
1

Proactive Resource Allocation for Aggregated
VLC/RF Networks with Outdated CSI

Dimitrios Bozanis, Nikos G. Evgenidis, Vasilis K. Papanikolaou, Member, IEEE,
Alexis A. Dowhuszko, Senior Member, IEEE, Sotiris A. Tegos, Member, IEEE,

Panagiotis D. Diamantoulakis, Senior Member, IEEE, and George K. Karagiannidis, Fellow, IEEE

Abstract—In this paper, the case of an aggregated VLC/RF net-
work is presented, where the users can be served simultaneously
by both a visible light communication (VLC) carrier and a radio-
frequency (RF) carrier to increase their achievable data rate. The
optimal resource allocation in the network is dependent on always
having accurate channel state information (CSI), otherwise, in
the case of outdated CSI, the system is prone to sub-optimally
allocating resources and, due to the limited coverage of VLC,
users may also experience outage. A closed-form expression for
the coverage probability is presented for a user moving randomly
in the cell. Using this, a proactive resource allocation algorithm is
proposed that takes into account outdated CSI which can occur
due to user movement, and ensures the outage probability is low
in the network without diminishing the average achievable data
rate of users. Finally, simulation results validate the proposed
analysis and showcase the effectiveness of this approach.

Index Terms—proactive resource allocation, aggregated
VLC/RF networks, outdated CSI

I. INTRODUCTION

The escalating demand for wireless communication ser-
vices, propelled by the widespread proliferation of mobile
devices, the ubiquity of the Internet of Things (IoT), and the
growing reliance on data-driven applications [1], has given rise
to an exponential upsurge in data traffic. Within this context,
the domain of optical wireless communications (OWC), which
includes visible light communication (VLC), has arisen as
an enticing pathway to mitigate the inherent constraints of
conventional radio frequency (RF)-based networks [2].

While VLC offers enticing benefits such as license-free
bandwidth and immunity to radio-frequency (RF) interference,
its pragmatic implementation grapples with challenges pertain-
ing to limited coverage and the prerequisite for unobstructed
line-of-sight communication. The fusion of VLC with RF
networks has emerged as a strategy to effectively surmount
these limitations, harnessing the synergistic attributes of both
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technologies [3]. In [4], an extended analysis of a selection
RF-VLC network was furnished, underscoring its merits over a
traditional RF network and performing resource allocation un-
der power, bandwidth, and quality of service (QoS) constraints.
Concurrently, [5] embarked on a comparative exploration of
diverse network configurations, incorporating the proportional
fairness metric to allocate resources [6]. This encompassed
standalone RF, standalone VLC, selection-based VLC/RF, and
aggregation of VLC/RF networks. The study demonstrated that
the carrier aggregation technique, which has been previously
employed in wireless networks [7], surpasses other configura-
tions in terms of both fairness and overall performance.

Notwithstanding the potential of integrated networks, the
efficient deployment of such frameworks necessitates resource
allocation strategies that are adaptable to the dynamics of
channel conditions, while also mitigating the repercussions of
outdated channel state information (CSI) on system efficiency
[8]. The use of proactive handover within a dynamic mobile
environment has been studied for an VLC/RF network im-
plementing radio access technology selection [9], while [10]
built upon this groundwork by demonstrating experimentally
an RSSI-based handover. In a similar scenario, a Q-learning
approach was proposed for VLC/RF selection in [11].

The crux of this research endeavor lies in the proposition of
a proactive resource allocation scheme for aggregated VLC/RF
networks in scenarios marked by outdated CSI. The situation
is particularly precarious when a user positioned at the edge
of a VLC cell exclusively receives VLC resources, or very
limited RF, and subsequently relocates outside the coverage
area. Our main goal is to point out and mitigate the problems
that outdated CSI induces in this kind of network. To this
end, we strive to explore innovative methodologies that can
overcome the limited CSI to optimize resource allocation.
Our contributions are two-fold: firstly, the formulation of a
proactive resource allocation algorithm with the utilization of
a CSI estimation based on the delay and with the calculation
of the probability of the user staying inside the VLC cell, and
secondly, a performance evaluation across a spectrum of VLC
cells. We intend to not only address the problems posed by
outdated CSI in the context of aggregated VLC/RF networks,
which were never studied before for VLC/RF integration at
the MAC layer, but also to provide a robust foundation for
superior network performance in dynamic scenarios.

II. SYSTEM MODEL AND PROBLEM FORMULATION

The hybrid communication system under consideration,
which utilizes VLC/RF carrier aggregation to provide indoor
wireless access, is illustrated in Fig. 1. It comprises a Remote
Radio Unit (RRU), a Remote Optical Unit (ROU), and a sched-
uler in charge of the management of communication resources
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Fig. 1: System model.

on both RF and optical carriers to serve N users. Note that the
illumination of the room is not obligatory based on this ROU,
which can also be in the Infrared (IR) band, while other LEDs
could be used for illumination only. We focus on the downlink
direction of communication, where the fixed or moving users
with index n in set N = {1, ..., N} have the possibility to
receive data simultaneously over both RF and VLC carriers.
Without loss of generality, all mobile users are equipped with
single RF antennas and optical photodetectors (PDs). The
RRU provides coverage in the whole room, whereas the ROU
provides coverage in the central part, inside a circular cell of
radius Rv . Co-channel (inter-cell) interference coming from
RRU/ROU in adjacent rooms is assumed negligible, while with
the usage of Orthogonal Multiple Access (OMA) intra-cell
interference is also avoided. Hence, co-channel interference is
assumed negligible with respect to the noise.

A. Achievable data rate on VLC/RF with CSI feedback delay
When the carrier aggregation approach is used to define

the scheduling weights on both RF and VLC carriers, and
there is a delay in reporting the CSI estimated in the user
terminals to the CPU that makes the scheduling decisions, the
aggregate data rate that user n can achieve in Transmission
Time Interval (TTI) with index i is given as

Rn[i] = αn|i−1 r
(RF)
n [i] + βn|i−1 r

(VLC)
n [i], (1)

where r(RF)
n [i] and r(VLC)

n [i] are the actual data rates that are
achievable when all the communication resources from the
RRU and ROU are allocated to user n, respectively, whereas
αn|i−1 and βn|i−1 are the scheduling weights applied in trans-
mission at time instant i. Note that αn|i−1, βn|i−1 ∈ [0, 1] are
the fraction of the orthogonal multiple access resources that the
RRU and ROU allocate to user n when outdated CSI is used
to solve the optimization problem that defines the allocation of
resources on the carriers. The presence of outdated CSI in (1)
is explicitly represented with the conditioned sub-index i− 1
that is included in the notation of the scheduling weights. A
more generalized approach would be using i − dn, which is
equivalent to a variable feedback delay due to users moving
at different speeds. However, for simplicity, we assume that
dn = 1, considering that the speed of moving users indoors is
not notably different.

The data rate and Signal-to-Interference-plus-Noise Ra-
tio (SINR) on RF carrier for user n at time instant i becomes

r(RF)
n [i] = B log2

(
1 + γ (RF)

n [i]
)
, γ (RF)

n [i] =
Ln[i]|gn[i]|2P
I (RF)
n [i] +N (RF)

0 B
, (2)

respectively, where Ln[i], gn[i], P , and B denote the path
loss attenuation [12], the normalized fast fading coefficient,
the mean transmission power, and the full communication
bandwidth of the RRU, whereas I (RF)

n [i] and N (RF)
0 identify the

co-channel interference power (which is assumed negligible)
and the spectral power density of the Additive White Gaussian
Noise (AWGN) in the RF receiver at user n, respectively.

Let us now model the communication on VLC, where

hn[i]=
(m+1)Apd cos

m(ϕn[i]) cos(ψn[i])Togmax

2π d2n[i]
, 0≤ψ≤Ψc, (3)

is the gain of the optical wireless channel between the ROU
and user n at time instant i. Note that in (3), Apd is the
sensitive area of the PD, m = −1/ log2

[
cos(Φ1/2)

]
is the

Lambertian order of the LED that is related to its semi-angle at
half power (Φ1/2), and ϕn[i], ψn[i], and dn[i] are the angle of
irradiance, angle of incidence, and Euclidean distance between
the LED and the PD of user n at time i, respectively. Finally,
To, gmax, Ψc are the transmittance of the optical filter, the
gain of the optical concentrator, and the Field-of-View (FOV)
semi-angle of the PD, respectively.

In this case, the feasible data rate and SINR on the VLC
carrier for user n at time instant i can be approximated as

r(VLC)
n [i]=W log2

(
1+

γ (VLC)
n [i]

2π/e

)
, γ (VLC)
n [i]=

(η hn[i] p)
2

I (VLC)
n [i]+N (VLC)

0 W
, (4)

respectively, where p and W are the optical power and the
electrical communication bandwidth of the ROU for data
communications, whereas η, I (VLC)

n [i], and N (VLC)
0 are the PD

responsivity, the co-channel interference (which is assumed
negligible), and the variance of the AWGN noise in the VLC
receiver of user n, respectively. Note that the right-hand side
of (4) is the lower bound for the capacity of an intensity-
modulated direct-detected optical wireless channel [13].

B. Optimization problem for VLC/RF resource allocation
Let α ∈ R1×N and β ∈ R1×N denote the weight

vectors that contain the fraction of the resources that the
Scheduler allocates to the users on the RF (αn) and the VLC
(βn) carriers, respectively. By employing the proportional fair
utility function we provide a trade-off between maximizing
the overall sum data rate and ensuring fairness, which could
be negatively affected by the diversity of such networks in
terms of resource allocation among the users. This metric
is widely used in various works such as [4], [5], [6], i.e.,
usum(R1, . . . , Rn) =

∑
n∈N un(Rn) =

∑
n∈N ln(Rn), the

following optimization problem results:
max
α,β

∑
n∈N

ln
(
αn r

(RF)
n + βn r

(VLC)
n

)
s.t. C1 : ∥α∥1 ≤ 1; C2 : ∥β∥1 ≤ 1

C3 : 0 ≤ αn, βn ≤ 1, ∀n ∈ N ,

(5)

where ∥ · ∥ is the norm 1 of the vector. Note that in (5),
constraints C1 and C2 are due to the allocation of orthogonal
resources when serving users in the RF and VLC carriers,
respectively, whereas constraint C3 states that scheduling
weights in both carriers must be positive and (in total) no
larger than the available ones in the remote units. Then, if
a mobile user n ∈ N is out of range or does not receive
any communication resources from the RRU (ROU), the
corresponding scheduling coefficient αn (βn) is equal to zero.
The interdependence of the scheduling weights, α and β, in
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the objective function justifies that the problem is coupled
over both RF and VLC bands, with the aim of ensuring a
proportional fair provision of data rate amongst the users.

It can be shown that the optimization problem presented
in (5) is convex and that the optimal solution corresponds to
the global maximum of the sum proportional fairness utility
function of the aggregate VLC/RF system. For simplicity, the
time indexes i were omitted when presenting the optimiza-
tion problem. We note that the actual challenge is not the
derivation of an optimization algorithm to solve (5), but rather
its transformation into another optimization problem that not
only mitigates the impact of outdated CSI in the presence
of fragmented VLC coverage, but also ensures fairness when
scheduling resources jointly on the RF and VLC carriers.

III. PROACTIVE SCHEDULING WITH OUTDATED CSI
In the presence of feedback delay when reporting the CSI

on both VLC and RF carriers, the computation of scheduling
weights αn and βn in the optimization problem (5) is done
with the data rates dictated by (2) and (4) in a previous
time instant. Without loss of generality, it can be assumed
that feedback delay equals the duration of a TTI. Then, the
achievable data rates to be plugged in the objective function
of (5) should be r(RF)

n [i− 1] and r(VLC)
n [i− 1], respectively.

Then, the objective function that corresponds to the opti-
mization problem (5) with outdated CSI can be rewritten as{

αi−1,βi−1

}
=

{
(α1|i−1, ..., αN|i−1)

T, (β1|i−1, ..., βN|i−1)
T}

= arg max
{α,β}

{∑
n

log(αn r
(RF)
n [i− 1] + βn r

(VLC)
n [i− 1])

}
, (6)

where αi−1 and βi−1 are the vectors that contain the schedul-
ing weights αn|i−1 and βn|i−1 for users n ∈ N to be applied
in transmission at time instant i, when the achievable data
rates in both RF and VLC bands will be different from the
ones used in the optimization problem (at time i− 1).

However, if proactive scheduling were used, such that the
data rates of the objective function were the estimated actual
data rates at the current time instant, the objective function of
the new optimization problem becomes{

α̂i−1,β̂i−1

}
=

{
(α̂1|i−1, ..., α̂N|i−1)

T, (β̂1|i−1, ..., β̂N|i−1)
T}

= arg max
{α,β}

{∑
n

log(αn r̂
(RF)
n [i] + βn r̂

(VLC)
n [i])

}
, (7)

where r̂(RF)
n [i] and r̂(VLC)

n [i] are the estimated data rates that
would be achievable on average on both RF and VLC carri-
ers, respectively, using for this estimation the available side
information at the current time instant. Note that since the
achievable data rate on the RF carrier is not expected to change
notably between adjacent TTIs, rn[i] ≈ rn[i − 1] holds, thus
r̂n[i] ≈ rn[i− 1] can be used in (7). Unfortunately, this is not
the situation on the VLC carrier, especially when the user is
moving around the cell edge since there is a high probability
that the actual data rate over VLC drops to zero in the next
TTI if the user steps out of the service area.

A. Achievable data rate on VLC carrier with outdated CSI
Let us assume that qn[i] is the probability that user n is

inside the VLC cell at scheduling time instant i, based on the
position that the user had at time i − 1. Then, the VLC data
rate that is expected at time instant i can be modeled as
r̂(VLC)
n [i]=E

{
r(VLC)
n [i]

}
=qn[i]E

{
r(VLC)
n|in [i]

}
+(1−qn[i])E

{
r(VLC)
n|out[i]

}
, (8)

where E
{
r(VLC)
n|in [i]} is the mean data rate that is expected

for user n at time instant i assuming that it will have VLC
coverage when the scheduling weights are applied. Note that
the estimated data rate r̂(VLC)

n [i] varies with the position of the
user at the previous time instant, and is different from zero if
qn[i] > 0. Note that the received signal coming from the ROU
drops to zero when the position of user n is outside the VLC
cell; due to that, the second term of (8) vanishes.

B. Probability of VLC coverage in next scheduling slot
Let us assume that the mobile user terminal changes its po-

sition on a horizontal plane of height z, following a predefined
Random Walk (RW) process in which the position in the next
scheduling time instant will be uniformly distributed in a circle
with radius rrw (max. step size) centered in the current position
[14]. When modeling this RW process in polar coordinates, it
is equivalent to state that the angle of the movement of the
mobile user θrw follows a uniform distribution in the interval
[0, 2π), whereas the length of the step that the user takes at
any time instant Lrw follows a distribution that is equal to the
one that corresponds to the square root of a uniform random
variable in the interval [0, rrw].

Lemma 1: The probability of having VLC coverage after
one RW step with maximum length size rrw is given by

qn[i] =cos−1

(
s2[i]−r2rw+R2

v

2 s[i]Rv

)
+r2rwcos

−1

(
s2[i]+r2rw−R2

v

2 s[i] rrw

)
−

√
(rrw+Rv−s[i])(rrw+s[i]−Rv)(s[i]+Rv−rrw)(s[i]+rrw+Rv)

2
, (9)

where Rv is the radius of the VLC cell and s[i] is the distance
between the initial position of the moving user and the center
position of the VLC cell. All distances are measured in the
horizontal plane of height z on which the user terminal moves.

Proof: The proof is presented in Appendix A.

C. Expected data rate on VLC carrier in next scheduling slot
Considering the described RW process, and assuming that

rrw < Rv is verified, we study two angles of interest when
the circles that describe the VLC service area (Rv) and the
reachable range of the moving user after a step (rrw) intersect.
These angles are ψ1 and ψ2, which are the smallest and largest
incidence angles of the position that the moving user can reach
inside the VLC cell after one step, respectively. Note that
when both LED and PD are pointing perfectly downwards
and upwards, respectively, the incidence angle is equal to
the irradiance angle (i.e., ϕ = ψ), and ψ2 = Ψc when the
farthermost position after one step is on the cell edge.

Lemma 2: The angle of irradiance/incidence at which the
achievable data rate on the VLC is equal to the average value
of the data rate that is feasible for VLC in all the positions
that are reachable by the RW process after one step is

ψav = f−1(I), f(ψ) =W log2
(
1 + b cos2m+6(ψ)

)
, (10)

where f−1(·) denotes the inverse of the function that deter-
mines the VLC data rate for incidence angle ψ, and

b =
e

2π

(
(m+ 1)ApdTogmax η

2πz2

)2
p2

N (VLC)
0 W

(11)

is a constant that does not depend on the incidence angle, and
I is the mean data rate of the user on the VLC after one step,
which is calculated as
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TABLE I: Simulation Parameters of the hybrid RF-VLC system.

p 1 W nc 1.5
η 0.53 A/W Φ1/2 Ψc

N (VLC)
0 5× 10−22 A2 dbp 5 m
W 25 MHz P 1 W
Apd 1 cm2 B 10 MHz
To 1 N (RF)

0 4.002× 10−21 A2/W
z 1.5 m fc 3.5 GHz

I =

{∫ ψ0

ψ1

log2

[
1+b cos2m+6(ψ)

]√
r2 − (z tan(ψ)− s)2

cos2(ψ)
dψ

+

∫ ψ2

ψ0

log2

[
1+bcos2m+6(ψ)

]√
R2−(z tan(ψ))2

cos2(ψ)
dψ

}
zW

E
, (12)

where E denotes the area of the intersected circles, while ψ0

is the incidence angle for the position inside the overlapping
area, denoted as x0, which is shown in Fig. 1.

Proof: The proof is presented in Appendix B.

IV. NUMERICAL RESULTS

Simulations are presented assuming three users in a room of
size 5m×5m×3m: two users are stationary (one on the center
and the other outside the VLC cell) and the remaining one is
moving following an RW process. The simulation parameters
of the hybrid VLC/RF system are summarized in Table I. We
assume that Φ1/2 = Ψc to ensure fair comparisons and avoid
poor VLC channel conditions for users positioned at angles
between Φ1/2 and Ψc. Additionally, the maximum step size
for the moving user is set to rrw = 0.5m.

Fig. 2 shows the Cumulative Distribution Function (CDF)
of the VLC/RF aggregated data rate assuming three different
VLC cell sizes (Rv), and the CDF of the feasible data rate
of an RF-only network. When studying the ultra-reliability
region of this CDF, it is observed the outdated CSI in (6)
impacts the system performance. Note that when only VLC
resources are allocated with outdated CSI to the moving
user, the moving user may be out of the VLC cell once the
scheduling weights are actually applied, creating this service
outage situation. This is not a problem with stationary users,
as their situation with respect to the VLC cell will not change
at all. Thus, the actual outage probability, Pout, for the moving
user would be three times the value depicted in Fig. 2, where
Pout = Pr(Rn[i] ≤ Rout), which is equivalent to a complete
communication disruption when Rout = 0. Another notable
finding is that the RF-only network is less affected by outdated
CSI, leading to better data rate reliability when compared to
the aggregated VLC/RF network with outdated CSI. However,
the proactive scheme outperforms the RF-only network in
terms of data rate in the ultra-reliability region, as evidenced
by the substantial gap between their CDFs.

The primary concern arises when the moving user is located
at the edge of the VLC cell and receives only VLC resources
(or very limited RF resources) based on the outdated CSI.
Then, if such a user moves out of the VLC cell once the
scheduling weights are actually applied, the allocated VLC
resources are wasted and communication is disrupted. Another
interesting observation from Fig. 2 is that the intermediate cell
radius (Rv = 2.0m) exhibits the highest outage probability.
This can be attributed to the statistical likelihood of being
situated at the cell edge, which is higher in this radius
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Fig. 2: CDF of the VLC/RF aggregate data rate that a fixed/mobile
user can achieve with large (Rv = 2.5m), medium (Rv = 2.0m),
and small (Rv = 1.5m) VLC cell sizes.
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Fig. 3: CDF of the VLC/RF data rate that the mobile/fixed users
achieve individually when outdated (dashed lines)/proactive schedul-
ing is performed for a medium VLC cell size (Rv = 2.0m).

compared to the other two. Furthermore, the proactive resource
allocation on VLC/RF carriers prevents any communication
disruption for various VLC cell sizes, promoting fairness
among the feasible data rates for all fixed and mobile users.

Fig. 3 presents the CDFs for the average data rate that the
three users can achieve individually in an aggregated VLC/RF
network when the VLC cell radius is Rv = 2m. As a baseline,
the data rate in the case of an RF-only network is also
included. The disparities between the outdated and proactive
allocation schemes are evident. In the outdated CSI scenario,
the moving user experiences the most unfavorable conditions,
with an outage probability exceeding 6% and significantly
lower data rates compared to the two fixed users. In contrast,
when proactive scheduling is applied, more RF resources are
given to the moving user as a backup, especially when it is in
the VLC cell edge area, leading to similar performance as the
one achieved by the fixed user outside the VLC cell. As an
added value, the VLC resources that the moving user does not
utilize can be used by the fixed user placed inside the VLC
cell. This proactive scheduling approach yields a significant
improvement for the moving user and offers a favorable
trade-off. Furthermore, it is noteworthy that all users in both
scenarios exhibit substantial performance improvements over
the RF-only network. The only exception is the mobile user in
the outdated scenario, who faces eventually outages resulting
in poor performance in the ultra-reliability region of the CDFs.
The only minor drawback is that the fixed user outside the
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VLC cell experiences a slight decrease in performance, as part
of the RF resources received previously with outdated CSI are
used as a backup for the mobile user.

V. CONCLUSIONS

In this paper, an aggregated VLC/RF network with outdated
CSI was studied. A proactive allocation scheme was proposed
to counter the communication outage, which emanates from
the VLC cell edge users. Formulas for both the probability
of a user staying inside the VLC cell and the estimated VLC
data rate until the next CSI report were extracted. Finally,
simulation results verified the benefits and the gain in the
reliability region, by completely avoiding any outage, without
any loss in the mean data rate of the users.

APPENDIX A - PROOF OF LEMMA 1
Let us assume two circles C1 and C2 of radius R and r

centered on a horizontal plane at height z at positions
(x1, y1) = (0, 0) and (x2, y2) = (s, 0), respectively. Let us
assume that the intersection of C1 ∩C2 is a region shaped like
an asymmetric lens consisting of two circular segments. The
x-coordinate of the two intersecting points can be calculated
as x0 = (s2 − r2 +R2)/(2s).

Let A1 (A2) denote the area of circle C1 (C2) that falls
outside the chord that contains x0. Then, the probability of
having VLC coverage after one RW step equals

qin =
A1 +A2

πr2rw
, A1 = R2 cos−1

(x0
R

)
− x0

√
R2 − x20,

A2 = r2 cos−1
(s− x0

r

)
− (s− x0)

√
R2 − x20. (13)

After substituting x0 and doing algebraic manipulations, we
obtain the formula given in (9).

APPENDIX B - PROOF OF LEMMA 2
Let us assume that the irradiance and incidence angles are

equal (ϕ = ψ). Then, by replacing d = z/ cos(ψ) in (3) and
clustering all the terms that are fixed and do not depend on
the position of the user, we get (10). Let also C1 and C2 be
the overlapping circles defined in Appendix A, where x0 is
the intersection between the chord that defines the overlapping
area (C1∩ C2) and the line that connects the two circle centers.

Since the two circles overlap, the minimum and maximum
incidence angle the mobile user can experience after one RW
step are given by ψ1 = arctan

(
s−r
z

)
and ψ2 = Ψc, respec-

tively. Since the function f(ψ) in (10) is a monotonically
decreasing function with respect to ψ in the interval [0, π/2],
there is only one point in the diacentric line that equals the
average value of the achievable data rate for all points in
the overlapping area. It is vital to take into consideration
that we are searching for a point on the x−axis while the
user’s movement is in polar coordinates. In order to bridge
this difference, we need to introduce a cdf as a function of
x for the user. If x0 is the x-coordinate of the intersecting
points, let the function f1 be given as

f1(x) =

{ √
r2 − (x− s)2 s− r ≤ x ≤ x0,√
R2 − x2 x0 < x ≤ R.

(14)

Now, the intersected area is given as

E =

∫ R

s−r
f1(x) dx =

∫ ψ2

ψ1

f1(z tan(ψ))
z

cos2(ψ)
dψ

=

∫ ψ2

ψ1

f2(ψ) dψ, (15)

where

f2(ψ) =

{
z

cos2(ψ)

√
r2−(z tan(ψ)−s)2 ψ1 ≤ ψ ≤ ψ0,

z
cos2(ψ)

√
R2−(z tan(ψ))2 ψ0 < ψ ≤ ψ2

(16)

and ψ0 = arctan (x0/z). Let g(ψ) = f2(ψ)/E, then∫ ψ2

ψ1

g(ψ) dψ =
1

E

∫ ψ2

ψ1

f2(ψ) dψ = 1. (17)

From the first mean value theorem for definite integrals, it is
known that the average value of a function is given at a point
ψav ∈ [ψ1, ψ2], where

f(ψav)

∫ ψ2

ψ1

g(ψ) dψ =

∫ ψ2

ψ1

f(ψ)g(ψ) dψ. (18)

which could be further analyzed by combining g(ψ) with (16)
and (17). This results in f(ψav) = I as it’s given in (12), from
which ψav can be found after taking the inverse of f . This
integral can be calculated with arithmetic methods. Finally,
the x-coordinate can be calculated to be xav = z tan(ψav).
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