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Abstract

In this paper, we provide closed-form expressions for the symbol error probability of decode and

forward cooperative diversity systems, when operating over independent but not necessarily

identically distributed Nakagami-m fading channels. The results hold for arbitrary number of relays,

and refer to the M-ary QAM and M-ary PSK modulations.
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1. Introduction

Cooperative diversity is an emerging concept that serves as a substitute of the well-
known conventional diversity methods, promising increased coverage and performance in
future wireless communications, without the need for high transmitting powers. In
particular, in cooperative diversity systems a set of spatially distributed terminals co-
operate with each other in order to form virtual antenna arrays and hence achieve diversity
without being necessary to pack multiple antennas per terminal. This allows for a direct
2.00 r 2008 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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implementation of this form of diversity in systems where small, hand-held devices with
high processing capabilities need to be employed.
Recently published results have demonstrated that cooperative diversity systems offer

remarkable advances in terms of outage and error probability, when the communication
links involved suffer from small-scale and/or large-scale fading. Specifically, in [1,2] the
authors conducted an exact outage and error analysis, respectively, for arbitrary number
of decode-and-forward (DF) relays and Rayleigh fading channels. For the versatile case of
Nakagami-m fading, an approximate outage and error analysis can be found in [3]; that
analysis, however, considered only the case of amplify and forward relays.
In this paper, we extend the analysis conducted in the aforementioned works to the

versatile case of Nakagami-m fading channels (where m takes any positive integer value),
which allows for a better overview of the performance of such systems in more general
fading scenarios. In particular, we provide a closed-form expression for the exact symbol
error probability (SEP) of cooperative diversity with arbitrary number of DF relays, when
operating over Nakagami-m fading channels.
The remainder of this paper is organized as follows: a brief description of the system

under consideration is given in Section 2. In Section 3, the closed-form expression for the
SEP of DF cooperative diversity over Nakagami-m fading channels is derived. Finally, in
Section 4 we provide some numerical for several realizations regarding the average channel
conditions.

2. System model

We consider a source node, S, communicating with a destination one, D, with the help of
L relaying terminals denoted by Ri, i ¼ {1, y, L}, as shown in Fig. 1.
The relays are assumed half-duplex, which implies that the communication is performed

in two phases: in the former, the source broadcasts the message to the relays, whilst in the
latter, the relays that have successfully decoded the original signal re-encode and forward
the received data to the destination, in some predetermined order. These relays (i.e., those
with successful symbol detections) form the so-called decoding set, denoted here by Y.
Henceforth, we assume that error checking codes are employed (e.g., cyclic redundancy

check (CRC) codes), so that the relays are able to identify any possible erroneous
detections. The destination is assumed to combine the multiple replicas of the original
Fig. 1. The typical cooperative diversity set-up.
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signal into a maximal-ratio combiner (MRC). Slow, flat Nakagami-m distributed fading
between any nodes is assumed, which is independent but not necessarily identical with each
other. The instantaneous signal-to-noise ratio (SNR) of the link between the nodes A, B is
denoted by gAB, with A, BA{S, R1,y, RL, D}; the expected value of gAB is denoted by ḡAB.

3. SEP analysis

Using the total probability law, the overall SEP can be evaluated as

Pe ¼ S
Y
PrfYgPrfejYg (1)

where the summation region comprises of all the possible subsets of available relays,
including the empty set. The probability of each of such subsets being the decoding set is
defined as

PrfYg ¼ P
i:Ri2Y
ð1� �SRi

Þ P
j:RjeY

�SRj
(2)

where eAB denotes the SEP of the A-B link. Using the results given in [4, Chapter 8.2], we
may express Pr{Y} in closed-form for any of the M-QAM and M-PSK modulations used,
by substituting �SRi

and �SRj
with [4, Eqs. (8.109), (8.115)] or [4, Eq. (8.122)]. For example,

for the case of M-PSK modulation Pr{Y} can be written as
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=mSRj

Þ
k

!#

(3)

where mAB represents the Nakagami fading severity parameter of the A-B link; the
parameters a and B are defined as ai ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðBḡSRi

=mSRi
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p
cotðp=MÞ and

B ¼ sin2(p/M), respectively, while Tjk is defined as

Tjk ¼
2k
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The conditional error probability in Eq. (1), conditioned on the decoding set Y,
corresponds to the SEP of a multi-channel receiver with |Y|+1 independent input
branches (i.e., the S-D branch plus the |Y| relayed ones), where |Y| denotes the
cardinality of Y. Therefore, for integer values of m, using [5, Eq. (18); Table 1] we may
express Pr{e|Y} (and thereafter the overall SEP) in closed form for any of the
aforementioned modulations, since Pr{e|Y} coincides with the probability that the sum
of SNRs of the |Y|+1 active branches leads to an error. For the case of M-PSK
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modulation, for instance, denoting by RYj the j-th relay that belongs to Y, j ¼ {1, y, |Y|},
it holds

PrfejYg ¼ A
XYj jþ1
j¼1

XmRYj D
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XjYjþ1 j; k; fmRYqDg
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ḡRYqD

mRYqD

� � Yj jþ1

q¼1

; flqg
Yj j�1

q¼1

 !"

�
ð2k � 1Þ!!

k!ð2BÞk
mRYjD
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where A ¼ 1/2 for BPSK and A ¼ 1 for higher PSK constellations; 2F1ð�; �; �; �Þ denotes the
Gauss hypergeometric function [6, Eq. (9.100)]; the notation XLð�; �; �; �; �Þ stands for a
compact representation of the following multiple summation [5, Eq. (7)]:
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where in (5) VL ¼ Sj ¼ 1
L mj, and U(.) stands for the unitary step function defined as

U(x) ¼ 1 if xX0 and zero otherwise. The reader may note that for compactness of
exposition, the S-D channel is also included in Eq. (4), hence the terms mRY Yj jþ1ð Þ

and
ḡRY Yj jþ1ð Þ

refer to mSD and ḡSD, respectively.

4. Numerical results

In this section, some numerical examples that demonstrate the SEP performance of
cooperative diversity with multiple DF relays under various fading realizations are
presented.
The SEP for BPSK modulation versus the average SNR is depicted in Fig. 2. The four

curves shown in this figure correspond to four different realizations regarding the number
of available relays and the relative strength of the channels involved. Specifically,
realizations 1 and 2 refer both to the case where L ¼ 2; in the former, the average SNRs
and Nakagami-m parameters are as follows: ḡSRi

¼ ḡRiD
¼ SNR; i ¼ f1; 2g, ðmSR1

;mR1DÞ ¼

ð2; 1Þ and ðmSR2
;mR2DÞ ¼ ð1; 2Þ; in the latter, the same parameters are as follows: ḡSR1

¼

0:5ḡR1D ¼ SNR, ḡSR2
¼ 2ḡR2D ¼ 2SNR, ðmSR1

;mR1DÞ ¼ ð2; 1Þ and ðmSR2
;mR2DÞ ¼ ð1; 2Þ.

Realizations 3 and 4 refer both to the L ¼ 4 case; in the former, ḡSRi
¼ ḡRiD

¼

SNR; i ¼ f1; :::; 4g, mSRi
¼ 1; i ¼ f1; :::; 4g and ðmR1D;mR2D;mR3D;mR4DÞ ¼ ð1; 2; 3; 4Þ;

in the latter, ḡSRi
¼ SNR; i ¼ f1; :::; 4g, ḡRiD

¼ ð2=2i�1ÞSNR; i ¼ f1; :::; 4g, mSRi
¼ 1; i ¼
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Fig. 2. SEP of DF cooperative diversity versus the average SNR for the case of two and four available relays,

assuming BPSK modulation and two different channel realizations per case.

Fig. 3. SEP of DF cooperative diversity versus the average SNR for the case of two and four available relays,

assuming QPSK modulation and two different channel realizations per case.
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f1; :::; 4g and ðmR1D;mR2D;mR3D;mR4DÞ ¼ ð1; 2; 3; 4Þ. The direct (S-D) channel in all the
aforementioned scenarios is supposed shadowed enough to be considered negligible. As it
shown in Fig. 2, for L ¼ 2 case realization, 2 corresponds to generally better error
performance; for L ¼ 4 case, realization 3 is associated with a lower SEP in the low and
medium SNR regions, however a cross point exists, hence for high SNRs the relative
performances of realizations 3 and 4 are inverted.
Similar observations regarding the QPSK error performance of cooperative diversity

with multiple DF relays are extracted from Fig. 3, under the same fading realizations as
previous. One may also notice in these two figures that the slope of the curves in the high-
SNR regime implies that the diversity gain of the scheme under investigation is, under the
weak S-D channel assumption, on the order of the number of available relays.

5. Conclusions

In this paper, the error performance of cooperative diversity with multiple DF relays
under Nakagami-m distributed fading was investigated, for the cases of M-ary QAM and
M-ary PSK modulations. Numerical results reveal that, as expected, the diversity gain that
such systems offer is, under the weak source–destination channel assumption, on the order
of the number of available relays.
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