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Optical Wireless Communications With Heterodyne
Detection Over Turbulence Channels

With Pointing Errors
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Abstract—We study the error performance of an heterodyne dif-
ferential phase-shift keying (DPSK) optical wireless (OW) commu-
nication system operating under various intensity fluctuations con-
ditions. Specifically, it is assumed that the propagating signal suf-
fers from the combined effects of atmospheric turbulence-induced
fading, misalignment fading (i.e., pointing errors) and path-loss.
Novel closed-form expressions for the statistics of the random at-
tenuation of the propagation channel are derived and the bit-error
rate (BER) performance is investigated for all the above fading
effects. Numerical results are provided to evaluate the error per-
formance of OW systems with the presence of atmospheric tur-
bulence and/or misalignment. Moreover, nonlinear optimization is
also considered to find the optimum beamwidth that achieves the
minimum BER for a given signal-to-noise ratio value.

Index Terms—Atmospheric turbulence channel, bit-error rate
(BER), heterodyne detection, misalignment fading, optical wireless
(OW) communications, pointing errors.

I. INTRODUCTION

O PTICAL wireless (OW) communications, also known
as free-space optical communications, suffer by various

impairments as atmospheric turbulence and the misalignment
fading (pointing errors). Moreover, the laser power is also
attenuated as the distance increases [1]–[4].

Turbulence-induced fading, also known as scintillation,
causes irradiance fluctuations in the received signals as a result
of variations in the refractive index. Furthermore, building
sway phenomena cause vibrations of the transmitter beam
and, therefore, misalignment (pointing error effects). To keep
line-of-sight between the transmitter and receiver, the designers
should increase the beamwidth and power. However, a wide
beamwidth increases the required signal-to-noise (SNR) ratio
leading to increased cost and complexity, whereas a narrow
one may result in outage appearances [5]. Hence, proper opti-
mization techniques should be followed. Typical such studies
include [5] and [6].

The combined effect of atmospheric turbulence and pointing
error effects has been investigated in [7]–[10]. The majority
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of these studies refer, however, to indirect modulation/direct
detection (IM/DD) OW systems. Although direct detection is
the main mode of detection in OW systems, coherent commu-
nications have been also proposed as an alternative detection
mode. Heterodyne detection is a more complicated detection
method but has the ability to overcome the thermal noise ef-
fect. The performance of such systems over atmospheric tur-
bulence have also been evaluated in the past. In [11], Kiasaleh
has studied the bit-error-rate (BER) performance of an OW het-
erodyne differential phase-shift keying (DPSK) communication
system in the presence of K turbulence fading whereas in [12],
Tsiftsis has presented a closed-form expression of the BER over
gamma-gamma turbulence channels.

In this paper, we consider an OW heterodyne DPSK system
over channels that are characterized by either atmospheric tur-
bulence, or by pointing error effects, or by the combined effect
of atmospheric path-loss with the presence of the above two fac-
tors. Scintillation is modeled using the gamma-gamma distri-
bution and atmospheric loss is determined by the exponential
Beers-Lambert Law. Furthermore, we provide closed-form ex-
pressions for the statistics of the above combined attenuation
factors and we investigate the BER performance. In order to find
the optimum beamwidth that gives the minimum BER for given
SNR values, we use nonlinear optimization taking into account
various metrics such as the beamwidth, the average SNR and
the normalized jitter.

The remainder of the paper is organized as follows: Section II
briefly describes the system model under consideration. The
channel state which models the combined effects of path-loss,
turbulence and misalignment fading, is also described. New
probability density function (pdf) and cumulative distribution
function (cdf) incorporating the combined effect are obtained
in closed form. Section III presents closed-form expressions
for the average BER of the DPSK system over gamma-gamma
turbulence, or misalignment fading, or in the presence of the
combined attenuation factors. In Section IV, proper graphs to
verify the accuracy of the derived expressions and the assump-
tions followed during the optimization method, are presented.
Finally, some concluding remarks are given in Section V.

II. SYSTEM AND CHANNEL MODEL

We consider an OW system with DPSK heterodyne detec-
tion. DPSK has recently received considerable attention in OW
research since it attains a 3 dB sensitivity benefit over on-off
keying (OOK), and reduced peak power which mitigates any
nonlinear effects [13]. For these reasons it has been proposed as
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an effective modulation scheme for terrestrial [14] as well as for
satellite optical systems [15].1

The laser beams propagate along a horizontal path through
a gamma-gamma turbulence channel with additive white
Gaussian noise (AWGN) in the presence of pointing errors.
DPSK demodulators determine the changes in the phase of the
received signals and, therefore, such schemes depend on the
difference between successive phases [17]. For that reason we
need a quasi-static channel assumption where the irradiance
remains constant over a block of channel symbols and is
statistically independent between the blocks. Without loss of
generality, a constant channel condition for at least two con-
secutive bit intervals is assumed, where the channel statistics
remains unchanged [11]. Therefore, the impact of phase noise
is not considered in this study since we consider a negligible
phase noise accumulation over two consecutive bit intervals.

The channel state is considered to be a product of three fac-
tors i.e., where is the deterministic path loss,
is the random attenuation due to atmospheric turbulence, and
is the random attenuation due to geometric spread and pointing
errors [9]. We particularly assume that the pointing error is due
to building sway, with sub-Hz bandwidth (correlation times of a
few seconds). Note that scintillation has a much smaller corre-
lation time (10–100 ms) as compared with building sways, and,
therefore, the two above impairments are considered to be inde-
pendent. Pointing errors due to vibrations, induced primarily by
wind, as well as beam tilt and wander, though critical, are not
considered in this work. The mathematical expressions of the
above impairments are presented below in detail.

A. Atmospheric Loss

The atmospheric loss is determined by the exponential Beers-
Lambert Law as

(1)

where is the loss over a propagation path of length and
is the attenuation coefficient. The atmospheric loss depends on
visibility which can be measured directly from the atmosphere.
The attenuation is considered constant during a long time period
[9].

B. Atmospheric Turbulence

The gamma-gamma turbulence model has the following pdf
[1]

(2)

where is the normalized irradiance, is the well-known
Gamma function [18, eq. (8.310.1)], is the th-order
modified Bessel function of the second kind [18, eq. (8.432.2)],
and , are the effective number of small-scale and large-scale
eddies of the scattering environment, respectively [19].

1For more information on feasibility of such a modulation scheme for OW
usage, see also [16].

The parameters and can be directly related to the atmo-
spheric conditions. Assuming plane wave propagation, the pa-
rameters and for a point receiver and zero inner scale are
given by

(3)

The unitless parameter is called Rytov variance and is used
as a metric of the strength of turbulence fluctuations [1]. It is
also given by [9]

(4)

where denotes the index of refraction structure parameter
which is considered constant for horizontal paths,
is the optical wave number, is the wavelength, and is the
propagation distance [1].

C. Misalignment Fading

The pdf of can be derived using the assumptions and
methodology described in [9]. Specifically, if we assume a
Gaussian spatial intensity profile of beam waist (radius
calculated at ) on the receiver plane at distance from the
transmitter and a circular aperture of radius , the fraction of the
collected power due to geometric spread with radial displace-
ment from the origin of the detector can be approximated as
[9]

(5)

where , ,

with being the error function [20,
eq. (7.1.1)]. By considering independent identical Gaussian
distributions for the elevation and the horizontal displacement
(sway), the radial displacement follows a Rayleigh distribu-
tion. Then, the pdf of is given by

(6)

where is the ratio between the equivalent beam
radius at the receiver and the pointing error displacement stan-
dard deviation (jitter) at the receiver (see [9] for more details).

D. Statistics of the Combined Attenuation

Using the previous pdfs for turbulence and misalignment
fading, the pdf of is given as [9]

(7)
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where is the conditional probability given state
and is expressed by

(8)

By substituting (2) and (8) in (7), is given by

(9)

The above integral was computed numerically in [9, eq. (15)].
In order to provide a closed-form solution, we express the
in terms of the Meijer’s G-function , defined in [18, eq.
(9.301)]. By using [21, eq. (14)] and [22, eq. (02.24.2.3)], the

can be written as

(10)

Then

(11)

Equation (11) can be further simplified using [18, eq. (9.31.5)]
as

(12)

Note that Meijer’s G-function is a standard built-in function in
most of the well-known mathematical software packages such
as Maple, Mathematica, etc. In addition, using [21, eq. (18)],
Meijer’s G-function can be written in terms of the more familiar
generalized hypergeometric functions [18, eq. (9.14.1)]. Thus,

(12) is equivalently expressed by (13), shown at the bottom of
the page, where is the generalized hypergeometric
function defined in [18, eq. (9.14)].

See equation (13), shown at the bottom of the page.
The cdf of results from (12) as

(14)

The integral can be solved by expressing the in terms of
the Meijer’s G-function and using [21, eq. (26)] and [18, eq.
(9.31.5)] leading to

(15)

Similarly, the above equation can also be expressed in terms of
generalized hypergeometric functions.

III. AVERAGE BER

The conditional on signal intensity BER of a shot-noise lim-
ited heterodyne DPSK system is given by [11]

(16)

where is the signal intensity-dependent SNR given by

(17)

In the above equation is the quantum efficiency of the
detector, is the detector area in square meters, is the
DPSK symbol duration in seconds, is the Planck’s constant
in Joules/Hertz, is the frequency of the optical signal in
Hertz. Note that we follow the same assumptions as in [11] and
particularly consider that time variations in irradiance over a
symbol time is assumed away. That is, we assume that duration
of is smaller than the coherence time of the channel, having
thus a constant amplitude scenario for the received signal. For
a slow-fading environment, the average BER, can be
obtained by averaging (16) over the pdf of , i.e.,

(18)

(13)
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Next, we evaluate the BER considering atmospheric turbu-
lence, or misalignment fading, or the combined effect of the pre-
vious signal attenuation factors, respectively. For each case, the
BER is derived in terms of the average SNR which is defined as

(19)

where denotes expectation.

A. Atmospheric Turbulence

In case only atmospheric turbulence exists, . Since
is normalized, and, hence, . By
substituting (2) in (18), the average BER can be easily extracted
as in [12], given by

(20)

B. Misalignment Fading

In case where only misalignment fading exists, .
It is easy to show that and, hence,

. The BER is then derived
by substituting (6) in (18). That is

(21)

A closed-form solution for BER is obtained using [18, eq.
(3.381.1)] as

(22)
where is the upper incomplete Gamma function defined
in [18, eq. (8.350.2)].

C. Combined Attenuation

In that case, it is easily found using (12) that
. Therefore, the BER is derived by substi-

tuting (12) in (18), i.e.,

(23)

A closed-form solution for BER is obtained using [18, eq.
(7.813.1)] and [18, eq. (9.31.5)] as

(24)

IV. NUMERICAL RESULTS AND DISCUSSION

In Fig. 1 the average BER is depicted in terms of the average
SNR for various values of turbulence strength, where only
the atmospheric turbulence effect is assumed. We particularly

Fig. 1. BER versus average SNR assuming turbulence effect only.

Fig. 2. BER versus normalized beamwidth and normalized jitter assuming
pointing error effects only.

use the following values that represent weak and strong turbu-
lence conditions: , , , ,
and . As it was expected, the BER increases as turbu-
lence strength gets stronger. Note that the curves in this figure
are valid for any combination of distance length, wavelength and
structure parameter

Next, we only assume pointing error effects and a constant
average SNR, dB. The normalized beamwidth, , is
assumed to vary between 1 and 6 whereas the normalized jitter,

, between 2 and 5. It is shown in Fig. 2 that the BER per-
formance depends on these two factors. Similar BER plots can
be depicted for the combined attenuation model. For example,
Fig. 3 shows a 3-D plot of BER against turbulence strength
and normalized beamwidth assuming dB whereas in
Fig. 4, the BER in terms of the average SNR and the normal-
ized beamwidth for turbulence strength , is plotted.
In previous two figures, we assumed a normalized jitter value,

, and a constant path loss factor, , which is a
typical value for clear weather conditions [23].
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Fig. 3. BER versus normalized beamwidth and turbulence strength.

Fig. 4. BER versus normalized beamwidth and average SNR.

Considering all the above fading models which affect the av-
erage BER, a target BER can, therefore, be achieved by selecting
an optimum beamwidth which minimizes the required SNR.2

As the problem is nonlinear and contains complex mathemat-
ical expressions we solve it numerically using a direct search
method such as the Nelder-Mead one. The method uses the con-
cept of a simplex, which is a polytope of vertices in
dimensions. At first, the function is evaluated at the vertices of
a simplex. Then, as better points are found, the simplex is iter-
atively shrunk until a desired bound is obtained [24]. The op-
timum beamwidth is chosen between the extreme points 1 and
25 where the beamwidth is set to vary.

In Fig. 5, the minimum BER is calculated for optimum nor-
malized beamwidth values. In this graph, one can easily find the
combination of minimum BER and optimized beamwidth for a

2The problem can be stated as follows: for a given average SNR, find the
optimum beamwidth that achieves the minimum BER.

Fig. 5. Optimum normalized beamwidth values for achieving minimum BER.

given SNR value. For example, a minimum BER of 0.01 occurs
for , , and dB.

V. CONCLUSIONS AND DIRECTIONS FOR FURTHER RESEARCH

Coherent communications have been proposed as an alterna-
tive detection mode for OW systems. In this paper, we examined
the BER performance of an OW communication system with
DPSK heterodyne detection. We derived BER expressions over
atmospheric turbulence and pointing error effects separately.
A novel fading distribution including the combined effects of
path-loss, turbulence, and pointing errors was analytically de-
rived and a closed-form expression of the error performance,
was presented. Optimized beamwidth values to achieve the min-
imum BER for various SNR values, were also presented.

It is also of great interest to further evaluate the performance
of the proposed system using more complicated models. Such
models may involve phase noise as well as beam wander and
tilt consideration effects. Variations in phase occurs when the
characteristics of the channel do not remain constant for at least
two consecutive bit intervals and lead to phase noise appear-
ance. Moreover, beam wander and tilt effects have bandwidths
of a few Hz, which is comparable in correlation time to the scin-
tillation characteristics of the channel, and, therefore, there is
an inherent dependency between pointing jitter and scintillation
in OW environment due to the dependency of such process on
random wind velocity [25]. Finally, by considering all the above
as well as the use of error control coding and/or transmit receive
diversity in order to increase BER performance, this paper may
contribute to a number of open issues for future investigation.
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