m-th
RF user, dy = 1 m, and k = 1.6 is the corresponding path loss
exponent. Moreover, the term related to the small scale fading
for the m-th user is given by the complex random variable
Ny ~ CN(0,1) and frequency flat fading is assumed. Similar
to the VLC part of the system, we also assume imperfect
CSI at the RF receiver as well. Accordingly, we assume the
variance of the channel estimation error to be

12)

0f = (1 = E[hmhm])on, = (1= pm)op, . (13)
Based on this, the achievable rate can be written as
Lin|pmbon >
RIFFL — Ty, 1 14 —mm] Tm 14
m w 082 + N0w+0_ngpm ) ( )

where Ny is the power spectral density of the white noise
for the RF system. Also, concerning power and bandwidth
limitations, the following constraints,need to be satisfied

M
> Pm < Pmaxs (15)
m=1
and
M
> wm <w, (16)
m=1

respectively.



III. RESOURCE ALLOCATION

In this section a joint resource allocation problem is for-
mulated for a hybrid VLC/RF network, when both the VLC
network and the RF network share the same backhaul infras-
tructure.

A. Proportional Fairness

In resource allocation problems within HetNets, different
network attributes affect the QoS of the involved users. In
this particular HetNet, the VLC subsystem can provide sig-
nificantly higher data rates to its users; as a consequence,
the conventional sum rate maximization of the system will
potentially lead to a solution where the VLC users accu-
mulate the largest part of the system’s capacity, offered by
the common backhaul, and let the RF users with low QoS.
In general, various fairness metrics have been introduced
in similar problems where an effective compromise between
overall sum rate and user fairness needs to be achieved. In this
work, the proportional fairness metric [11], [12] is used, being
defined as the logarithm of the utility function of the users.
In this scenario, the utility of the users is measured by their
achieved data rate, thus reducing the proportional fairness of
a system to the sum of the logarithm of the data rates (sum-—
log-rate). Consequently, the proportional fairness of the VLC
and RF network can be expressed as

N
PFyic =Y log(Bn) (17)
n=1
and o
PFrp = Y _ log (6m), (18)

m=1
respective, where [3; and ¢; denote the utility function of the
i-th user of the corresponding subsystem.
In this context, we introduce a weighted sum of (17)
and (18) as the weighted proportional fairness of the hybrid
VLC/RF network, which yields

N M
PF=a) log(B,)+(1—a) Y log(dn),  (19)
n=1 m=1
where 0 < a < 1 is the aforementioned weight. Similarly to
the sum rate maximization, the proportional fairness is also
an increasing function of each user;s data rate. In addition,
the logarithm is used for its ability to tend to negative infinity
when its argument tends to zero. Thus, solutions offering very
low data rates to some users will yield significantly lower
proportional fairness.

B. Problem Formulation

In this setting, a resource allocation (RA) problem is in-
vestigated for the hybrid VLC/RF network. The following
analysis aims at maximizing the proportional fairness of the
users with regards to the power allocated at each user. Also,
for the VLC users that employ TDMA, the time-frame of each
user is optimized; similarly, the bandwidth allocated to each
RF user, since FDMA is employed in the RF network, is also

optimized. Finally, the parameter 0 < o < 1 is used as a
weight to potentially give priority to one subsystem of the
hybrid network over the other. The corresponding optimization
problem can be formulated as

max o> log(RYYN) 4 (1 —a) M log(R)

P.p,t,w

st. O N RYF M RV < 6,

CQ : 27]:]:1 tnPn < tPaVa

C3 : 2%21 Pm S Pmax,

Cy: N 1, <t

Cs: Z%Zl Wy, < W.

(20)

In (20), the vectors P, p, t, w denote the sets of P,,, pm,
tn, wp, respectively. The first constraint ensures that the
total data rate of both VLC and RF is less than the capacity
of the backhaul network. Moreover, the maximum allowable
power consumption of both systems are constrained by the
physical limitations of the APs, leading to the constraints Cq
and Cs. Furthermore, constraints C4 and Cs are related to
the utilized multiple access technique in each system. Since
TDMA is employed in VLC, each user is served in a different
timeslot within a frame, the total duration of which is denoted
by ¢. Similarly, with the use of FDMA for the RF system,
the fractions of bandwidth that are allocated to different users
cannot exceed w, which is defined as the total bandwidth that
has been preassigned to the RF subsystem.

It is noted that the optimization problem in (20) is non-
convex. The main reasons of non-convexity are the imperfect
CSI at the transmitter, the expression for the capacity in
VLC with IM/DD, and the assumption of limited backhaul.
More specifically, to give further insight on this, it needs to
be mentioned that when the Shannon’s formula is used and
perfect CSI is available at the transmitter, the multiplication of
the allocated bandwidth with the logarithmic function of power
is a convex function, since the bandwidth variable of frequency
also appears in the denominator, due to its multiplication with
the noise power. Although the same does not hold when time
is the resource of interest instead of frequency, e.g., when
TDMA is used, this is often resolved by replacing the variable
of power power with energy, i.e., the multiplication of time
with power [42]. However, this transformation is not adequate
for this specific problem. This is because the achievable rate
for the VLC is non-concave due to the squared term of optical
power. Also, both expressions of the rate are non-concave due
to the inclusion of the power in the denominator. Moreover,
even if both expressions of the rate were concave, the problem
would still be non-convex due to C; of (18), which, in this
case, would limit the maximum value of the sum of concave
functions, which is also a concave function, instead of a convex
one as it would be required to preserve convexity. Moreover,
Cy is non-convex due to the multiplication of ¢, with p,.
Therefore the complexity to solve it is high, mainly due to
the relation of the rates with the power allocation variables.
Therefore, it is important to prove, that the problem in (20)
can be transformed to a convex one; so, the process to find a
global maximum can be solved in polynomial time, in order
to derive a tractable resource allocation algorithm to ensure



proportional fairness.

Proposition 1: The optimization problem in (20) can be
formulated as an convex one.

Proof: The proof is provided in Appendix A. ]

Following Proposition 1, the equivalent convex problem of
(20) can be expressed as follows:

M .
max @Y A (1= ) Y R
£ ;VL%
N
s.t. Cr:y_ exp (FnEC) + Zm Lexp (FRI)
S COa
CQ : Zﬁ[: P”+t” < thV,
Cs: ZM lepm < Pmax,
Cy: Zi:[ 1 eln < t,
Cs: Z% Levm < w,

( ~VLC

Ce : log (20"1’ nC—tn)/B _ 1)
+ log (0577 +o exp(—QPn))
<10g(6h"n), Vn e N,

C7 . log (2exp( m _wwn)/T _ 1)

Ym € M.
2y
For the reader’s convenience, the changes on variables are
shown in Table 1.

+log (ang + No exp(tiy,
< log(|hm[*Lin),

In (21), C; represents the limited capacity offered from
the shared backhaul network, while Cy and Cs include the
hardware limitations of the APs for power consumption. Cy
and Cj are related to the multiple access techniques and the
limitations for the timeslot and bandwidth of each system.
Finally, C¢ and C; are imposed by (49), according to which
the achieved rate for each user cannot exceed the capacity of
the corresponding links over the VLC and RF subsystems.

1) The Special Case of Perfect CSI: As a special case,
the resource allocation problem is studied when perfect CSI
is assumed. This means that the channel estimation and the
channel have a correlation of 1, so the variance of channel
estimation error is 0. This observation transforms the opti-
mization problem in (21) to the following:

max O‘Zn 1O+ (1 - a) 21]\7'{ L
P.p,
E,W,iVLC,iRF
s, 21).Cy, (21).Cy, (21).Cs, 21).C4, (21).C5
~ 1 9exp (;XLC*En)/B_l
ot~ + Hlog (2 )
<0, Vn € N,
exp (FRF 5,
Cr: —pm + log (%)
+Wp <0, VYme M,
2 2 (22)
where G, is given by G2 = 62}::;’2 and A,, is given by A2 =

2
Lm]‘vihm'. It is evident that the optimization problem in (22) is

0
also convex.

C. Proposed Solution

Due to their convexity, the optimization problems in (21)
and (22) can be solved by a decomposition method. Although
their objective function can be decoupled to smaller subprob-
lems, that’s not the case for the constraints. As a result, primal
decomposition methods are not appropriate for this method. To
this end, the following considerations emerge:

e A dual decomposition method is required to solve this
problem because the constraints cannot be decoupled,
since the backhaul capacity is shared between the net-
works. Any solution that would arbitrarily share the
available Cy would be suboptimal.

e As it is analytically shown in the proof of Proposition
1, the maximization problem in (21) is convex, since the
objective function is jointly concave with respect to all
the optimization variables, the left terms of the constraints
are convex, and it satisfies the Slater’s constraint quali-
fication. Thus, the duality gap between the dual and the
primal solution is zero [43]. Thus, the solution of the
dual problem leads to the optimal solution of the original
problem.

Based on the above, we solve (21) using the Lagrange dual
decomposition method, and we obtain the Lagrangian of the
problem, which is given by (23), with \; being the Lagrange
multipliers (LMs).

In each iteration, the subproblems of resource allocation is
solved in Layer 1 by using the Karush-Kuhn-Tucker (KKT)
conditions for a fixed set of LMs, which are updated in Layer
2. for this purpose, the subgradient method is used, which
is a well-accepted method for facilitating resource allocation
in wireless communication systems and provides a theoretical
complexity of O(1/€?) iterations to find e-suboptimal point
[44]. This two layer approach enables the different resource
allocation subproblems for each subsystem and user and to be
solved in parallel, requiring only knowledge of the updated
values of the LMs. Moreover, it reduces the required compu-
tational and memory resources. The two layers are explained
in detail below.

1) Layer I: According to Karush-Kuhn-Tucker (KKT) con-
ditions [43], the optimal values can be obtained by taking the
first derivatives and setting them equal to zero. Consequently
the following expressions hold VYn € N and Vm € M:

o _

op,

A2 exp(ty,) (052772 exp(3P,) + o2 exp(ﬁn)) =20 \54n,
(24)

% =0& )\ (exp(QPn)ang + No exp(m, +ﬁm))

= A5+ N+mNo exp(Wm,), (25)

FVLC
/\5+n —in)/B

o(FVLC—t,)/B _
fXLC)()ul + /\2615")
2t,,)1log (2) ’

oL

Ot,,

_ 2BZ%exp(—
N exp (—

(26)



TABLE I
NOTATION FOR THE TRANSFORMED PROBLEM

Original problem Equivalent transformed problem
Expression for rate for VLC user n, RQ] LCl Auxiliary variable for rate ’I‘VLC < R[VLC]
Rate of VLC user n, ry “C exp (FYEC) = ’I‘VLC
Expression for rate for RF user m, RLS‘F] Auxiliary variable for rate rRF < R[RF]
Rate of RF user m, 7XF exp (7 RF) RF
Power of VLC user n, P, exp (Pn) = Pn
Power of RF user m, pm exp (Pm) = Pm
Timeslot duration of VLC user n, tn exp (tn) = tn
Bandwidth of RF user m, wm exp (Wm) = wm
N M N M
Z FVEC 4 (1 - a) Z FRE Z exp (FXLC) + exp (FﬁF) —Co
n=1 m=1 n=1 m=1
N M N M
Z Pn"l‘tn _ A3 Z epm _ pmax _ )\4 Z etn _ t _ A5 Z ewm —w
n=1 m=1 n=1 m=1

Mz

5 _ B h2n2
n (10g (2exp (FYEC_1,)/B _ 1) + log (052772 + o2 exp(—?Pn)) —log (%))
m

n=1

M
=3 Asinim (log (26’@ (P —@m)/T _ 1) +1og (02 L + No exp(in — pm)) — log(|hm|2Lm)) . (23)
m=1
oL ~VLC M +
FVic ~ 0< Arexp (7, 7))+ )\glJrl) _ /\51) + ;\51) <Z ebm _pmax>‘| , (32)
GXp( ~VLC __ t )log( )2cxp (FYLC—t,)/B m=1
As4n o =a, 27
2B (200 (WHO-i)/B 1) "
Ay+1) )\(’L + )\(’L (Z in _ t)] (33)
oL . =1
o = 09 Mexp (D) + )
" ~RF _ - M
exp (PR — 1, ) log(2)26%P (T —0m) /T AGHD _ 3@ 4 3@ PR, (34)
A5+ N+m T (2cxp( FRE 5, VT _ 1) =1-a 5 5 5 mZ:l
(28)
/\«(5?73) = {/\5+n )‘él+n (log (2exp( _tn)/B - 1)
oL . 4
- = — Wm __ h2 2
OWm, 0 —Ase As N -m X +log (cr n + 02 exp(— 2P )) —lo <e2”77 ))} ,
o
1 VnenN, (35)
1+ exp(Pm — W) Lmo2 Ny *
P b, )2exXp (Fm—m ) /T—1 (i+1)  _ [y(@) 3 (4) exp (FRF —i@,,
_1og(2)exp (i w;)2 ’ > =0. (9 AstNtm = [/\5+N+m A5t Ntm (log (2 p(Fm T

—1) +log (6 Lm + No exp(@m — pm))

2) Layer 2: In each iteration, the LMs are updated by the —log(|hm|L ))] O Vme M (36)

following expressions:

where [z]T accounts for max(z, 0) X;i), j=12,..,5+N+

N
/\gi—rl) _ )\gi) + ;\gz) v Z exp (FXLC) M are plositive ste.p sizes at iteration ¢, chosen to satisfy the
diminishing step size rules [45].
+ 3) The Special Case of Perfect CSI: For the special case

(30) of perfect CSI estimation, variances af and ag are set to O.
b)

Therefore, equations (23), (35) and (36) are simplified and
(24) and (25) are reduced to

M
+ Z exp (Fr ) — CO>
m=1

A

. 3D 9L o P, = —i,log (A“"A*”) : (37)
2



and

8—L—O<:>ﬁm—log< (38)

A5+ N+m
Opm ’

A3

respectively. It is noted that the corresponding convex problem
can also be solved following a two layer approach, as the one
that was presented in III-C1 and III-C2.

Finally, we show the following proposition regarding the
equivalence of the original optimization problem in (20) and
the transformed convex one in (21).

Proposition 2: The optimization problem in (20) and the
optimization problem in (21) are equivalent.

Proof: The two auxiliary variables that are introduced are
maximized, as per the transformed objective function. Thus,
the data rate variables can be bounded by either the backhaul
capacity or the value of the function of rate, constrained by
each subsystem resources. To prove rigorously that the two
problems are equivalent and the solution of the transformed
problem is optimal and not a lower bound, we separately
examine the two aforementioned cases.

1) The backhaul capacity Cj is large enough to accommo-
date the rates of both subsystems.

This assumption leads C; to hold with inequality when
the optimum is reached. Therefore, due to complementary
slackness, Ay = 0. The rest of the Lagrange multipliers
cannot be zero, since otherwise the maximization of the dual
problem would lead the rates to infinity. Hence, the rest of
the constraints hold with equality. More specifically, from
Ce and Cy7, we get exp (FvC) = RVLC and exp (FRF) =
RRY Yn.m € N, M, respectively. Note that RY"C and REF
depend on the resource allocation and they are defined in

exactly the same way as in the original problem.

2) The backhaul capacity C bounds the rates of at least one
of the subsystems. The first constraint of the problem holds
with equality. Since the data rates are bounded by the backhaul
capacity, it means that at the resources of at least one of the
subsystems are underutilized.

First, we focus on the case that the resources of both subsys-
tems are underutilized. Therefore, Cg and C; will in general
hold with inequality, hence the Lagrange multipliers associated
with these constraints (54, and A5 nim, Vn,m € N, M,
respectively) will be zero, due to complementary slackness.
By taking into account the KKT conditions (27) and (28) give

SVLCY _ aCy
exp (7 )_Na—i-M(l—a) (39)
and
exp (FRF) (1 = a)Co (40)

" Na+tM(I1-a)

respectively. Similarly, in the original problem, the rates are
also bounded by the backhaul capacity, thus, all constraints
except C; hold with an inequality and their Lagrange multi-

pliers are zero. Then, The Lagrangian of the original problem
in this case is:

N M
L=a) logRy"®+(1-a)> logRy"
m=1

n=1

N M
— (Z RY"C 4+ 3 RIF - Co> . @D
n=1 m=1

By taking the KKT conditions, we have that for the optimal
rates it holds:

OL  a ORVIC  QRYIC

ap, ~ BV gp,  MTap, V7

ORYLC Q o

P (2 ) =0=RVC =2 42
apn <RXLC :LL1> n m ) ( )

because RYMC is an increasing functions of power and its
derivative cannot be zero. The same holds for REY with p,,.
Since the first constraint of both problems holds with equality,
we can calculate A\; and p, respectively and we find that they
are equal. Therefore, we can get that

« OO

VLC _ _ ~VLC
Ry = Na+ M(1 - «) exp (7 ) “43)
and (1 )C
RF —a)bo ~RF
= = . 44
B = N ar o) = P (7 ) (44)

Furthermore, if one subsystem reaches the limit of its
performance due to its resources being depleted and the rate
of the other subsystem is limited by the remaining backhaul
capacity, it can be shown that the transformed problem is
equivalent to the initial one by combining the results from
the two aforementioned cases. More specifically, the rates of
the subsystem that needs to utilize all the available resources
is bounded by either Cg or C;, while the remainder of the
available backhaul capacity is distributed to the users of the
other subsystem. This can easily be proved by taking into
account the KKT conditions of the two problems.

Finally, regarding all exponential transformations, it needs
to be noticed that the optimal values of the initial variables
are higher than zero for each user, otherwise the term of the
proportional fairness that corresponds to this user tends to
negative infinity. Consequently, the solution set of the initial
variables and the equivalent exponential expressions belong in
exactly the same set of values, which preserves optimality.

Thus, we conclude that the two problems are equivalent, so
the solution of the transformed problem is also the optimal of
the original one and the proof is completed. [ ]

IV. SIMPLIFIED RESOURCE ALLOCATION

In this subsection, a simplified version of the proposed
optimization problem is presented. In this case, instead of opti-
mizing the the timeslot duration and bandwidth that is assigned
to each user of the VLC and RF subsystem, respectively, we
consider that these resources are equally distributed among the
users. Thus, constraint Co reduces to

Nt N
217Pnépav<:>zlpn§]vpav- (45)



Accordingly, the following problem is formulated:

max o35, log(BL™) + (1 - ) )L log(RA")
st. Cp: zjj  RYM LM R <
CQ . Z P < NPaw

Cs: Z% 1 Pm < Pmax-
(46)
Lemma 1: Problem (46) can be formulated as an equivalent
convex optimization problem.

Proof: Problem (46) is essentially a reduced version
of problem (20). Following the same steps as in proof of
Proposition 1, it readily follows that this problem can be
formulated as an equivalent convex optimization problem. H

The equivalent convex problem is given by

VLC _ M ~RF
o maX @Y MO (1= a) Y, T
s.t. Cy: Zg 1 exp( VLC)—i—
M
Zm 1 exp ( ) < CO’

Cg : ZT]:] 16Pn <NPdV7
CB : ZZM 1 epm < Pmax;
Cy +log (29 (/1) 1)

+log (052772 +o? exp(—QPn))
<1og(eh”" ), Vn e N,
Cs : log (2CXP (FEFY /(wm T) _ 1)

+ log (ong + Wy No exp(—pm)
< log(|hm|*Lm), Ym € M.
(47)
1) The Special Case of Perfect CSI: Once again, as a
special case, the resource allocation problem is studied when
perfect CSI estimation is assumed. This ultimately transforms
problem (47) to the following:

max «a En 1 NXLC (1 -

M ~RF
« 4T
ﬁyﬁjVLCjRF ) mel m

s.t. (47).Cy, (47).Co, (47).C3
~ 1 gexp (Fy ¥C) /(tn B) _

C4:Pn—§10g( G2 )205

Vn € N,

oxp (FRF wim

Cs : fm — log (E2 1) >

Ym e M,

(48)

which is, in fact, considerably simpler.

V. SIMULATION RESULTS AND DISCUSSION

In this section, Monte Carlo simulation results are presented
for a system with a total of 4 users, i.e., 2 VLC users and 2
RF users. This corresponds to a typical scenario for a room,
with dimensions 6 m x 6 m x 4 m, with the VLC AP located
on the ceiling, in the center of the room, and the RF AP at
the center of one of the walls. The locations of the users are
random, according to a uniform distribution, in order to fit the
aforementioned scenario and the results are averaged out to
accommodate the stochastic nature of the problem. Also, the
receivers’ planes of all VLC users are assumed to be parallels

to the transmitter’s one. The same parameters as in [16]
are considered in the simulations. The correlation coefficients
between channel estimation and channel gain in VLC and RF
are denoted as pyrc and prp respectively. More specifically,
the impact of the backhaul capacity Cy, the channel estimation
errors, and of a on optimal rates and resource allocation is
investigated.

TABLE 11
PARAMETERS EXTRACTED FROM [16].
Py 9 W p 1.5
n 0.53 A/W Urov w/3
o? 5x 10722 A? || @9 /3
B 40 MHz Pmaz 1w
Ly 1 cm? %% 20 MHz
Ts(v) 1 No | 4.002 x 10—21 A%2/W

— VLC

—RF

(Pyics Pre ) = (1, 1)
(Pt Pre) = (099, 1)
(Pyrc Prp) = (0.99,0.99)
(PyLcs Prp) = (1,0.99)
(Pyic Pre) = (0.85,0.85)

** ® 4 > =

Sum Rate (bps)

10° 4

108 10°
C, (bps)

Fig. 3. Sum Rate vs Backhaul Capacity Cp for o = 0.5.

In Fig. 3, the achievable sum rate of the VLC and RF sys-
tems are plotted versus the capacity of the backhaul network
Cop, when the weight « is equal to 0.5. Practically, this means
that neither the VLC system nor the RF one have a priority
over the data provided by the backhaul network. In general, it
is evident that when the capacity is low enough, RF can reach
the same data rate as VLC, and since « = 0.5, both subsystems
share the capacity equally. However, as Cj increases, the RF
subsystem reaches a ceiling, due to the saturation of the rates
that it can achieve with respect to the available transmission
power. In addition, we observe that for Cy = 2Gbps, the VLC
achievable data rate is 75% better than its RF counterpart.
Moreover, different channel estimation errors are considered
and the pairs can be observed in the figure. As expected,
channel estimation errors lead to severe degradation of the
achievable sum rate. For example, for Cy > 2Gbps VLC with
perfect CSI achieves at least 80% higher rate than for the case
of pyrc = 0.99. Aside from this, two interesting remarks need
to be derived: First, for the case of perfect CSI at the RF part,
imperfect channel estimation at VLC can lead the performance
of the VLC subsystem to saturate faster; hence, the achievable
sum rate of VLC users turns out to be lower than the RF rate.



Secondly, for perfect CSI in VLC, a surpass (up to 68%) is
observed when there is imperfect CSI at the RF part. Such
a performance is reasonable, since the degradation in the RF
subsystem leads to more backhaul capacity available for the
VLC system. In this case, the objective function is maximized
for a higher value of sum rate at the expense of fairness, since
the RF users’ data rates are reduced (due to imperfect CSI).
However, for higher values of available backhaul capacity, the
data rates of the VLC users reach the same ceiling in both
case, due to the saturation of available resources.

—VLC
RF
(Pyrc» Prp) = (1, 1) ]
® (pyic. Pgp) = (0.99,0.99) ]
Joint RA

-~ Simple RA

10° ]

g ]

Sum Rate (bps)

10% 10°
C, (bps)

Fig. 4. Comparison between Joint RA and Simple RA in terms of Sum Rate
vs Backhaul Capacity Cp for a = 0.5.

In Fig. 4, the comparison between the resource allocation
algorithm that jointly optimizes all the available resources of
the RF and VLC subsystems, i.e., power, bandwidth and time,
marked as Joint RA, and the simplified one, marked as Simple
RA, is presented for the case of a = 0.5. It can easily be
observed that the achievable sum rate of the simple RA follows
very closely the one by the joint RA, proving the usefulness
of the proposed low-complexity solution, which focuses only
on power allocation.

3.0x10° T T T T T T

2.5x10°

2.0x10%

B
<
2 15x10° - i
e
g
=
v
1.0x10° A -——x = x c S
—A— VLC (unknown variance of the CSI error)
. —— RF (unknown variance of the CSI error)
5:0x1077 —w— VLC (known variance of the CSI error)
—¥— RF (known variance of the CSI error)

0.0 -f T
0.0 5.0x10°

T T T T
1.5x10°  2.0x10°  2.5x10°  3.0x10°  3.5x10°
C() (bps)

T
1.0x10°

Fig. 5. Sum Rate vs Backhaul Capacity Cp for oo = 0.5 assuming imperfect
CSI with pyrc = prr = 0.99.
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In Fig. 5, a comparison between two cases of imperfect CSI
is presented. In one case, resource allocation takes place when
the system is aware of the variance of the channel estimation
error and in the other case when it is not. It is observed that
for lower values of Cj, resource allocation takes into account
potential errors in CSI and provides users with more power.
In the unknown imperfect CSI case, resource allocation is
not handled in the same manner, and the performance of the
system is suboptimal. Howover, for higher backhaul capacity
values, both approaches lead to similar resource allocation
strategies, hence the comparable sum rate of the two. So,
the proposed optimization framework is particularly effective
since it gives the opportunity to take into account the imperfect
CSL

Next, we analyze the scenario when the VLC is prioritized
over the RF part in the hybrid VLC/RF network. In this
case, VLC users will be able to reach higher data rates
even when the offered backhaul capacity is low. In Fig. 6,
such a comparison between VLC and RF achievable rates
is presented for various cases of channel estimation errors.
It is shown that VLC subsystem outperforms the RF system
for every backhaul capacity value, with VLC achievable data
rate being about 75% better than its RF counterpart. However,
channel estimation errors degrade severely again the system
performance since the RF system with perfect CSI is shown
to outperform the VLC system with pyrc = 0.99. Some
interesting remarks to be made are that perfect CSI for the RF
subsystem paired with imperfect CSI for the VLC outperforms
the case of perfect CSI for the RF which is paired with
perfect CSI for the VLC. This is expected, considering that the
performance of the VLC subsystem impaired from imperfect
channel estimation is degraded, thus making more of the
capacity offered from the backhaul network available to be
utilized by the RF users. Finally, it can be seen that perfect
CSI for VLC paired with a perfect CSI RF is inferior to the
case of perfect CSI for the VLC paired with imperfect CSI
for the RF only by up to 15%.

— VLC

B (pyrcs pre) = (1, 1)
(Pyrcs Pre) = (0.99, 1)
(Pyrcs Prr) = (0.99,0.99)
(Pyrcs Pre) = (1,0.99)
, prr) = (0.85,0.85)

* o 4 >

Sum Rate (bps)

108 10°
C, (bps)

Fig. 6. Sum Rate vs Backhaul Capacity Cp for a = 0.8.

Next, we move to the quantification of the power allocation
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Fig. 7. Average Power vs Backhaul Capacity Cp for o = 0.5.

for the hybrid network. In Fig. 7, we examine the power
allocation of the o = 0.5 case with regards to the capacity
of the backhaul network. We observe that, when the VLC and
the RF users achieve the same rates, VLC and RF require
similar power. For higher data rates, which are only achieved
by the VLC , as shown in Fig. 3, the power that is consumed
by the VLC AP exceeds the power that is consumed by the
RF subsystem. It is obvious that this is happening due to the
data rate being much higher for the VLC subsystem. For the
case of o = 0.5, it appears that the average power that the
VLC subsystem consumes is similar to the power needed by
the joint resource allocation algorithm. However, when the
VLC system can reach its highest potential, i.e., the backhaul
capacity is abundant, the simplified version is more power
demanding.

Finally, the maximized proportional fairness (PF) versus
the backhaul capacity Cj is presented in Fig. 8. As it can
be observed, similarly to the data rate of the system, as Cj
increases, PF is increased as well, until it reaches a ceiling
in each case. We observe that when possible, despite the
CSI errors, the performance in terms of PF reaches the same
maximum value for both the cases of perfect and imperfect
CSI. However, as the CSI errors increase, the impact of which
is quantified using the correlation between the actual channel
gain and its estimate, the ceiling of the respective PF decreases.

VI. CONCLUSION

We investigated a hybrid VLC/RF network with the main
assumption that both subsystems are served by the same
backhaul with limited capacity. Due to the fundamental dif-
ferences of these two networks, resource allocation in the
formed hybrid network is optimized in order to maximize the
users’ achievable data rate, while also ensuring user fairness.
In addition, we considered the case of imperfect CSI in order
to quantify the impact of channel estimation errors. Simulation
results have illustrated the validity of the proposed analysis
and provide useful insights on the impact of the involved
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—®— (Pyic, Pre ) = (1, 1)

Proportional Fairness Objective

—A— (Pyic» Pre ) =(0.99, 1)
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Fig. 8. Proportional Fairness vs Backhaul Capacity Cp for o = 0.5 for
different degrees of CSI errors.

parameters on the overall system performance. Finally, a
simplified approach to this problem has been proposed, which
exhibits comparable results with the complete method but
with much less complexity. In future research, a network
with multiple access points that operate over the optical and
RF bands could be considered, in which case the impact of
intra-channel interference to system’s performance becomes
of paramount importance. More specifically, the two most
practical scenarios are a large area with sufficient VLC APs to
provide lighting and wireless access coverage, which interfere
with each other or multiple rooms that are divided by walls
with an RF AP in each one. In this case, the RF APs interfere
with each other, but the VLC APs do not.

APPENDIX A
PROOF OF LEMMA 1

We commence by transforming the objective function into
a concave one. This step is needed since it is a maximization
problem. To this end, we introduce two auxiliary variables,

rvLC ¥n € N and 7RF, ¥m € M, respectively, such that
rYLC < RIVECL and  ¢RBF < RIRF], (49)

The problem of (20) is formulated as

N M
max a2 log(ry"C)+ (1) )L log(riF)
VLC RE
s.t. Cl : 27]:]:1 TXLC + 21]\5:1 T%F < 007

Co: N t,Py < tPyy,
Cs: 2%21 Pm < Pmax,
Ca: X0ty <t
Cs: Z% L W < w,
Cp : Y€ < RLVLC],Vn eN,
Cr:rRF < RL%F],Vm e M.
(50)
There are two new constraints, Cg and C- that need to
be satisfied due to the use of (49). These new conditions
need to be transformed to their convex equivalent as well.



In order to continue our proof, we introduce the following
transformations:

P, =¢f" YneN, and p,, =ePm, ¥Yme M. (51)

Constraints Co and Cs of (50) are convex because they
are both sum of exponentials. Then, the problem of (50) is
formulated as

max o}, log(ry )+ (1-) 2, log(r)
¢VLC (RF ¢
s.t. Cq: Zf:’ 1 XL? + Zn]\le rRE < Oy,
Cy: anl tnef < tP,y,
Cs: 2%21 ePm < Priaxs
Cy: 0t <t
Cs: Z%:l W < W,

Co : 7Y€ < RV yp e W,
Cr:rRF < REF],Vm e M.
(52)
However, again, due to the constraints, introduced with the
use of (49), i.e., Cg and Cz, the optimization problem in
(50) remains non-convex. Therefore, we also introduce the
following transformations

V C)u tn = exp (fn)a

), and wy, = exp (Wi, ), (53)

which transform Cg as follows:

14 € h2n? exp(2P,)
27 g2 exp(2P,) + o2
exp (O —fn) eh?n? exp(2P,)

2 o2n2 exp(QPn) + 02

B e B2 2
log <2 B —1> <log (e nfl )
27

exp(2F;,)
o?n? exp(2P,) + o2

exp(7yMC —p)
log <2 B >

h2 2
< log (62_77>
™

The first term of (54), f =

This can be obtained by considering its Hessian matrix, which
is given by

fVLC

e’ < eE"Blog2

+ log

+log(o?n? + 0% exp(—2P,))
. (54)

XP(T C*f.'n)

log (2 — 1) is convex.

0% f 82 f 92§
9rvic?  BrVICoL,  orviCop, g —q 0
H= | 21 f 0% f = |- 0
- | ot oryLC otz Atn Py N ¢ I
52 f o2'f 9% f 0 0 O
8P, oryLC AP, in 8153
(55)

It can easily be shown that H has a non-zero eigenvalue that
is expressed by

2%zlog(2) (2% — zlog(2) — 1)
CEEYE ’

(56)

ulzq:
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where z is defined by z = M. Considering also
that y = 2% — zlog(2) — 1 is an increasing function with
respect to z and when z — 0, y — 0, it is shown that
w1 > 0. Then, it becomes evident that the Hessian matrix
of f is positive semi-definite, due to the fact that the eigen-
values of the matrix are non-negative. Also, the second term,
g = log(c2n? + 02 exp(—2P,)) is convex since its second
derivative is positive. After some algebraic manipulations it

can be calculated as
d*q  4nPexp (2P,)02%02 57)
ap; (772 exp (2P,)02 + 02) 2’

and as a result, constraint Cg is proven to be convex.
Furthermore, the convexity of C7 is examined; hence, the
transformations (53) are applied here yielding

exp( ) < exp(Wm)T
|hm|2Lm exp(pm)
x lo 1+ — — &
&2 exp(Wm ) No + 0F Ly exp(pm)
ex (T.SLF m) ~m
’ 1< AL X (Pm) &

exp(Wpm ) No + 0 exp(pm)
- ﬁm))
(58)

exp(FRF — @)
log (2 T — 1) + log (Ung + Ny exp (i,
< 10g(|hm|2Lm)=

which has a very similar form to that one of (54). Following
the same steps, we readily prove that constraint C7 is also
convex and the proof is completed.
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