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Abstract— Cooperative non-orthogonal multiple access
(C-NOMA) and buffering are promising techniques to improve
spectrum efficiency in the next generation of wireless networks.
In this article, a buffer-aided cooperative NOMA network with
direct links is studied. The throughput maximization problem is
firstly formulated under the assumption of fixed power allocation
and optimally solved by designing a mode selection policy.
In order to further improve system throughput, the problem is
extended into the case that power allocation and mode selection
are jointly optimized. An optimal solution is obtained, while
a sub-optimal one is also provided in order to decrease the
implementation complexity. Furthermore, considering the case
where the buffer has finite size and the users are delay-sensitive,
a throughput-delay aware strategy is also presented. Moreover,
it is shown that the proposed schemes outperform the baseline one
in terms of throughput. Finally, simulations demonstrate that the
sub-optimal solution achieves similar performance to the optimal
one, while significantly reduces the implementation complexity.

Index Terms— Cooperative non-orthogonal multi-access,
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I. INTRODUCTION

NON-ORTHOGONAL multiple access (NOMA) is a
very promising technology for the next generation of

wireless networks, since compared to orthogonal multiple
access (OMA) it can increase spectral efficiency and con-
nectivity [2]–[5]. The main principle of NOMA is that can
serve multiple users on the same orthogonal resource block.
In particular, NOMA enables the simultaneous transmis-
sion of superimposed messages by using joint processing
at the receivers, such as successive interference cancellation
(SIC) [6]. Interestingly, NOMA is compatible not only with
most of the classical radio access technologies, e.g., OMA,
multiple-input-multiple-output (MIMO), millimeter wave, full-
duplex, etc, [7]–[10], but also with most emerging wireless
systems, e.g., THz communications, reconfigurable intelli-
gent surfaces (RISs), unmanned aerial vehicles (UAVs), wire-
less power transfer (WPT), heterogeneous cellular networks
(HCNs), etc, [11]–[15]. As NOMA has been considered as one
of the key technologies to satisfy challenging requirements of
beyond the fifth generation (5G) of wireless networks, a fur-
ther study for utilizing NOMA in the uplink communication
systems was carried out for 3GPP Release 16 in 2018 [16].

NOMA can also be used in cooperative networks in order
to further extend the coverage and/or increase throughput.
Cooperative NOMA (C-NOMA) in conjunction with a
dedicated relay was proposed in [17], considering a downlink
scenario with two users, where the information transmission
is assisted by the use of relays. In this context, C-NOMA
with another wireless technology, for example, MIMO [18],
cognitive radio network [19] and physical layer network
coding [20], were the aim was to reduce the outage
probability and improve the spectral efficiency. In addition,
relay selection, which is an important challenge in cooperative
networks, was also investigated in C-NOMA networks
[21]–[23] in order to reduce the outage probability and
increase the diversity gain of the two users downlink C-NOMA
system. On the other hand, in [24] and [25], C-NOMA was
studied in the context of a near-far user setup, where the
weak user also receives its message from the near user, taking
advantage of the SIC process performed at the strong user,
according to which the strong user decodes both messages.
Furthermore, in [26], full-duplex was used in order to
increase the achievable rate and reduce the outage probability
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of C-NOMA systems with user cooperation. Additionally,
C-NOMA has also been applied in many emerging wireless
architectures, e.g., multi-cell MIMO systems, UAV networks,
mobile edge computing, etc. The existed research works
and the major challenges, opportunities, and future research
trends for the design of NOMA-based cooperative systems
with other techniques have been highlighted in [27].

A. Motivation

The throughput of cooperative networks can also be
improved by employing a buffer at the relay, such that data
can be queued until the relay-destination link is selected
for transmission, by taking advantage of channel ergodicity
(see the pioneering work [28] and references therein). This
has motivated the investigation of buffer-aided relaying in
the context of C-NOMA systems. More specifically, infor-
mation transmission from one source to two users through
a buffer-aided relay has been studied in [29], with the aim to
maximize the system throughput. In more detail, based on the
channel conditions and by assuming, for simplicity (although
with loss of generality), fixed target rates, the relay has either
the option to perform NOMA and simultaneously serve both
users or to serve only one of them within a resource block.
In [30], a similar setup has been investigated, focusing though
solely on NOMA and by assuming a finite buffer size. In addi-
tion, a downlink buffer-aided C-NOMA system with multiple
users was proposed in [31], in which a Lyapunov optimization
framework with an online adaptive transmission strategy was
utilized to maximize a long-term average network utility.
Furthermore, regarding relay selection in buffer-aided two-user
downlink C-NOMA systems, a novel prioritization-based
selection scheme was developed in [32] to improve the data
throughput by combining the NOMA and OMA transmis-
sion, and two selection algorithms with broadcasting, namely,
buffer-aided NOMA and buffer-aided OMA/NOMA, were
presented in [33] to reduce the outage probability and increase
sum rate, respectively. In [34], buffer-aided relaying was also
investigated in an uplink cooperative NOMA systems, the sum
throughput, outage probability, diversity gain and average
packet delay were analyzed with closed-form expressions.
Moreover, a wireless powered cooperative NOMA network
was considered in [35], the long-term average power con-
sumption minimization problem was formulated and solved
by utilizing Lyapunov optimization framework, in order to
provide a novel buffer-aided transmission scheme.

It should be highlighted that in the aforementioned works,
the exploitation of direct links between the source and the
users has not been considered. However, in scenarios with
high-speed mobility and nodes’ density, the exploitation of
direct links in cooperative networks is of paramount impor-
tance. Motivated by this, coordinated direct and relay trans-
mission (CDRT) has been widely investigated in C-NOMA
networks in order to further improve system performance.
In this context, a C-NOMA framework with device-to-device
(D2D) communication was proposed in [36] to increase the
spectral efficiency, where the optimal power allocation was uti-
lized to improve achievable rate. In addition, CDRT was also
utilized in a two-user downlink C-NOMA system to decrease

the outage probability, where three relaying schemes, namely,
the fixed relaying (FR), the selective decode-and-forward (DF)
with coordinated direct and relay transmission (SDF-CDRT),
and the incremental selective DF (ISDF) relaying were
proposed. Specifically, SDF-CDRT provides an extra degree-
of-freedom by using orthogonal transmission in the direct
links, while ISDF exploits the limited feedback of the
received SNR to avoid error propagation [37]. Moreover, in a
downlink C-NOMA system with a multi-antennas relay and
a set of near and far users, hybrid CDRT with full-duplex
relaying was investigated in [38], where a sub-optimal and
an optimal beamforming schemes were proposed to decrease
outage probability. Recently, a novel CDRT-based C-NOMA
networks that consists of a base station, two direct-link
users and one indirect-link user was proposed in [39] and
the closed-form expression for the sum-rate was derived,
assuming that the two direct-link users decode and forward
the signals to the indirect-link user in an alternating fashion.

It is envisioned that the application of CDRT into the
buffer-aided C-NOMA networks can further improve system
performance in terms of average throughput. Moreover, it is
worth noting that the authors of [40] and [41] have investigated
for first time in the literature the combination of direct and
buffer-aided relaying transmissions in OMA networks, in order
to optimize the system throughput in the single-user and
multi-user scenarios, respectively. However, to the best of
authors’ knowledge, there is no work in existing literature that
investigates buffer-aided C-NOMA systems with CDRT.

B. Contribution

To this end, in this work, we investigate a downlink
C-NOMA system consisting of a single source, one
buffer-aided relay, and two users. Different from the baseline
scheme in [29], we also consider the direct links between the
source and users. Consequently, we assume that the users can
receive information either directly from the source or the relay
using NOMA in both cases. In contrast to [29], the analysis
does not depend on the assumption of fixed target rates for
the information transmission to the users.

The main contribution of this article can be summarized as
follows:

• By taking advantage of the extra degrees of freedom
offered by buffer-aided relaying, three appropriate trans-
mission modes are introduced, which correspond to the
three possible sets of nodes that simultaneously exchange
information. The corresponding instantaneous buffer state
and throughout of each mode are also presented.

• Focusing on fixed power allocation and considering infi-
nite size buffer, the system throughput maximization
problem is formulated and optimally solved, by deriving
a closed form expression for the optimal mode selec-
tion (OMS) policy. The proposed OMS enables the use
of the optimal transmission mode, according to the instan-
taneous channel quality and under the buffer-stability
constraint. Moreover, a theoretical expression for the
maximum throughput is also derived.

• Aiming at further improving the system throughput by
considering joint power allocation and mode selection

Authorized licensed use limited to: IEEE Editors-in-Chief. Downloaded on February 10,2021 at 16:49:26 UTC from IEEE Xplore.  Restrictions apply. 



LI et al.: RESOURCE ALLOCATION IN BUFFER-AIDED COOPERATIVE NOMA SYSTEMS 7431

Fig. 1. A downlink C-NOMA system with direct links which consists of a
base station, a buffer-aided relay and two users.

(PAMS), while also considering infinite size buffer and
user fairness, a non-linear and non-convex optimization
problem is formulated and solved. In more detail, two dif-
ferent solutions with different complexity are proposed,
namely optimal PAMS (OPAMS) and sub-optimal PAMS
(SPAMS). Interestingly, it is shown that the implementa-
tion complexity of the sub-optimal solution has a consid-
erable decline compared to that of the optimal solution.

• For the case that the buffer has finite size and users
are delay-sensitive, three appropriate thresholds are
introduced in order to construct the information trans-
mission protocols. Based on which, a throughput-delay
aware (TDA) scheme is proposed to maximize system
throughput and meet users’ delay requirement.

C. Organization

The rest of this article is organized as follows. In Section II,
the system model and transmission modes are presented. The
OMS scheme is presented in Section III, where also the
maximum system throughput is derived. In Section IV,
the joint mode selection and power allocation schemes are
proposed. The TDA scheme is given in Section V and
the simulation analysis is presented in Section VI. Finally,
Section VII concludes this article.

II. SYSTEM MODEL AND TRANSMISSION MODE

A. System Model

In this article, we consider a downlink C-NOMA system
consisting of four single-antenna nodes, namely source (S),
relay (R) with a buffer and two users (U1 and U2), as shown
in Fig. 1. It is noted that the buffer size is usually assumed to
be infinite or finite, which is based on the different application
scenarios. For example, the use of an infinite buffer size is
assumed when the store-carry-forward protocol employed in
delay-disruption-tolerant networking, where the intermediate
nodes are augmented with permanent storage capabilities
and equipped with sufficiently large buffer sizes enabling
them to indefinitely carry messages until they can be further

forwarded [42]. In addition, the use of finite buffer size is
assumed in the case of the urgent information exchange in
a mobile wireless sensor networks, where the intermediate
nodes are assumed to be equipped with a relatively small
buffer size to keep a low overall packet drop rate due to
buffer overload [43]. Furthermore, it is assumed that there
is a direct link between S and each user. The node S either
transmits information to the two users through the direct links,
or communicates with the relay. The relay node is able to
forward this information to the users, by using the decode-
and-forward (DF) protocol. It is assumed that time-division
duplex (TDD) is used and the total time is divided into slots
with an equal length indexed by i = 1, · · · , N . All channels
are subject to independent flat Rayleigh fading. Furthermore,
it is assumed additive white Gaussian noise (AWGN) with
zero mean and unitary variance at both relay and users.

Let hi
s1, h

i
s2, h

i
sr, h

i
r1 and hi

r2 denote the channel power
gains of S-U1, S-U2, S-R, R-U1 and R-U2 links at the ith
time slot, respectively. It is assumed that the channel gains are
mutually independent, non-negative, stationary, and ergodic
random processes. We further assume that the channel gains
are constant during one time slot but change from one time slot
to another time slot, which indeed might occur due to mobility
among others [28]. In addition, let Ωs1, Ωs2, Ωsr, Ωr1 and Ωr2

denote the mean value of the exponentially distributed channel
gains of S-U1, S-U2, S-R, R-U1 and R-U2 links, respectively,
and

fxy (hxy) =
1

Ωxy
exp(− hxy

Ωxy
) (1)

is the corresponding probability density function (PDF).
Although the analysis is based on Rayleigh fading, it can
easily be extended to different fading distributions, as well
as to the case of mobility as long as the aforementioned
assumptions are not violated. The transmit power levels at
S and R are denoted by Ps and Pr, respectively. At the
ith time slot, xi

jk(j = s, r; k = r, 1, 2; j �= k) denotes the
transmitted signal from node j to k, while yi

k(k = r, 1, 2)
and zi

k(k = r, 1, 2) denotes received signal and AWGN at
node k, respectively. Meanwhile, Ci

jk = log2(1 + X i
jk)(j =

s, r; k = r, 1, 2; j �= k) denotes the capacity of each link, with
X i

jk being the corresponding instantaneous channel signal-
to-interference-plus-noise ratio (SINR), and �x� denotes the
ceiling of a real number x.

It is assumed that perfect CSI of all the involved links
is available at a central node, which also performs the
optimization. More specifically, it is assumed that the relay
and the users perfectly know the CSI of the source-relay
and source/relay-users links, by using pilot symbols. Which
node serves as the central node depends on the network
architecture. For example, it is reasonable to assume that
the source (base station) serves as the central node, since it
typically acquires the full channel state information (CSI) of
all links and can afford the complexity of performing adaptive
link allocation and power allocation. In this case, the source
acquires the CSI of the source-relay and source-users links,
using dedicated feedback links (e.g., by utilizing a different
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frequency channel). Then, after performing the optimization,
the source informs the relay about the selected mode and the
corresponding power allocation by also using the dedicated
feedback link. On the other hand, if the relay serves as the
central node, it only needs to acquire the CSI feedback from
the users, since it already knows the CSI of the source-relay
link (via the use of pilot symbols). Then, similarly to the
former case, the relay also needs to inform the source about
the selected mode and the corresponding power allocation by
using a dedicated feedback link.

B. Transmission Mode

In the network under investigation, the source needs to
decide whether to use the relay or not. More specifically,
the source transmits information to either the relay or the users
in a single time slot. The motivation for this is threefold: First,
if the capacity of the broadcast channel between the source and
the users is relatively high, the simultaneous transmission of
information from the source to the relay would not offer much
to the performance, since the information that is buffered at
the relay needs at least one extra time slot in order to be
received by the users, due to the half-duplex operation of
the relay. Also, the superposition of three messages instead
of two, would further increase the decoding complexity at
the users’ side. Moreover, this would further increase the
optimization variables and the corresponding computational
complexity. If the relay is used, it can be operated in either
receive or transmit mode. Let ri ∈ {0, 1} be the decision
variable that determines if the relay is utilized, with ri = 0
implying that the relay is not utilized. Moreover, for ri = 1,
qi ∈ {0, 1} determines whether the relay is used to receive or
transmit information, i.e., qi = 0 and qi = 1 imply that the
relay is utilized for receiving and transmitting information,
respectively. Thus, three different modes are identified as
follows.

M1: The relay is not utilized. Since ri = 0, the source S
transmits information to the two users using the direct links
and NOMA. The received signal at user k is

yi
k =

√
hi

sk

(√
αiPsx

i
s1+

√
(1 − αi)Psx

i
s2

)
+ zi

k, k = 1, 2,

(2)

where αi and 1 − αi are the power allocation coefficients.
Considering the ordering of the instantaneous channel condi-
tions, there are two possible rate pairs, namely, (3), as shown
at the bottom of the page.

This is because only the user with the stronger channel
conditions can perform SIC. Since R is not utilized, the buffer
state cannot change, i.e., Qi = Qi−1, where Qi denotes the
total amount of information in bits stored in the buffer during
the ith time slot. Thus, the instantaneous throughput in this
mode is

τ i
1 = (1 − ri)(Ci

s1 + Ci
s2). (4)

M2: The relay is used to receive information. Since
ri = 1 and qi = 0, the source S transmits the users’
information to R with data rate

Ci
sr = log2(1 + hi

srPs). (5)

Similarly to [29], the transmitted data flow is divided into
two parts with rates ηCi

sr and (1 − η)Ci
sr , each of which

corresponds to U1 and U2, respectively, where the parameter
0 < η < 1 can be adjusted according to the channels’ gains.
Thus, if this mode is selected, the buffer state changes to Qi =
Qi−1 + Ci

sr. Since in this mode there is no data received at
the users, the instantaneous throughput is

τ i
2 = 0. (6)

M3: The relay transmits information to the users by
using NOMA. Since ri = 1 and qi = 1, the received signal
at each user is

yi
k =

√
hi

rk

(√
βiPrx

i
r1+

√
(1 − βi)Prx

i
r2

)
+zi

k, k = 1, 2,

(7)

where βi and 1 − βi are the power allocation coefficients.
Similarly to M1, there are also two possible rate pairs, namely,
(8), as shown at the bottom of the page.

Note that the buffer state constraints Ci
r1 + Ci

r2 < Qi are
omitted, since a buffer with infinite size has been assumed.
In this mode, the buffer state changes to Qi = Qi−1 −Ci

r1 −
Ci

r2, while the instantaneous throughput is

τ i
3 = riqi(Ci

r1 + Ci
r2). (9)

It is noted that due to the co-existence of direct links and
relaying links, both the relay and the users can receive the
information transmitted by the source. In this case, however,
if the capacity of the broadcast channel between the source
and the users is relatively high, there is limited motivation to
use the relay, since the information that is buffered at the relay
needs at least one extra time slot in order to be received by the
users, due to the half-duplex operation of the relay. In addition,

(Ci
s1, C

i
s2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(

log2

(
1 + αih

i
s1Ps

)
, log2

(
1 +

(1 − αi)hi
s2Ps

1 + αihi
s2Ps

))
, hi

s1 > hi
s2,(

log2

(
1+

αih
i
s1Ps

1 + (1−αi)hi
s1Ps

)
,log2

(
1+(1−αi)hi

s2Ps

))
, hi

s1 <hi
s2.

(3)

(Ci
r1, C

i
r2) =

⎧⎪⎪⎨⎪⎪⎩
(

log2

(
1 + βih

i
r1Pr

)
, log2

(
1 +

(1 − βi)hi
r2Pr

1 + βihi
r2Pr

))
, hi

r1 > hi
r2,(

log2

(
1+

βih
i
r1Pr

1 + (1 − βi)hi
r1Pr

)
,log2

(
1+(1−βi)hi

r2Pr

))
,hi

r1 <hi
r2.

(8)
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if the users used the received signals from both the source and
the relay to decode the information, more complicated and
less practical (especially in combination with NOMA) coding
schemes would be needed, which are out of the scope of this
work.

III. OPTIMAL MODE SELECTION

In this section, NOMA with a fixed power allocation scheme
is studied and an optimization problem is formulated and
optimally solved. Moreover, theoretical expressions for the
OMS policy and maximum throughput, are derived.

A. Problem Formulation

The system throughput, τ , is defined as the average sum
throughput of the two users over N → ∞ time slots, i.e.,

τ = lim
N→∞

1
N

N∑
i=1

(τ i
1 + τ i

2 + τ i
3)

= lim
N→∞

1
N

N∑
i=1

(
(1 − ri)(Ci

s1 + Ci
s2)+riqi(Ci

r1 + Ci
r2)

)
.

(10)

It is noted that M3 is used only to transmit the information that
has been buffered at the relay to the users. As it is assumed
that the relay is a half-duplex node, the relay can not receive
information in this mode. Thus, the contribution of M2 at the
average sum throughput is equal to zero.

According to [28], the optimal mode selection which max-
imizes the throughput is the one that keeps the queue in the
buffer of the relay at the edge of non-absorption, i.e., in a
long-term stable state. However, this only can be realized when
the buffer size is infinite, since the data overflow may appear
when the buffer size is finite. The throughput maximization
with finite size buffer will be discussed in Section V. Based on
above, Eq.(10) assumes equal arrival (A1, A2) and departure
rates (D1, D2) at R for U1 and U2, i.e,

η lim
N→∞

1
N

N∑
i=1

ri(1−qi)Ci
sr+(1−η) lim

N→∞
1
N

N∑
i=1

ri(1−qi)Ci
sr

= lim
N→∞

1
N

N∑
i=1

riqiC
i
r1+ lim

N→∞
1
N

N∑
i=1

riqiC
i
r2, (11)

where the four aggregated terms correspond to A1, A2, D1,
D2, respectively. In each time slot, it holds that ri, qi ∈ {0, 1},
which is a set of combinatorial constraints. To facilitate the
analysis, this can be replaced by the following equivalent set
of constraints

lim
N→∞

1
N

ri(1 − ri) = 0, ∀i (12)

lim
N→∞

1
N

qi(1 − qi) = 0, ∀i. (13)

Thus, the following optimization problem can be formulated
regarding the maximization of the system throughput:

max
ri,qi

lim
N→∞

1
N

N∑
i=1

(
(1 − ri)(Ci

s1 + Ci
s2) + riqi(Ci

r1 + Ci
r2)

)
(14a)

s.t. lim
N→∞

1
N

N∑
i=1

(
riqi(Ci

r1 + Ci
r2)−ri(1 − qi)Ci

sr

)
=0,

(14b)

lim
N→∞

1
N

ri(1 − ri) = 0, ∀i, (14c)

lim
N→∞

1
N

qi(1 − qi) = 0, ∀i, (14d)

where (14b) corresponds to (11). It is notable that due to the
utilization of constraints (14c) and (14d) instead of ri, qi ∈
{0, 1}, the optimization problem in (14) is non-combinatorial
and thus it can be efficiently solved by using standard opti-
mization methods.

B. Optimal Mode Selection Policy

Theorem 1: The OMS policy that maximizes the system
throughput is given by

(r∗i , q∗i ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(1, 0), if Ci
s1 + Ci

s2 < ρ
1+ρCi

sr

and Ci
r1 + Ci

r2 < ρCi
sr,

(1, 1), if Ci
s1 + Ci

s2 < 1
1+ρ (Ci

r1 + Ci
r2)

and Ci
sr < 1

ρ (Ci
r1 + Ci

r2),
(0, NR), otherwise,

where ρ is the optimal decision threshold and its value depends
on the Lagrange multiplier (LM) that corresponds to (14b), and
NR stands for “not relevant".

Proof: See Appendix A.

C. Optimal Decision Threshold and Maximum Throughput

Considering (10), (11), and the optimal values of ri, qi

for each time slot i, given by (15), the optimal decision
threshold ρ∗ and the maximum throughput τ∗ can be derived
by

E{r∗(1 − q∗)Csr} = E{r∗q∗(Cr1 + Cr2)}, (15)

and

τ∗ = E{(1 − r∗)(Cs1 + Cs2)} + E{r∗q∗(Cr1 + Cr2)},(16)

where E{x} = lim
N→∞

1
N

∑N
i=1 xi denotes expectation. For the

calculation of ρ∗ and τ∗, a three-step approach can be followed
that is shown in appendix B.

Based on the above, it deserves to be mentioned that the
optimal decision function in (15) is attractive, since it proves
that the mode selection is based on the instantaneous link
capacities. However, in order to find the optimal solution in
the considered problem it is required to solve (15). This can be
done either by using simulations and one-dimensional search
or by calculating the corresponding integrals. In this work,
both approaches are explored, while the integrals are mainly
provided in order to give further insight on the mathematical
analysis behind the calculation of the optimal solution, e.g.,
taking into account the utilized limits of integration for the
different terms. Indeed, as it has also been identified by
the existing literature, e..g., [28] of the revised manuscript,
the optimal decision functions may lead to complicated expres-
sions for the throughput and the optimal decision threshold ρ∗.
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In this case, simpler suboptimal decision functions may be
preferable, however, this is out of the scope of this article,
mainly due to space limitations. It is noted though that the
proposed decision functions can also be considered as a
baseline to other less complicated and suboptimal ones.

Next, Algorithm 1 is presented to calculate the maximum
throughput for the OMS policy, without requiring to solve the
integrals that are involved in the aforementioned three-step
approach.

Algorithm 1 Maximum Throughput with OMS

Input: Ci
s1, C

i
s2, C

i
sr, C

i
r1, C

i
r2, ρ;

Output: τ∗;
1: Initialisation: τ = 0;
2: Given ρ;
3: for i = 1, 2, . . . , N do
4: Select the optimal transmission mode according to (15);
5: Calculate the related instantaneous throughput τi;
6: Set τ = τ + τi;
7: Set τA = τ

N ;
8: Use one dimensional search to update ρ;
9: Set τ∗ = max (τA);

IV. JOINT POWER ALLOCATION AND MODE SELECTION

In this section, in order to further improve system through-
put, the joint mode selection and power allocation is consid-
ered. A non-linear and non-convex optimization problem is
formulated and solved. We provide two solutions with different
complexity. Specifically, an optimal with high complexity and
a sub-optimal solution with low complexity, are derived.

A. Problem Formulation

Next, in order to maximize the average system throughput,
we aim at optimizing power allocation of NOMA in M1

and M3 modes and determining the best transmission mode
in each time slot. It is remarkable that orthogonal multiple
access (OMA) can be seen as a special case of the optimized
NOMA-based scheme that is considered in this section, since
if the optimal value of the power that is allocated to one
of the two user is equal to zero at a specific time slot,
this corresponds to solely serving one of the two users,
i.e., OMA. In addition, besides considering the buffer stability
constraint (11) and the binary decision constraints (12), (13),
we also consider the user fairness. To this end, the far
user’s average throughput is constrained to be larger than or
equal to a proportion of the near user’s average throughput.
Mathematically, this constraint can be expressed as

lim
N→∞

1
N

N∑
i=1

(
(1 − ri)Ci

s2 + riqiC
i
r2

)
≥ V lim

N→∞
1
N

N∑
i=1

(
(1 − ri)Ci

s1 + riqiC
i
r1

)
, (17)

where 0 < V < 1 is a real constant and its value depends on
the far user’s average channel condition. It is worth-mentioning

that if the users fairness constraint is not considered, the trans-
mit power can always be allocated to the near user in order
to maximize the system throughput. Furthermore, the power
allocation coefficients αi, βi(∀i) are constrained by

0 ≤ αi ≤ 1, ∀i, (18)

0 ≤ βi ≤ 1, ∀i. (19)

In this case, the joint mode selection and power alloca-
tion problem, which aims at maximizing the average system
throughput, can be formulated as

max
ri,qi,αi,βi

lim
N→∞

1
N

N∑
i=1

(
(1−ri)(Ci

s1+Ci
s2)+riqi(Ci

r1+Ci
r2)

)
(20a)

s.t. lim
N→∞

1
N

N∑
i=1

(
riqi(Ci

r1+Ci
r2)−ri(1−qi)Ci

sr

)
=0, (20b)

lim
N→∞

1
N

N∑
i=1

(
(1 − ri)Ci

s2+riqiC
i
r2

)
≥V× lim

N→∞
1
N

N∑
i=1

(
(1 − ri)Ci

s1+riqiC
i
r1

)
, (20c)

lim
N→∞

1
N

ri(1 − ri) = 0, ∀i, (20d)

lim
N→∞

1
N

qi(1 − qi) = 0, ∀i, (20e)

0 ≤ αi ≤ 1, ∀i, (20f)

0 ≤ βi ≤ 1, ∀i. (20g)

It can be observed that the above optimization problem is
non-linear and non-convex, because qi, ri are binary variables
and the products of qi, ri and Ci

s1 + Ci
s2, Ci

sr ,Ci
r1 + Ci

r2 are
non-convex functions.

B. Optimal Power Allocation and Mode Selection

In this subsection, we derive an optimal solution for the
problem in . It can be easily verified that for given power
allocation coefficients αi, βi ∈ [0, 1](∀i), the constraints and
are inactive. Therefore, we can write again the problem as

max
ri,qi

lim
N→∞

1
N

N∑
i=1

(
(1−ri)(Ci

s1+Ci
s2)+riqi(Ci

r1+Ci
r2)

)
(21a)

s.t. lim
N→∞

1
N

N∑
i=1

(
riqi(Ci

r1+Ci
r2)−ri(1−qi)Ci

sr

)
=0, (21b)

lim
N→∞

1
N

N∑
i=1

(
(1 − ri)Ci

s2+riqiC
i
r2

)
≥V× lim

N→∞
1
N

N∑
i=1

(
(1 − ri)Ci

s1+riqiC
i
r1

)
, (21c)

lim
N→∞

1
N

ri(1 − ri) = 0, (21d)

lim
N→∞

1
N

qi(1 − qi) = 0. (21e)
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It is observed that problem has the structure of the opti-
mization problem in (21) is similar to the one in (14) besides
the user fairness constraint (21c). In addition, the optimization
variables in (21) are same as the ones in (14), thus a similar
optimization method as in the proof of Theorem 1 can be used.
Next, we derive an optimal solution for (21) for certain values
of αi, βi(∀i).

Theorem 2: For given power allocation coefficients
αi, βi(∀i), an optimal solution of problem (21c) is

(r∗i , q∗i ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(1, 0), if Δ1C
i
s1 + Δ2C

i
s2 < λCi

sr

and Δ3C
i
r1 + Δ4C

i
r2 < λCi

sr ,

(1, 1), if Δ1C
i
s1+Δ2C

i
s2 < Δ3C

i
r1+Δ4C

i
r2

and λCi
sr < Δ3C

i
r1 + Δ4C

i
r2,

(0, NR), otherwise.

where Δ1 = 1 − μV, Δ2 = 1 + μ, Δ3 = 1 − λ − μV,
Δ4 = 1 − λ + μ, λ ∈ [0, 1] and μ ∈ [0, 1

V ] are the
Lagrangian multipliers (LM) corresponding to (21b) and (21c),
respectively.

Proof: See appendix C.
After solving problem (21) for given αi, βi(∀i), the optimal

values of αi, βi(∀i) also need to find for the sake of optimally
solving problem (20). However, there is no efficient solution
with low-complexity to calculate their optimal values, since
problem (20) is a non-linear and non-convex optimization
problem. As a result, a two-dimensional search is utilized to
find the optimal values of αi, βi(∀i), since αi ∈ [0, 1], βi ∈
[0, 1]. Note that by combining the mode selection scheme
presented in (22) and the two-dimensional search, the OPAMS
scheme is provided to maximize the system throughput, while
also considering user fairness. Next, Algorithm 2 is presented
to compute the maximum throughput τ∗ with OPAMS.

Algorithm 2 Maximum Throughput with OPAMS

Input: Ci
s1, C

i
s2, C

i
sr, C

i
r1, C

i
r2, λ, μ, V, αi and βi;

Output: τ∗;
1: Initialisation: τ = 0;
2: Given λ and μ;
3: for i = 1, 2, . . . , N do
4: Calculate Ci

s1, C
i
s2, C

i
r1, C

i
r2 for given αi and βi;

5: Use two-dimensional search to find the optimal αi and
βi;

6: Select the optimal transmission mode according to (22);
7: Calculate the optimal instantaneous throughput τi;
8: Set τ = τ + τi;
9: Set τA = τ

N ;
10: Use two-dimensional search to find the optimal λ and μ;
11: Set τ∗ = max (τA);

Next, the complexity for obtaining this solution is
analyzed. First of all, assuming that γ1(0 < γ1 < 1),
γ2(0 < γ2 < 1

V ) are the step sizes in the
two-dimensional search of λ and μ, respectively, we need
O (M1M2) running times to find the optimal values,
where M1 = � 1

γ1
� and M2 = � 1

Cγ2
�. In addition, if the step

sizes in the two-dimensional search of αi(∀i) and βi(∀i) are

assumed to be γ3(0 < γ3 < 1), we need O (
M2

3

)
running

times to find the optimal values, where M3 = � 1
γ3
�. Moreover,

it can be seen that based on the solution (22) in Theorem 2,
finding the optimal transmission mode needs O(N) running
times. As a result, the total complexity is O (

NM1M2M
2
3

)
.

Obviously, the complexity of this solution is relatively high.
Thus, in order to decrease the implementation complexity, next
we also provide a sub-optimal solution with low complexity.

C. Sub-Optimal Power Allocation and Mode Selection

In this subsection, we focus on deriving a low com-
plexity sub-optimal solution for the problem (20). Initially,
the Lagrangian dual problem is constructed. Meanwhile, tar-
geting at optimally solving the Lagrangian dual problem
with given Lagrangian multipliers, a novel four-step dynamic
programming approach based on variable discretization is
presented. Moreover, the sub-gradient method is used to find
optimal Lagrangian multipliers.

1) Lagrangian Dual Problem: Let vectors q, r, α and β
denote the sets of the variables qi, ri, αi and βi, respectively.
It is assumed that μ and ν are the Lagrangian multipliers
corresponding to constraints (20b) and (20c) in problem (20),
respectively. In order to formulate the Lagrangian dual prob-
lem, we firstly utilize Lagrangian duality to relax the con-
straints (20b) and (20c),

max
q,r,α,β

L(q, r, α, β, μ, ν)

= lim
N→∞

1
N

N∑
i=1

(
(1 − ri)(Ci

s1+Ci
s2)+riqi(Ci

r1+Ci
r2)

)
−μ lim

N→∞
1
N

N∑
i=1

(
riqi(Ci

r1+Ci
r2)−ri(1−qi)Ci

sr

)
+ν lim

N→∞
1
N

N∑
i=1

(
(1−ri)

(
Ci

s2−VCi
s1

)
+riqi

(
Ci

r2−VCi
r1

))
s.t. (20d), (20e), (20f), (20g),

where (20d) and (20e) are utilized to ensure that only one
mode is selected in each time slot.

Let’s define the Lagrangian dual function as

f(μ, ν) = max
q,r,α,β

L(q, r, α, β, μ, ν). (22)

Then, the corresponding Lagrangian dual problem can be
expressed as

min
μ∈R,ν≥0

f(μ, ν)

s.t. (20d), (20e), (20f), (20g),
(23)

In order to solve (23), we first solve (22) for given μ and ν,
and then utilize the sub-gradient method to find the values of
μ and ν, which minimize the Lagrangian dual function.

2) Variable Discretization: In order to optimally solve
problem (22) for given μ and ν, the variable discretization is
used to release the constraints (20f) and (20g). In more detail,
we use a form unidiscretization process, such that, the value of
first level is 1/J , and the value of any level j is j/J . With this
process, let αi = j/J(j = 1, · · ·J) or βi = j/J(j = 1, · · ·J),
then both αi and βi have J possible values, which belong
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to [0, 1]. In this setup, it is obvious that finding the optimal
value of αi or βi is equivalent to finding an optimal variable
level. Furthermore, let α† and β† collect all the possible
discrete variables of αi and βi. Then, we can write the
problem (22) as

max
q,r,α†,β†

L(q, r, α†, β†, μ, ν)

s.t. (20d), (20e).
(24)

Note that the constraints (20f), (20g) are deleted in prob-
lem (24), since all the elements of α† and β† belong to the
interval [0, 1].

3) Four-Steps Dynamic Programming Approach:
Theorem 3: For given μ, ν and α†, β†, problem (24) can

be optimally solved by utilizing a four-step dynamic program-
ming approach, with a polynomial time complexity O(NJ).

Proof: See appendix D.
Next, Algorithm 3 is presented to compute the maximum

throughput τ∗ with SPAMS.

Algorithm 3 Maximum Throughput with SPAMS

Input: Ci
s1, C

i
s2, C

i
sr, C

i
r1, C

i
r2, V, μ, ν, J ;

Output: τ∗;
1: Initialisation: τ = 0;
2: Use a form unidiscretization process to produce J variable

levels;
3: Given μ, ν;
4: for i = 1, 2, . . . , N do
5: Calculate gi

2;
6: Calculate gi,j

1 , gi,j
3 for any variable j;

7: Set gi
1 = max

j
{gi,j

1 }, gi
3 = max

j
{gi,j

3 };

8: Set gi = max{gi
1, g

i
2, g

i
3};

9: Calculate the related instantaneous throughput τi;
10: Set τ = τ + τi;
11: Set τA = τ

N ;
12: Use sub-gradient method to find optimal μ, ν;
13: Set τ∗ = max (τA);

Remark: With sufficiently large J , the solution evaluated
in this four-step dynamic programming approach is close to
the optimal one of problem (22), for given μ and ν, since
the larger J produce more elaborate values of αi and βi.
Moreover, as shown in simulation analysis in Section VI,
the system throughput achieved by this sub-optimal solution
is close to the optimal one. This demonstrates that the
proposed scheme is competitive, especially considering its
low-complexity.

V. THROUGHPUT-DELAY AWARE TRANSMISSION

WITH FINITE SIZE BUFFER RELAYING

In this section, it is assumed that the relay R is equipped
with a finite-size buffer and users are delay-sensitive. Thus,
a throughput-delay aware (TDA) transmission strategy is pro-
posed to maximize system throughput and reduce transmission
delay.

First, we define three thresholds which can be used to
construct the TDA transmission scheme. Let R0, Q̄ and t

denote the instantaneous channel capacity threshold of M1,
the minimum cached information bits number threshold of
the buffer and the minimum tolerable delay threshold of
U1 and U2, respectively. In addition, let T (i) denote the
delay of a packet that is transmitted by the source in time
slot i and received at the destination in time slot i + T (i),
i.e., the considered packet is stored for T (i) time slots in the
buffer. Moreover, Qmax is the maximum buffer size such that
Q̄ < Qmax. In order to construct the transmission scheme
with a simplified statement, we consider the following three
special cases:

• a: The instantaneous channel capacity of M1 exceeds R0,
• b: The information bits stored in the buffer are less

than Q̄,
• c: The transmission delay of a packet is lager than t.

In such a setup, any subset of the aforementioned three cases
can simultaneously occur which results to eight different cases.

If only the case a occurs, i.e.,

Ci
s1 + Ci

s2 ≥ R0, Qi > Q̄, T (i) < t, (25)

we choose M1, according to which the transmission delay
caused by the buffer is avoided. Meanwhile, by assuming suf-
ficiently large R0, the throughput requirement is also satisfied.

If only the case b occurs, i.e.,

Ci
s1 + Ci

s2 < R0, Qi ≤ Q̄, T (i) < t, (26)

we choose M2 to transmit information in order to efficiently
exploit the degree of freedom brought by buffer-aided relaying.

If only the case c occurs, i.e.,

Ci
s1 + Ci

s2 < R0, Qi > Q̄, T (i) ≥ t, (27)

we choose M3 to transmit information since the delay require-
ment of users must be satisfied.

If both the cases a and b occur but the case c does not
occur, i.e.,

Ci
s1 + Ci

s2 ≥ R0, Qi ≤ Q̄, T (i) < t, (28)

we choose one of M1 and M2 with maximum instantaneous
channel capacity to transmit information. The reason is similar
to the first and second principle.

Next cases refer to: both b and c occur but a does not
occur, both a and c occur but b does not occur and last, all
the three cases occur. To deal with this, we have to choose M3

to transmit information, due to the same reason as the fourth
principle. Finally, if all the three cases do not occur, i.e.,

Ci
s1 + Ci

s2 < R0, Qi > Q̄, T (i) < t, (29)

we choose the mode with the largest instantaneous channel
capacity to transmit information in order to maximize the
system throughput.

In the next, Algorithm 4 is presented to compute the
throughput and delay achieved by TDA.
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Algorithm 4 Throughput And Delay with TDA

Input: Ci
s1, C

i
s2, C

i
sr, C

i
r1, C

i
r2, R0, Q̂, t;

Output: Throughout τ̂ , delay D̂;
1: Initialisation: τ = 0, T = 0;
2: for i = 1, 2, . . . , N do
3: Select the transmission mode according to the eight

different cases;
4: Calculate the related instantaneous throughput τi and

delay T (i);
5: Set τ = τ + τi;
6: Set T = T + T (i);
7: Set τ̂ = τ

N , D̂ = T
N ;

VI. SIMULATION ANALYSIS AND DISCUSSION

In this section, the performance of the previously proposed
buffer-aided relaying schemes, i.e., OMS, OPAMS, SPAMS,
TDA, are compared with two baseline schemes and with
each other. Specifically, the first baseline scheme refer to the
scheme in [29] which maximizes the system throughput when
R transmits information to two users by using buffer-aided
relaying in a C-NOMA system without direct links. Also, note
that in [29], fixed data rates (R1 and R2) for the communi-
cation between the relay and the users have been assumed,
and when these rates cannot be achieved, the relay adaptively
chooses to transmit information to a single user. The second
baseline scheme refers to the traditional orthogonal multiple
access transmission scheme without buffering. In this scheme,
three transmission modes are performed in the successive
time slots. In more detail, the first mode is the frequency
division multiple access (FDMA) transmission in source-
to-users links, the second mode is time division orthogonal
multiple access (TDMA) transmission in the source-to-relay
link and the third mode is FDMA transmission in relay-
to-users links. Moreover, we evaluate the performance of the
proposed schemes when the direct links are not utilized. This
can be easily obtained by setting hi

s1 = hi
s2 = 0, ∀i.

Next, we assume that Ωxy = 1/d2
xy, where dxy is the

distance between nodes x and y and ds1 = 0.9, ds2 = 1.1,
dsr = d and dri = dsi−d, ∀i ∈ {1, 2}. We consider two cases
for the distance d, i.e., d = 0.2 or 0.3. In addition, the fixed
data rates of the baseline scheme are assumed as (R1, R2) =
(2, 4) bps/Hz. The fixed power allocation coefficients in OMS
policy is assumed as αi = 0.3 and βi = 0.3 if hi

s1 > hi
s2

and hi
r1 > hi

r2, respectively, and as αi = 0.7 and βi = 0.7
if hi

s1 < hi
s2 and hi

r1 < hi
r2, respectively. Note that in

these simulations, the results that refer to the OMS policy
are identical for the two approaches for the calculation of the
optimal decision threshold ρ∗, i.e., i) by using simulations and
one-dimensional search and ii) by numerically calculating the
corresponding integrals taking into account the utilized limits
of integration. Moreover, in the OPAMS and SPAMS scheme,
we assume V = 0.2 in the user fairness constraint.

In Fig. 2, the achieved throughput of all considered schemes,
i.e., OPAMS with direct links, SPAMS with direct links, OMS
with direct links and baseline schemes, are illustrated versus
the BS’s transmit power Ps, for Ps = Pr. As it can be

Fig. 2. Considering that buffer size is infinite, the throughput of the proposed
three schemes with direct links versus Ps for Ps = Pr dB.

observed, all the proposed schemes with direct links perform
better than the baseline schemes, for the whole range of Ps

and for both values of d. The reason for this is fourfold:
i) the adaptive selection between the direct and relaying links
increases the average channel gain, ii) the performance is less
prone to the buffer-stability constraint, since the source can
also directly transmit information to the users, iii) the perfor-
mance of the first baseline scheme is limited by the constraint
of fixed data rates from the relay to the users. For example,
in the region of low Ps, higher fixed rates reduce throughput,
since the system has less opportunities to perform NOMA,
iv) in the second baseline scheme, since NOMA and buffering
are not considered, the lack of the adaptive transmission based
on buffering and the throughput enhancement based on NOMA
lead to the performance decline. Furthermore, it can be also
seen that OPAMS with direct links performs with the largest
throughput. The reason is one that the optimal power allocation
significantly improves the instantaneous channel capacity of
M1 and M3. In addition, by implementing OMS simultane-
ously, the instantaneous transmission efficiency of each time
slot is further enhanced. The users fairness constraint enables
both users to obtain a considerable transmit rate. Moreover,
SPAMS with direct links obtains a larger throughput than OMS
with direct links, which further justifies that the optimal power
allocation is important for the investigated system. Although
SPAMS is sub-optimal, there is only around a 0.7 Bits/Hz gap
between the throughput achieved by SPAMS with direct links
and the largest throughput achieved by OPAMS with direct
links. Considering its lower complexity compared to OPAMS,
SPAMS proves to be a competitive solution. Moreover, the per-
formance of all schemes is affected by the relay placement,
while the preferred value of d is reduced with the increase of
Ps. This is because as Ps increases, the bottleneck occurs due
to the S-R link.

In Fig. 3, the throughput obtained by all proposed schemes
without direct links and baseline schemes are shown versus Ps,
assuming Ps = Pr and considering both values of d. For the
OPAMS and SPAMS without direct links, similar observations
with that in Fig. 2 can be obtained. However, in the range
Ps ∈ [6, 26] dB, the OMS without direct links cannot achieve a
large throughput than the first baseline scheme. This is because
without the direct transmission, the throughput depends on
the capacity of relay-to-users links. Nevertheless, the OMS
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Fig. 3. Considering that buffer size is infinite, the throughput of the proposed
three schemes without direct links versus Ps for Ps = Pr .

Fig. 4. Considering that buffer size is infinite, the throughput of the proposed
three schemes with direct links versus Pr for Ps=2 dB.

Fig. 5. Considering that buffer size is infinite, the throughput of the proposed
three schemes without direct links versus Pr for Ps=2 dB.

scheme without direct links always performs NOMA with
fixed power allocation at the relay, and without considering
the quality for the far user’s channel condition is the worst
or not. In contrast, the first baseline scheme only transmits
information to the user if the far user’s channel condition is
worse. Furthermore, it also can be seen that when the direct
links does not exist, the impact of d on the system throughput
is less severe.

In Fig. 4, the relay transmit power Pr belongs in the interval
[2, 30] dB and the base station transmit power is Ps=2 dB.
In this figure we evaluate the throughput achieved by the the
proposed and the baseline schemes. It can be observed that
the conclusion obtained in Fig. 2 is also applicable for Fig. 4.
However, the throughput obtained by all the proposed schemes
is reduced compared to the throughput illustrated in Fig. 2. The
reason is that throughput is limited by the fixed base station
transmitting power Ps=2 dB.

Fig. 6. Effect of different distance on the throughput for Ps = Pr .

Fig. 7. The throughput of proposed TDA scheme in three different cases of
thresholds values versus Ps for Ps = Pr .

In Fig. 5, the throughput achieved by the proposed schemes
without assuming direct links and the baseline schemes are
demonstrated in the case of Pr ∈ [2, 30] dB and Ps = 2 dB, for
both values of d. Similar observations with those in Fig. 3 can
be obtained. In addition, it can be observed that the throughput
obtained by the proposed schemes are lower compared to that
in Fig. 3.

In Fig. 6, the effect of distance from the source to the relay is
studied for OPAMS, SPAMS and OMS with direct links. It can
be observed that in the case of the far distance (d = 0.3) the
throughput decreases compared to the near distance (d = 0.2),
which is due to the decrease of the average channel gain of
source-to-relay link with the increase of distance.

In Fig. 7, we evaluate the throughput achieved by the
TDA, by considering three different cases of thresholds values,
as shown in Table 1. Furthermore, we assume that both
Ps and Pr increase from 2 dB to 30 dB and d = 0.2. It is
observed that the TDA strategy obtains a larger throughput
than the baseline schemes by setting appropriate thresholds
values. The reason for this is two-fold: i) although the
buffer size is limited, the extra degrees-of-freedom brought
by buffer-aided framework are fully exploited, ii) reasonable
thresholds are beneficial to increase the implementation flex-
ibility of TDA scheme, in order to meet the throughput and
delay requirements. Moreover, it can also be seen that TDA
strategy achieves a larger throughput with lower thresholds
values. This is because the lower thresholds bring with more
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TABLE I

THREE DIFFERENT VALUES OF THRESHOLDS

Fig. 8. Analysis of delay achieved by TDA strategy for Ps = Pr .

degrees-of-freedom, which increases the flexibility of mode
selection.

In Fig. 8, it is observed that the TDA strategy achieves very
small delay for all three values of threshold. This demonstrates
that the proposed TDA strategy satisfies the requirement of
reduced delay.

VII. CONCLUSION

A buffer-aided cooperative NOMA system with direct
links has been investigated. An optimization problem has
been formulated and optimally solved by using the optimal
mode selection policy which maximizes the throughput.
Moreover the joint power allocation and mode selection
were designed in order to further improve the system
throughput, while considering infinite size buffer and user
fairness. Two solutions were given with different complexity.
Furthermore, a throughput-delay aware strategy has been
proposed for the case that the buffer has finite size and users
are delay-sensitive. Simulation results have demonstrated that
the proposed schemes are superior to the baseline one. The
proposed theoretical framework in the considered analysis
creates several opportunities for future research on this topic.
Firstly, the buffer-aided hybrid OMA/NOMA transmission
scheme can be further investigated, considering different
scenarios regarding the subset of nodes that is served in
each time slot. Secondly, this work can also be extended
considering fundamentally different scenarios, such as that the
channel state information is not available at the transmitter
and the transmission rates are fixed. In this case, focusing on
NOMA, the buffer-aided relaying scheme can be designed to
minimize the system outage probability by utilizing Markov
chain. Finally, the system model that has been adopted in this
work can be considered as a baseline for more complicated
scenarios that can be investigated in future research. For
example, if CSI is not perfect the system performance would
be degraded, while the expressions of the achievable rates
would also be affected.

APPENDIX A
PROOF OF THEOREM 1

The Lagrangian function of (14) is

L(τ, λ, μi, νi) =
1
N

N∑
i=1

[(1 − ri)(Ci
s1 + Ci

s2)

+λri(1 − qi) × Ci
sr + (1 − λ)riqi

×(Ci
r1 + Ci

r2)−νiri(1 − ri)−μiqi(1 − qi)]
(30)

where λ, μi, νi are the LMs associated with the equality
constraints. For the optimal values of qi and ri, it must hold
that ∂L

∂qi
= ∂L

∂ri
= 0. Thus, the following expressions are

derived as

qi =
μi + λriC

i
sr − (1 − λ)ri(Ci

r1 + Ci
r2)

2μi
(31)

ri =
νi + Ci

s1 + Ci
s2−λ(1 − qi)Ci

sr−(1−λ)qi(Ci
r1 + Ci

r2)
2νi

.

(32)

Note that for the values of qi and ri that maximize L, it must
hold that ∂2L

∂q2
i

< 0, ∂2L
∂r2

i
< 0, i.e.,

μi, νi < 0, (33)

respectively. Hereinafter, we focus on the case that ri = 1 is
the optimal option, since ri = 0 should be preferred otherwise.

In (31), for ri = 1 and qi = 0, one has

μi = (1 − λ)(Ci
r1 + Ci

r2) − λCi
sr . (34)

Considering (33), one has

Ci
r1 + Ci

r2 <
λ

1 − λ
Ci

sr . (35)

Similarly, for ri = 1 and qi = 1, from (31) and (33), it must
hold that

Ci
r1 + Ci

r2 >
λ

1 − λ
Ci

sr . (36)

On the other hand, from (32), for ri = 1 and qi = 0 we
have

νi = Ci
s1 + Ci

s2 − λCi
sr , (37)

which, by using (33), one has

Ci
s1 + Ci

s2 < λCi
sr . (38)

Similarly, from (32) and (33), for ri = 1 and qi = 1,
the following condition is derived as

Ci
s1 + Ci

s2 < (1 − λ)(Ci
r1 + Ci

r2). (39)

By combining conditions (35), (36), (38), and (39) and
letting ρ = λ

1−λ , we can obtain (15).
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APPENDIX B
THREE-STEP APPROACH

Step1 : First, I = E{(1 − r∗)(Cs1 + Cs2)} is calculated.
To this end, it is important to find the integration domain
in which it is non-zero, with respect to ri = 0 in (15).
Accordingly, I can be written as

I = I1 + I2 + I3 + I4 + I5 + I6. (40)

In (40), I1 is given by

I1 =

∞∫
hsr=0

∞∫
hs1=L1

hs1∫
hs2=0

(Cs1 + Cs2)fs2dhs2fs1dhs1fsrdhsr.

(41)

Since I1 corresponds to the case hs1 > hs2, Cs1 + Cs2 is

Cs1 + Cs2 = log2 (1 + α1hs1Ps)

+ log2

(
1 +

α2hs2Ps

1 + α1hs2Ps

)
, (42)

where α1 = α and α2 = 1 − α. Consequently, from
Cs1 + Cs2 > ρ

1+ρCsr in (15), we can get

L1 =
1

α1Ps

[[
(1 + hsr)

ρ
1+ρ

/(
1 +

α2hs1Ps

1 + α1hs1Ps

)]
− 1

]
.

(43)

After some elementary manipulations, I1 can be expressed as

I1

=

∞∫
hsr=0

∞∫
hs1=L1

[
hs1

Ωs1
e

hs1
−Ωs1 log2(1+α1hs1Ps)

+
1

Ωs1
e

hs1(Ωs1+Ωs2)
−Ωs1Ωs2 [log2(1+α1hs1Ps)−log2(1+hs1Ps)]

+
ln 2
Ωs1

e
Ωs1−PsΩs2hs1

PsΩs1Ωs2

[
Ei

(
−1+Pshs1

PsΩs2

)
−Ei

(
−hs1

Ps

)]
−ln 2

Ωs1
e

Ωs1−α1PsΩs2hs1
α1PsΩs1Ωs2

[
Ei

(
−1+α1Pshs1

α1PsΩs2

)
−Ei

(
− hs1

α1Ps

)]
1

Ωsr
e−

hsr
Ωsr

]
dhsrdhs1, (44)

where

L1 =
1
Ps

[
(1 + Pshsr)

ρ
1+ρ − 1

]
. (45)

Also, I2 that corresponds to the case hs1 < hs2, can be
calculated similarly to I1. Regarding I3, it can be derived by

I3 =

∞∫
hr1=0

hr1∫
hr2=0

∞∫
hs1=L3

hs1∫
hs2=0

(Cs1 + Cs2)

fs2dhs2fs1dhs1fr2dhr2fr1dhr1. (46)

Considering that I3 corresponds to the case hs1 > hs2,
hr1 > hr2, it holds that

Cs1 + Cs2 = log2 (1 + α1hs1Ps) + log2

(
1 +

α2hs2Ps

1 + α1hs2Ps

)
(47)

and

Cr1 + Cr2 = log2 (1 + β1hr1Pr) + log2

(
1+

β2hr2Pr

1 + β1hr2Pr

)
.

(48)

where β1 = β and β2 = 1 − β. Thus, from Cs1 + Cs2 >
1

1+ρ(Cr1 + Cr2) in (15), we can get

L3 =
1

α1Ps

[[ �
(1+β1hr1Pr)

�
1+

β2hr2Pr
1+β1hr2Pr

�� 1
1+ρ

�
1+

α2hs1Ps
1+α1hs1Ps

�
]
− 1

]
.

(49)

After some elementary manipulations, I3 can be written as

I3

=

∞∫
hr1=0

hr1∫
hr2=0

∞∫
hs1=L3

[
hs1

Ωs1
e

hs1
−Ωs1 log2(1+α1hs1Ps)

+
1

Ωs1
e

hs1(Ωs1+Ωs2)
−Ωs1Ωs2 [log2(1+α1hs1Ps)−log2(1+hs1Ps)]

+
ln 2
Ωs1

e
Ωs1−PsΩs2hs1

PsΩs1Ωs2

[
Ei

(
−1+Pshs1

PsΩs2

)
−Ei

(
−hs1

Ps

)]
−ln 2

Ωs1
e

Ωs1−α1PsΩs2hs1
α1PsΩs1Ωs2

[
Ei

(
−1+α1Pshs1

α1PsΩs2

)
−Ei

(
− hs1

α1Ps

)]
1

Ωr2
e
− hr2

Ωr2
1

Ωr1
e
− hr1

Ωr1

]
dhs1dhr2dhr1, (50)

where

L3 =
1
Ps

[[
(1+β1hr1Pr)+

(
1+

β2hr2Pr

1+β1hr2Pr

)] ρ
1+ρ

− 1

]
.

(51)

Moreover, I4, I5, and I6, which correspond to the cases
(hs1 > hs2, hr1 < hr2) and (hs1 < hs2, hr1 > hr2),
and (hs1 < hs2, hr1 < hr2), respectively, can be calculated
similarly.

Step2 : Similarly to the calculation of I , in order to derive
I ′ = E{r∗q∗(Cr1 + Cr2)}, with respect to ri = 1, qi = 1
in (15), the following expression can be used

I ′=I ′1 + I ′2 + I ′3 + I ′4 + I ′5 + I ′6. (52)

In (52), I ′1 can be expressed as

I ′1 =

∞∫
hsr=0

∞∫
hr1=L′

1

hr1∫
hr2=0

(Cr1 + Cr2)fr2dhr2fr1dhr1fsrdhsr.

(53)

Considering that I ′1 corresponds to the case hr1 > hr2, it holds
that

Cr1 + Cr2 =log2 (1+β1hr1Pr) + log2

(
1+

β2hr2Pr

1+β1hr2Pr

)
,

(54)

and, thus, from Cr1 + Cr2 > ρCsr in (15), L′
1 can be written

as

L′
1 =

1
β1Pr

[[
(1 + hsr)ρ

/(
1 +

β2hr1Pr

1 + β1hr1Pr

)]
−1

]
. (55)
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After some elementary manipulations, I ′1 can be expressed as

I ′1

=

∞∫
hsr=0

∞∫
hr1=L′

1

[
hr1

Ωr1
e

hr1
−Ωr1 log2(1+β1hr1Pr)

+
1

Ωr1
e

hr1(Ωr1+Ωr2)
−Ωr1Ωr2 [log2(1+β1hr1Pr)−log2(1+hr1Pr)]

+
ln 2
Ωr1

e
Ωr1−PrΩr2hr1

PrΩr1Ωr2

[
Ei

(
−1+Prhr1

PrΩr2

)
−Ei

(
−hr1

Pr

)]
−ln 2

Ωr1
e

Ωr1−β1PrΩr2hr1
β1PrΩr1Ωr2

[
Ei

(
−1+β1Prhr1

β1PrΩr2

)
−Ei

(
− hr1

β1Pr

)]
1

Ωsr
e−

hsr
Ωsr

]
dhsrdhr1, (56)

where

L′
1 =

1
Pr

[(1 + Pshsr)ρ − 1] . (57)

Considering that I ′2 corresponds to the case hr1 < hr2, it can
be calculated similarly to I ′1. Moreover, I ′3 is

I ′3 =

∞∫
hs1=0

hs1∫
hs2=0

∞∫
hr1=L′

3

hr1∫
hr2=0

(Cr1 + Cr2)

fr2dhr2fr1dhr1fs2dhs2fs1dhs1. (58)

Taking into account that I ′3 corresponds to hr1 > hr2,
hs1 > hs2, it holds that

Cs1 + Cs2 =log2 (1+α1hs1Ps)+log2

(
1+

α2hs2Ps

1+α1hs2Ps

)
(59)

and

Cr1 + Cr2 =log2 (1+β1hr1Pr)+log2

(
1+

β2hr2Pr

1+β1hr2Pr

)
,

(60)

thus, from Cr1 + Cr2 > (1 + ρ)(Cs1 + Cs2) in (15), it is
derived that

L′
3 =

1
β1Pr

[[ �
(1+α1hs1Ps)

�
1+

α2hs2Ps
1+α1hs2Ps

��1+ρ

�
1+

β2hr1Pr
1+β1hr1Pr

�
]
− 1

]
.

(61)

After some elementary manipulations, I ′3 can be calculated by

I ′3

=

∞∫
hs1=0

hs1∫
hs2=0

∞∫
hr1=L′

3

[
hr1

Ωr1
e

hr1
−Ωr1 log2(1+β1hr1Pr)

+
1

Ωr1
e

hr1(Ωr1+Ωr2)
−Ωr1Ωr2 [log2(1+β1hr1Pr)−log2(1+hr1Pr)]

+
ln 2
Ωr1

e
Ωr1−PrΩr2hr1

PrΩr1Ωr2

[
Ei

(
−1+Prhr1

PrΩr2

)
−Ei

(
−hr1

Pr

)]
−ln 2

Ωr1
e

Ωr1−β1PrΩr2hr1
β1PrΩr1Ωr2

[
Ei

(
−1+β1Prhr1

β1PrΩr2

)
−Ei

(
−hr1

β1Pr

)]
1

Ωs2
e
− hs2

Ωs2
1

Ωs1
e
− hs1

Ωs1

]
dhr1dhs2dhs1, (62)

where

L3 =
1
Pr

[[
(1+α1hs1Ps)+

(
1+

α2hs2Ps

1 + α1hs2Ps

)]1+ρ

− 1

]
.

(63)

Moreover, I ′4, I ′5, and I ′6, which correspond to the cases
(hs1 > hs2, hr1 < hr2), (hs1 < hs2, hr1 > hr2), and (hs1 <
hs2, hr1 < hr2), respectively, can be derived similarly.

Step3 : Finally, by considering the case of ri = 1, qi = 0
in (15), I ′′ = E{r∗(1 − q∗)Csr} can be written as

I ′′ = I ′′1 + I ′′2 + I ′′3 + I ′′4 , (64)

where

I ′′1 =
∫ ∞

hs1=0

∫ hs1

hs2=0

∫ ∞

hsr=L′′
1

Csrfsrdhsrfs2dhs2fs1dhs1.

(65)

Considering that I ′′1 corresponds to the case hs1 > hs2, it holds
that

Cs1 + Cs2 =log2 (1+α1hs1Ps)+log2

(
1+

α2hs2Ps

1 + α1hs2Ps

)
,

(66)

which, in combination with Csr > ρ
1+ρ(Cs1 +Cs2) form (15),

L′′
1 can be written as

L′′
1 =

1
Ps

[[
(1+α1hs1Ps)

(
1 +

α2hs2Ps

1 + α1hs2Ps

)] ρ
1+ρ

− 1

]
.

(67)

After some elementary manipulations, I ′′1 can be expressed
as

I ′′1 =
∫ ∞

hs1=0

∫ hs1

hs2=0

[
log2 (1 + PsL

′′
1) e

L′′
1

−Ωsr − 1
ln 2

e
1

−PsΩsr

Ei

(
L′′

1

Ωsr
− 1

PsΩsr

)]
1

Ωs2
e
− hs2

Ωs2
1

Ωs1
e
− hs1

Ωs1 dhs2dhs1.

(68)

Also, in (64), I ′′2 corresponds to the case hs1 < hs2 and can
be calculated similarly. Moreover, I ′′3 corresponds to the case
hr1 > hr2 and can be given by

I ′′3 =
∫ ∞

hr1=0

∫ hr1

hr2=0

∫ ∞

hsr=L′′
3

Csrfsrdhsrfhr2dhr2fr1dhr1.

(69)

Considering that hr1 > hr2, Cr1 + Cr2 is given by

Cr1 + Cr2 = log2 (1 + β1hr1Pr) + log2

(
1 + β2hr2Pr

1+β1hr2Pr

)
,

(70)

which, from Csr > 1
ρ(Cr1 + Cr2) in (15), leads to

L′′
3 =

1
Ps

[[
(1 + β1hr1Pr)

(
1 + β2hr2Pr

1+β1hr2Pr

)] 1
ρ − 1

]
. (71)
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After some elementary manipulations, I ′′3 can be written as

I ′′3 =
∫ ∞

hr1=0

∫ hr1

hr2=0

[
log2 (1 + PsL

′′
3) e

L′′
3

−Ωsr − 1
ln 2

e
1

−PsΩsr

Ei

(
L′′

3

Ωsr
− 1

PsΩsr

)]
1

Ωr2
e−

hr2
Ωr2

1
Ωr1

e−
hr1
Ωr1 dhr2dhr1.

(72)

Furthermore, I ′′4 that corresponds to the case hr1 < hr2 can
be derived similarly.

Based on previous analysis, the optimal decision thresh-
old ρ∗ can be calculated from

I ′ = I ′′. (73)

It is observed that I ′, I ′′ cannot be derived in closed-form,
due to the complexity of the corresponding integrals. There-
fore, we need numerically calculate them by utilizing some
commercially available software such as Mathematica. The
one-dimensional search algorithm can be used to find ρ∗.
In more detail, we can recursively calculate I ′, I ′′ for a
certain ρ and then change the value of ρ in order to find the
optimal one, i.e., the one that to meets (73). Note that the
complexity of numerically calculating ρ∗ is higher. However,
ρ∗ can be found off-line since the integrals only based on the
average channel gains of all the involved links. As a result,
the complexity of finding ρ∗ will not effect the complexity
of optimal mode selection policy. With the optimal decision
threshold ρ∗, the maximum throughput is given by

τ∗ = I + I ′. (74)

APPENDIX C
PROOF OF THEOREM 2

The Lagrangian of (21) is given by

L(τ, λ, μ, νi, ηi)

=
1
N

N∑
i=1

{
(1−ri)

[
(1−μV)Ci

s1+(1+μ)Ci
s2)

]
+riqi

[
(1−λ−μV)Ci

r1+(1 −λ+μ)Ci
r2

]
+λri(1−qi)Ci

sr

−νiri(1 − ri) − ηiqi(1 − qi)} , (75)

where λ, μ, νi, ηi are the LMs of the constraints (21b), (21c),
(21d) and (21e), respectively. Similar to the proof of Theo-
rem 1, there are four relationships that must hold, i.e., ∂L

∂qi
=

0 ⇒ (76), ∂L
∂ri

= 0 ⇒ (77), ∂2L
∂q2

i
< 0 ⇒ ηi < 0 and

∂2L
∂r2

i
< 0 ⇒ νi < 0.

ri =
1

2νi

[
νi − λ(1 − qi)Ci

sr + (1 − μV)Ci
s1 + (1 + μ)Ci

s2

−qi[(1 − λ − μV)Ci
r1 + (1 − λ + μ)Ci

r2)]
]

(76)

qi =
1

2ηi

[
ηi+λriC

i
sr−ri[(1−λ−μV)Ci

r1+(1−λ+μ)Ci
r2)]

]
.

(77)

Based on these expressions, a series of inequalities can be
derived by considering the values of ri, qi. Particularly, for
ri = 0 and qi = 0 holds that

λCi
sr < (1 − μV)Ci

s1 + (1 + μ)Ci
s2. (78)

In addition, for ri = 0 and qi = 1, the following expression
can be derived:

(1−λ−μV)Ci
r1+(1−λ+μ)Ci

r2<(1−μV)Ci
s1+(1+μ)Ci

s2.

(79)

On the other hand, if ri = 1 and qi = 0, we obtain the
following two inequalities:

(1 − λ − μV)Ci
r1 + (1 − λ + μ)Ci

r2 < λCi
sr , (80)

(1 − μV)Ci
s1 + (1 + μ)Ci

s2 < λCi
sr. (81)

Finally, if ri = 1 and qi = 1, the following two expressions
are derived:

(1−μV)Ci
s1+(1+μ)Ci

s2<(1−λ−μV)Ci
r1+(1−λ+μ)Ci

r2,

(82)

λCi
sr < (1 − λ − μV)Ci

r1 + (1 − λ + μ)Ci
r2. (83)

Let Δ1 = 1 − μV, Δ2 = 1 + μ, Δ3 = 1 − λ − μV, Δ4 =
1 − λ + μ. Using proof by contradiction to derive 0 ≤ λ ≤ 1
and 0 ≤ μ ≤ 1

V , Theorem 2 is obtained.
The optimal values of λ and μ are difficult if not possible

to obtain in closed-form. However, since 0 ≤ λ ≤ 1 and
0 ≤ μ ≤ 1

V , we can use two-dimensional search to find
their optimal values. As a result, the problem (21) is optimally
solved and the proof is completed.

APPENDIX D
PROOF OF THEOREM 3

Assuming that

g = L(q, r, α†, β†, μ, ν). (84)

In problem (24), the constraints (20d) and (20e) imply four
possible values of the tuple (ri, qi), i.e., (ri = 0, qi = 0),
(ri = 0, qi = 1), (ri = 1, qi = 0) and (ri = 1, qi = 1).

It is observed that for ri = 0, qi = 0 and ri = 0, qi = 1, g
can be written as

gi
1 = Ci

s1 + Ci
s2 + ν

(
Ci

s2 − VCi
s1

)
. (85)

Since ri = 0 implies that mode M1 is selected, optimal power
allocation of NOMA at base station is needed. Assuming that
the variable level j is allocated to M1, i.e., αi = j/J , then gi

1

can be expressed as

gi,j
1 = Ci,j

s1 + Ci,j
s2 + ν

(
Ci,j

s2 − VCi,j
s1

)
, (86)

where Ci,j
s1 and Ci,j

s2 are the instantaneous throughput of
U1 and U2 with power allocation, respectively. We define
gi,j
1 as the transformed instantaneous channel capacity that

corresponds to M1. Similarly, if ri = 1, qi = 0, g can be
rewritten as

gi
2 = μCi

sr. (87)

We define gi
2 as the transformed instantaneous channel capac-

ity that corresponds to M2, since ri = 1 and qi = 0 mean that
M2 is selected. Note that the power allocation of M2 is not
required, since we only consider power allocation of NOMA
transmission in M1 and M3.
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Moreover, if ri = 1 and qi = 1, g can be written as

gi
3 = (1 − μ)

(
Ci

r1 + Ci
r2

)
+ ν

(
Ci

r2 − VCi
r1

)
. (88)

Since ri = 1, qi = 1 implies that M3 is selected, opti-
mal power allocation of NOMA transmission at the relay is
required. Assuming that the variable level j is allocated to M3,
i.e., βi = j/J , gi

3 can be expressed as

gi,j
3 = (1 − μ)

(
Ci,j

r1 + Ci,j
r2

)
+ ν

(
Ci,j

r2 − VCi,j
r1

)
, (89)

where Ci,j
r1 and Ci,j

r2 are the instantaneous throughput of
U1 and U2 with power allocation. We define gi,j

3 as the
transformed instantaneous channel capacity that corresponds
to M3.

Next, we present a four-step dynamic programming
approach to maximize g. In the first step, we aim at computing
all the values of gi,j

1 and gi,j
3 for any tuple (i, j). As a result,

the transformed instantaneous channel capacity by allocating a
variable level j to M1 and M3 in any time slot i are recorded.
For example, g2,3

1 is the transformed instantaneous channel
capacity of time slot 2 by allocating variable level j = 3 to
M1, and g2,1

3 is the transformed instantaneous channel capacity
of time slot 2 by allocating variable level j = 1 to M3.

In the second step, we aim to find the optimal power
allocation coefficients of NOMA transmission in M1 and M3.
It is equivalent to find the optimal variable levels, which are
able to maximize gi

1 and gi
3 in any time slot i, and can be

expressed as

gi
1 = max

j
{gi,j

1 }, ∀i, ∀j, (90)

gi
3 = max

j
{gi,j

3 }, ∀i, ∀j. (91)

For instance, g2
1 = g2,3

1 implies that the variable level j = 3
is optimal for M1 in time slot 2 and g1

3 = g1,2
3 implies that

the variable level j = 2 is optimal for M3 in time slot 1.
In the third step, our goal is to find the optimal transmission

mode with optimized power allocation for a specific time
slot i, which can be expressed as

gi = max{gi
1, g

i
2, g

i
3}, ∀i. (92)

For example, if g1 = g1
1 = g1,2

1 , in time slot 1, allocating
variable level j = 2 to M1 and selecting M1 to transmit
information are the best options.

After finishing the first three steps, the optimal value of g
in any time slot i has recorded by gi. In order to optimal solve
the problem (24), it is obvious that the maximum of g can be
evaluated in the final step as

gopt =
1
N

N∑
i=1

gi. (93)

To this end, it is observed that the step 1 is the dominated
one, which requires O(NJ) running times. Thus, the overall
time complexity to solve (24) is O(NJ). It can be seen that
the complexity of this suboptimal solution is lower than that
of the optimal one, presented in subsection B.
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