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Abstract. Outage analysis is one of the primary objectives in the design and operation of the 3"' Generation (3G) 
micro- and pico- cellular mobile radio systems in order to increase spectrum efficiency and to control the Quality of 
Service (QoS) and Grade of Service (GoS) demands. This paper presents an alternative direct formulation of the outage 
probability for Nakagami fading channels in the presence of multiple L Nakagami interferers with arbitrary parameters. 
This formulation can be used with and.without a constraint of a minimum signal power. Computer simulation results are 
also presented to illustrate the proposed formulation. 

1 INTRODUCTION 
In the early days of cellular system deployment, good 

geographical coverage was of high importance. Now, sev- 
eral other requirements have been added. For example the 
3rd Generation (3G) mobile radio systems will concen- 
trate on the service quality, system capacity and personal 
and terminal mobility issues. 

Outage probability is a measure of controlling the un- 
satisfactory reception's level, helping the designers to re- 
adjust the system's operating parameters. The term 'out- 
age' is related to the criterion used for the assessment of 
satisfactory reception. Generally, there are two criteria in 
common use from the designers of cellular systems. Ac- 
cording to the first criterion outage probability is defined 
as the probability that the undesired signal's power ex- 
ceeds the desired power, by a protection factor-ratio de- 
noted as p. In the second criterion, a requirement of a 
minimum signal power, h, is needed for satisfactory re- 
ception in addition to the first criterion. 

A variety of methods have been developed to deter- 
mine the outage probability for several mobile radio envi- 
ronments such as Log-normal, Rayleigh, Rice, e.t.c 
[ I]  [2] [3] [4] [5] [6] [7] [ 81 [9]. The calculation of the outage 
probability in a Nakagami mobile environment is particu- 
larly important, since Nakagami fading is today one of the 
most appropriate frequency non-selective models in many 
mobile communication practical applications, especially 
in micro-cellular networks. Nakagami distribution (also 
called m-distribution) contains a set of other distributions 
as special cases (Rayleigh, e.t.c) and provides the opti- 
mum fits to collected data in outdoor and indoor environ- 

ments, in the frequency range from 800 MHz to 4 GHz 
[lOl[llI. 

Several techniques have been developed to determine 
the outage probability for Nakagami channels. In [12] F- 
distribution can be used to evaluate the outage probability 
in a case with a single interferer whereas in [ 131 a closed 
form is extracted, for use in case of multiple Nakagami 
interferers with the restriction of integer fading parame- 
ters. But, in a real mobile radio application this is not true 
and the fading parameters take arbitrary values. The latest 
and most general approach has been presented in [ 14][ 151 
where the outage probability is determined -with and 
without a minimum power constraint- from the character- 
istic function of the quadratic form, through a special 
lemma on inverse Fourier transform. 

hi this paper, an alternative approach is presented to 
solve the outage problem of a Nakagami desired signal in 
the presence of L Nakagami interferers with arbitrary pa- 
rameters. This problem is solved both for the first and 
second criterion and the outage probability is derived in a 
closed form, which permits its calculation with the desired 
accuracy and speed using Gauss-Laguerre integration 
method. In Section 2, the outage problem is formulated 
and the find expressions for the outage probability are 
presented. The necessary mathematical analysis can be 
seen in Appendices A and B while in Section 3 computer 
results illustrate the proposed formulation and a compari- 
son is made with the technique described in [ 151. Finally, 
Section 4 includes the paper's concluding remarks. 
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2 MATHEMATICAL ANALYSIS OF THE 
PROPOSED METHOD 

If rk is a Nakagami variable, the corresponding power 
is Gamma distributed with Probability Density Function 
(PDF) given by [ 161 

where mk is an arbitrary fading parameter and Rk is the 
average power. 

If Ci =,.,,.. L& is the sum of the powers of L mutually 

independent Nakagami interferers and 50 the LMP of the 
desired signal, then the outage probability denoted as qc, 
in the case of non-existence of a minimum signal power, 
is given by 

" V 

i = l  I=I 

\ r = i . j  .... n ) 

where A is a constant given by 

( 3 )  

r = I  

the Gamma function, 
F- (.) the Nakagami Cumulative Distribution Function 

(CDF) defined as 

(4) 

with P being the Incomplete Gamma Function, 
w ,  xi are the weights and the abscissas of Gauss-Laguerre 
numerical integration, given by special tables [ 171 and 
v denotes the accuracy of the computation. 

The procedure for the derivation of Equation (2) is 
outlined in Appendix A. 

In the case where a constraint of a minimum signal 
power h exists, the outage probability denoted as qcc is 
given by 

The procedure for the derivation of Equation ( 5 )  is out- 
lined in Appendix B. 

3 NUMERICAL RESULTS 

As an example, we consider a mobile environment 
with two Nakagami interferers as in [15]. Using equation 
(2) with v=8, outage probability- in the case of no mini- 
mum power constraint- is depicted in Figure 1 as a func- 
tion to SIWP. The values of Q are [0.5,1, 1.5,2]. 
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-5 0 5 I0 15 20 25 30 

S l R 6 , d O  

Figure 1: The outage probability (1st and 2nd outage criterion) 
versus the SIMP for two Nakagami interferers with m=[1.44, 

0.851, Q=[5.S, 3.21 and protection ratio 0=18 dB. 

The outage probability qcc for the same fading pa- 
rameters and a minimum signal power constraint 
L = 0.031. R, or A / R, = -15dB is also calculated and the 
results are depicted in Figure 1 with the dot lines. 

The Signal-to-Interference Ratio (SIR) is defined here 
as 

Moreover, in Figure 2 outage probability curves are 
shown (according to the first and second outage criterion 
with A / R, = -1 5dB ) in a fully hexagonal shaped cellu- 
lar system with six interferers. 

In Figure 3, the outage probability for two Nakagami 
interferers with the parameters of Figure 1 is depicted ver- 
sus the protection ratio p in dB. These are very useful 
curves since the protection ratio is related to the QoS de- 
mands of the system. 

146 E?T 



Outage Probability Analysis for a Nakagami Signal in L Nakagami Interferers 

1 ,WE roo 

b 

Figure 2: The outage probabilio (1st and 2nd outage criterion) 
versus the SIWP for six Nakagami intetjerers with m=[O.7, 1.1, 
1.7, 2.4, 3.5, 4.81. Ck12.4, 3.2, 3.6, 4.2. 5.2, 6.11 andprotection 

ratio p= I8 dB. 

As discussed in Section 1, Zhang has presented in [ 151 
a closed formula for the calculation of the outage prob- 
ability in Nakagami fading channels in the presence of L 
Nakagami interferers with arbitrary parameters. This is an 
important result in literature since it was the first time that 
the outage problem was solved for arbitrary parameters. 
According to the Zhang’s formulation the probability of 
outage is given by 

The key feature of Zhang’s method is the numerical 
calculation of the integrand in Equation (7). He recom- 
mends the approximation of the function included in the 
integrand piece-wisely using a number of different poly- 
nomials (piece-wisely Gaussian quadrature technique). 

r l.WE-02 

Figure 3: The outage probability (I*’ and 2& outage criterion) 
versus the protection ratio p for two Nakagami interferers with 

m=[1.44. 0.851, Q=[5.5, 3.21 and SIR=I5 dB. 

Some comments on Zhang’s technique are as follows: 

Equation (7) is really a useful tool because it in- 
volves only one integral. 

The piece-wise technique needs to find every 
time- when a parameter is changed- the new loca- 
tions and the new limit t,, of the integrand. This 
procedure provides the same .time consumption 
for small and large number of interferers. 

The calculation time strongly depends on the 
number of found locations since the Gaussian 
quadrature method must be applied N times, with 
N the number of the locations found. 

The accuracy of the final result is related to the 
selected integer NN (see Appendix B of [15]), 
which refers to the steps that should be followed 
in order to determine the locations. Hence, when 
the limit tmLX is not small the NN should be se- 
lected with a higher value. Moreover, the accu- 
racy is also related to the value at which the func- 
tion entire the integral seems to be negligible. 
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Table I :  Numerical resulrsf~ir the outage probabilih) pi, in the 
presence of six Nakagami intetferers, using Bang’s method 

(P=lS dB). 

18 0.000013 18 I o - ~  

ZHANG’S METHOD- SIX NAKAGAMI INTERFERERS 

-= ‘IR 15dB 
P 

-= ’IR 25dB SIR - = 15dB 
P B 

-= ’IR 25dB 
P 

Table 3: Nrrmrrical results for the outage probability in the 
presence oj’six Nakagami interferers. using the method pre- 

sented in this paper (P= I8 dB). 

METHOD PRESENTED IN THIS PAPER- SIX NAKAGAMI 
INTERFERERS 

-= ’IR 15dB 
P 

M=[0.8, 1.2, 1.8. 2.2.2.5.4.9) Q=[l.3. 1.8,2.6,3. 3.2,6] 

- = 2SdB 

SIR - = 25dB 
P 

0.003080 

1 

I 

o.oooooo 1 3 18 0.000158 18 

0.003098 <<I 0.030430 

2 <<I 

Table 2: Numerical results for the ourage probability pd, in the 

presence of three Nakagami interferers, using Zhang ’s method 
(P= 18 dB). 

0.002334 el O.ooOo24 

Table 4: Numerical results for the outage probabiiity in the 
presence of three Nukagami interferers, using the method pre- 

sented in this paper (P=lS dB). 

ZHANG’S METHOD- THREE NAKAGAMI INTERFERERS 

I M=[0.8. 1.2, 1.8) n=[1.3, 1.8.2.61 I 
METHOD PRESENTED IN THIS PAPER- THREE NAKAGAMI 

INTERFERERS 

M=[0.8, 1.2, 1.8) Q=[1.3, 1.8.2.61 

0.oooO00267 

3.5 x O.oooO296 

In order to compare the method proposed in this paper 
with Zhang’s as far as the consumption of time and the 
accuracy are concerned, several outage probability nu- 
merical results are tabulated in Tables 1 and 2 using 
Zhang’s technique for six and three Nakagami interferers, 
respectively. In these Tables the observed calculation time 
Tc, is also depicted. 

In Tables 3 and 4 the corresponding results using the 
method presented in this paper, are shown. The calcula- 
tions depicted in all Tables were performed on a Pentium 
I1 (333 MHz) Personal Computer with the use of Mathcad 
8.0 software. 

As we can see above, the calculation time using the 
new proposed technique is higher than the mean time of 
Zhang’s method for six interferers, while it is quicker in 
the case of three interferers. Moreover, the time consumed 
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using Zhang's technique is about the same for small and 
large number of interferers. Using the new proposed 
method the calculation time for four interferers is 0.8 sec 
since the corresponding value for five interferers is 2.5 
sec. Hence, it is obvious that the proposed method offers 
an advantage as far as the factor of calculation speed is 
concerned, especially for small numbers of interferers 
(less than four). 

Taking into consideration the accuracy of computa- 
tion, the two methods give slightly different results due to 
the alternative ways by which each of them approximates 
numerically the outage probability. However, this differ- 
ence is negligible for practical mobile radio applications. 

4 CONCLUSIONS 
An alternative formula for the direct evaluation of the 

outage probability due to Nakagami signal and multiple 
Nakagami interferers with arbitrary parameters, was pre- 
sented. This result is particularly important since such a 
mobile environment seems to be the most realistic sce- 
nario in a micro- or pico-cellular mobile radio communi- 
cation system. The derived formula can be numerically 
calculated with the desired accuracy using the Gauss- 
Laguerre integration method. The new proposed formula 
offers advantage in controlling the accuracy of computa- 
tion of existed techniques, computational speed (specially 
for small number of interferers) and results in reduced 
complexity using the existing computer tools. 

APPENDIX A 
L 

If cti is the sum of the powers of L mutually inde- 

pendent Nakagami interferers and 50 the power of the de- 
sired signal, then the outage probability denoted as qc, in 
the case of non-existence of a minimum signal power, is 
given by 

i= I 

i=l 

or 
L 

* c = h o b ( 5 , - p . C 5 ;  <O) 
i= I 

If w=&p.cti7 then (8) and (9) can be written as 
i = l  

qc = pr ob(w < 0) 

The PDF of the p . ti is given by 

Let <pw ( r ) ,  (r) ,  (r)be the characteristic func- 
tions of the variables w, 50 and p.ci respectively. The 
(P, (T)  can be written as: 

i= l  

Using the definition of the characteristic function, Equa- 
tion (12) assumes the form: 

. -  

i= l  0 

Setting .ri = .!-% 

ing certain simplifications, we obtain: 

in (1 1), from (12) and (1 3) and mak- .< 
"i 

where A is a constant given by 

Now, using Equations (14), (15) and (16) and taking into 
account the fact that by definition 

qc can be written as 

with F& ( x )  being the Nakagami CDF defined as [ 151 
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with p being the Incomplete Gamma Function. Equation 
(18) involves L integrals for L Nakagami interferers and 
it's second part can be calculated numerically with high 
desired accuracy using the Gauss-Laguerre method. Ac- 
cording to  this method, 

[3] R. Prasad and J. Ambak. Comments on Analysis for Spec- 
trum Efficiency in Single Cell Trunked and Cellular Mo- 
bile Radio. IEEE Transactions on Vehicular Technology, 
Vol. 37, No. 4, November 1987. 

[4] Y.S. Yeh and S.C. Schwartz. Outage Probability in Mobile 

j e x p l n  } g ( x ~ = C w ;  .g(-r,) (20) Transactions on Communications, Vol. COM-32, pages 
- " Telephony due to Multiple Log-normal Interferers. IEEE 

0 I 4  380-388, April 1984. 

with w, , x, are the weights and the abscissas of Gauss- 
Laguerre numerical integration, given by special tables 
[ 171 and v denotes the accuracy of the computation. 
Hence, the final formula for the outage probability is 
given by 

1 3 1 .  I ,  

with wi , x, are the weights and the abscissas of Gauss- 
Laguerre numerical integration, given by special tables 
[ 171 and v denotes the accuracy of the computation. 
Hence, the final formula for the outage probability is 
given by 

Y " 

! = I  j= l  

APPENDIX B 
L 

If xti is the sum of the L mutually independent 

Nakagami interferers and 50 the power of the desired sig- 
nal, then the outage probability denoted as qcc, in the case 
of the existence of a minimum signal power A, is given by 

( 3 1  

or 

qcc = 1 - (1 - qc).(l - Pr ob(5, < A)) 

9cc = Go (A>+ 9c -9c ' F<, (4 

(23) 

and finally 

(24) 

with qc. being the outage probability with no-minimum 
power constraint given in Appendix A and F & ( . ~ )  the 
Nakagami CDF 

and P being the Incomplete Gamma Function. 

Manuscript received on February 2, 1999. 
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