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Capacity Performance Analysis of M-ary PPM TH-UWB
Systems in the Presence of Narrowband Interference
Nikos V. Kokkalis, P. Takis Mathiopoulos, George K. Karagiannidis, and Christos S. Koukourlis

Abstract: The capacity of ultra-wideband (UWB) systems in pres-
ence of narrowband interference (NBI) is studied. By appropriately
modifying the Shannon capacity formula, an analytical expression
for the capacity of M -ary pulse position modulation (PPM) signals
in the presence of NBI is obtained. Performance evaluation results
for the capacity of such signals as a function of the NBI carrier
frequency and power are also presented.

Index Terms: Capacity, narrowband interference (NBI), pulse po-
sition modulation (PPM), spread spectrum communication, time
hopping, ultra-wideband (UWB).

I. INTRODUCTION

Ultra-wideband (UWB) radio system technology plays an im-
portant role in current research for wireless personal area net-
works [1]. One of the most widely studied schemes for such
systems utilizes M -ary pulse position modulation (PPM) com-
bined with time-hopping (TH) as a multiple access technique
[2], [3]. The multiple access performance of this scheme has
been extensively studied in the past [4]–[8]. Its performance in a
multipath fading environment has also been addressed [9], [10].

The performance of UWB systems in channels with narrow-
band interference (NBI) has been studied in [12] and [13] by
evaluating the processing gain of the single user correlator re-
ceiver, which is optimal in an additive white Gaussian noise
(AWGN) environment. Further interference studies have shown
that the single user receiver does not effectively combat strong
NBI, especially for high data rate UWB systems where the
spreading factor is relatively small [10]. In the same reference, a
minimum mean square error (MMSE) receiver which improves
the performance of such systems has been proposed and ana-
lyzed. These UWB-NBI studies employ as performance mea-
sures the processing gain [12], [13] and bit error rate [10].

The problem of estimating the capacity of UWB systems has
received relatively less attention. It has been studied for the
AWGN channel in [5] and [6]. A more recent study [11] evalu-
ates the cut-off rate, also known as the practical capacity, of such
systems in the presence of multiple access interference. Our cur-
rent contribution focuses on studying the Shannon capacity of
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such systems in the presence of NBI. As well known, capac-
ity is considered as a more fundamental performance measure
since it provides limits on achievable performance. Like other
capacity studies [6]–[11], the effect of multipath fading is not
considered in this paper.

The remainder of this paper is organized as follows. In Sec-
tion II the UWB and NBI signal models are presented and in
Section III a method for evaluating the capacity is proposed and
analyzed. Various performance evaluation results are presented
and discussed in Section IV.

II. SYSTEM MODEL

A typical M -ary PPM TH-UWB transmitted signal is mathe-
matically represented as [2]:

s (t) =
∑

i

√
Epq (t − iTf − ciTc − δm), 1 ≤ m ≤ M (1)

where q(t) is the UWB pulse, a Gaussian monocycle with du-
ration Tp. In the above equation Ep is the received energy per
pulse, Tf is the pulse repetition interval, usually referred to as
frame, ci is the TH sequence, Tc the TH slot duration, and δm is
the modulation shift for M -ary orthogonal PPM (δm − δm−1 ≥
Tp). The pulse power is Pp = Ep/Tp. The TH sequence is mod-
eled as a series of independent uniformly distributed random
numbers taking integer values in the range [0, Tf/Tc]. Assum-
ing Np pulses per symbol are transmitted, the symbol rate is
Rs = 1/(NpTf) and thus the symbol duration is Ts = NpTf .
The spreading factor is β = Tf/Tp, the pulse rate, λ = 1/Tf ,
is the average rate of the transmitted pulses and the effective
bandwidth (3 dB bandwidth) is Wp = 1.297/Tp [12].

The NBI waveform, j(t), is modeled as a phase and/or ampli-
tude modulated signal, e.g., phase shift keying (PSK) or quadra-
ture amplitude modulation (QAM), with an ideal block spectrum
of bandwidth WJ , i.e.,

j(t)=
∑

i

wn(t − iTJ) =
√

J0

∑

i

sin [πWJ (t − iTJ)]
π(t − iTJ)

×{an cos [2πfc(t − iTJ)] + bn sin [2πfc(t − iTJ)]} (2)

where J0 is the power spectral density (PSD) of the interfering
signal received by the UWB receiver, fc its carrier frequency,
TJ the symbol duration, and wn(t) and {an, bn} are the wave-
form and the in-phase and quadrature components of the nth
signal taking values according to the specific modulation used
with 1 ≤ n ≤ MJ where MJ is the number of modulated sig-
nals. The NBI power is PJ = J0WJ .

Assuming an AWGN channel and a single NBI source the
received signal can be expressed as:

r(t) = s(t − τs) + j(t − τj) + n(t) (3)
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where n(t) is the AWGN waveform with zero mean and one
sided PSD N0 and the delays τs and τj are due to the asynchro-
nous transmission.

A typical UWB receiver consists of M correlators matched to
the template functions ui(t) = q(t−δi), 1 ≤ i ≤ M . Assuming
that the receiver is perfectly synchronized with the UWB signal,
the output signal of the νth correlator at the kth symbol can be
expressed as:

yk,ν =
(k+1)Np−1∑

κ=kNp

{∫ (κ+1)Tf

κTf

s(t)uν(t − κTf − cκTc)dt+

∫ (κ+1)Tf

κTf

j(t − τj + τs)uν(t − κTf − cκTc)dt+

∫ (κ+1)Tf

κTf

n(t + τs)uν(t − κTf − cκTc)dt

}

=
(k+1)Np−1∑

κ=kNp

[Xκ,ν + Iκ,ν + N ] (4)

where Xκ,ν , Iκ,ν , and N are the contributions of the UWB,
NBI and AWGN signals, respectively. The UWB signal term is
Xκ,ν =

√
Ep if ν = m and zero otherwise, while the noise term

remains Gaussian with variance σ2
N = N0. Since the template

functions in (4) are non-zero for a small fraction of the integra-
tion interval, for the convenience of the analysis this integration
limits can be extended to (−∞, +∞). It is also convenient to
express Iκ,ν as:

Iκ,ν =
∑

i

Ii,wn
κ,ν , (5a)

Ii,wn
κ,ν =

∫ +∞

−∞
wn(t − iTJ − τj + τs)uν(t − κTf − cκTc)dt.

(5b)

Since wn(t) has a block spectrum with bandwidth WJ , by
using the Fourier transform, Ii,wn

κ,ν can be expressed as:

Ii,wn
κ,ν =

√
J0rn

∫ fc+WJ/2

fc−WJ/2

Q(f) exp [j(2πfτ + θn)] df (6)

where τ = κTf +cκTc−iTJ−τj+τs, Q(f) is the Fourier trans-
form of q(t), and {rn, θn} is the polar form of the coefficients
{an, bn}. Since WJ � Wp, (6) simplifies to:

Ii,wn
κ,ν =

√
J0rnQ(fc)

sin(πWJτ)
πτ

cos(2πfcπWJτ + θn). (7)

III. CAPACITY EVALUATION

It is mathematically convenient to express the transmitted and
received signals on a certain time interval as vectors. Thus, a
single M -ary PPM UWB pulse can be represented as a vector,
xk,m = [xk,1, xk,2, · · ·, xk,M ]T, 1 ≤ m ≤ M , where m is the
transmitted symbol in the kth frame and xk,i = Xk,i indicates
the presence of the pulse at the ith PPM slot. Equivalently, the
received signal vector, yk = [yk,1, yk,2, · · ·, yk,M ]T, is the out-
put of the M correlators at the receiver.

Fig. 1. Capacity of 2-PPM in AWGN channel with NBI vs. NBI frequency.

An expression of the Shannon capacity formula for M -ary
PPM on Gaussian and Webb noise channels without interfer-
ence has been presented in [14]. However, this expression can-
not be used to directly compute the UWB capacity since the
components of the vector yk are correlated. In order to take into
account this correlation, we propose the following generic ex-
pression which, in principle, calculates the mutual information
in a time interval spanning several symbols.

CK =log2 M − 1
K

∫

y1y2···yK

p(y1y2· · ·yK|x1,1x2,1· · ·xK,1)

log2

⎡

⎢⎢⎢⎣

M∑
i1,i2,···,iK=1

p(y1y2· · ·yK|x1,i1x2,i2 · · ·xK,iK)

p(y1y2· · ·yK|x1,1x2,1· · ·xK,1)

⎤

⎥⎥⎥⎦

dy1dy2· · ·dyK (8)

where y1, y2, · · ·,yK are the received signal vectors at K suc-
cessive pulse intervals. Assuming perfect timing synchroniza-
tion, i.e., τj and τs are known at the receiver, the conditional
probability p(y1y2· · ·yK|x1,i1x2,i2 · · ·xK,iK) can be mathe-
matically expressed as:

p(y1y2· · ·yK|x1,i1x2,i2 · · ·xK,iK) =

1
MKJ

J

MJ∑

n1,n2,···,nKJ
=1

K∏

k=1

M∏

m=1

Nμ,σ(yk,m)

(9)

where Nμ,σ is the Gaussian probability density function (PDF)
with mean μ = xk,m +

∑KJ

κ=1 I
κ,wnκ

k,m and variance σ2 = N0.
KJ , the number of the NBI symbols included in the compu-
tation, has been chosen KJTJ ≥ KTf so that at least all the
symbols that overlap with the K UWB pulses are taken into ac-
count.

It should be noted that (8) is equivalent to the original Shan-
non capacity formula, with the difference that it calculates the
normalized mutual information over the interval of K symbols.
Clearly, as K → ∞, CK becomes the exact capacity.
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Fig. 2. Capacity of 2-PPM in AWGN channel with NBI vs. the pulse to
NBI power ratio.

IV. PERFORMANCE RESULTS AND DISCUSSION

The capacity formula (8) is evaluated with Monte-Carlo inte-
gration, as the M -dimensional integral makes exhaustive calcu-
lation a computationally very inefficient task [14]. For NBI, the
modulations considered were binary PSK (BPSK), quadrature
PSK (QPSK), 8-PSK, and 16-QAM and the UWB signal was
M -ary PPM. Unless otherwise noted, the following parameters
are used for the performance evaluation: β = 100, δ2−δ1 = Tp,
Np = 1, Ep/N0 = 10 dB, Pp = PJ , WJ = λ = 0.0077Wp,
and fc = 1.5/Tp. WJ and fc are expressed as a function of Wp

and Tp, respectively, because it was observed that if WJ/Wp

and fcTp are constant, the capacity evaluation results remained
unchanged.

Due to the inherent complexity of (8) it turns out that the exact
evaluation of CK for large values of K is computationally ex-
tremely complex. However, extensive numerical evaluation tests
have shown that, for the proposed UWB system, CK converges
rapidly even for small values of K and in practical cases, i.e.,
when WJ ≤ λ, the performance results were reasonably ac-
curate for K > TJ/Tf . Thus for our performance evaluation
results, K = 3 was chosen.

Fig. 1 illustrates the dependence of the UWB capacity on fc.
The not completely symmetric (with respect to fc) shape of the
capacity curves is due to the non-symmetric PSD of the em-
ployed UWB pulse, q(t). When fc becomes too small or too
large, the NBI signal is attenuated by the matched filter of the re-
ceiver thus diminishing its impact on capacity. Furthermore, our
results verify the observation made in [15], that when fc = k/δ,
k ∈ N, the interference is completely cancelled. The minor dis-
continuity observed at fcTp = 1.5 happens because at this fre-
quency the interval of three frames used for the evaluation is an
exact multiple of the NBI carrier period. It is also interesting
to note that the QPSK and 8-PSK capacity curves in Fig. 1 are
identical. This happens because for Pp = PJ the UWB capacity
for these two modulation schemes is equal (see Fig. 2).

Fig. 2 illustrates the performance of CK versus Pp/PJ . It is
noted that the impact on capacity becomes more severe when the
bits per symbol of the narrowband signal are increased. Also,
these performance results are somewhat surprising since it is

Fig. 3. Capacity of 2-, 4-, and 8-PPM in AWGN channel with NBI vs. NBI
frequency.

usually expected that as PJ increases the capacity would de-
crease. However, in our case, when PJ becomes too high the
degradation of the UWB capacity is reduced. This is due to the
fact that the probability of incorrect decoding of the signal be-
comes smaller. To explain this let us consider as an example
the sum of two baseband binary signals decoded by a single re-
ceiver. If both signals have similar power levels, it is reasonable
to expect that the receiver cannot reliably decode them, while a
significant difference in their power levels results in improved
performance for both signals.

Fig. 3 presents the capacity performance of higher order M -
ary PPM modulations, i.e., M > 2. In this case, a significant
improvement on the overall capacity performance is observed
as M becomes larger. Furthermore, as M increases, the depen-
dence of the capacity degradation on fc diminishes. Since the
narrowband signal is observed by the receiver only during the
reception of the UWB pulses, a higher M results in a larger ob-
servation window and thus in a reduced NBI effect.

V. CONCLUSIONS

In this paper we have derived an expression for the capac-
ity of a TH-UWB system in the presence of NBI. Based on
this expression, we have evaluated and discussed the capacity
of a TH-UWB system under such interference conditions. The
obtained performance evaluation results have indicated that the
effect of NBI is more severe when the narrowband signal has
similar power level to the received UWB signal. Furthermore,
the effect of NBI is mitigated significantly with the use of higher
order PPM for the UWB signal.
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